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Magnetostatic interactions on a square lattice
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The metastable zero field magnetic states of elongated Permalloy islands on square lattices of different
geometries are investigated by means of magnetic force microscopy and numerical calculations. Keeping the
island shape L/w=10 fixed while varying the interparticle distances a, it is demonstrated that the relative
frequencies of observed magnetic configuration at remanence strongly depend on the packing density of an
array and the magnetic history (i.e., in which direction the array has been saturated before measurement). From
16 possible arrangements, only two are experimentally observed. For small L/a, a mixture of configurations,
i.e., a spin ice, is found in agreement with previous studies, while for large L/a, an onion state unexpectedly
prevails independent of the direction of the previously applied field. The results are discussed within the
framework of potential theory and general stray field interaction. The relative frequencies of metastable states

as well as the absence of the true ground state are in good agreement with theory.
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I. INTRODUCTION

Solid state physics deals with the collective behavior of a
large number of strongly interacting identical entities. Corre-
lations between the individual constituents may lead to mac-
roscopic order such as the regular arrangements of atoms in
crystals or to the long range order of spins in ferromagnetic
and antiferromagnetic materials. Artificial patterning opens
new opportunities to control and to functionalize the collec-
tive behavior of individual micro- and nanometer sized ele-
ments. Especially, the technological progress in the field of
magnetoelectronics and the advancement in miniaturization
techniques brought topological ordered nano- and micro-
structured magnetic thin films in the focus of many research
activities.! One issue is to understand the ground states and
magnetization reversal of submicron sized magnetic ele-
ments and to functionalize their mutual interactions. Re-
cently, the possibility to build logic devices such as AND and
NOR gates on the basis of elongated dipolar coupled Permal-
loy (Py) has been demonstrated.? In well-ordered artificially
structured nanomagnetic dipolar arrays, the interactions aris-
ing from stray fields lead to highly correlated systems. In
particular, geometric frustration leads to the so-called spin-
ice state. Spin ice refers to the ice rule, which requires that
two hydrogen ions should be close to the oxygen ion and two
orthogonal ones further away, forming a distorted
tetrahedron.® This “two in” and “two out” rule can be par-
ticularly well applied to magnetic dipole arrays and has re-
cently been investigated by Wang et al. in their analysis of a
square dipolar pattern.* To realize this state, a two-
dimensional square lattice of 25 nm thick Py particles (80
%220 nm?) was carefully demagnetized and visualized by
means of magnetic force microscopy (MFM).*

We investigated the remanent state of a Py pattern exhib-
iting the same symmetry, but with increased length of the
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islands and varying gap size between the islands. The frus-
trated spin-ice state is one of many possible magnetic super-
structures that may appear in nanomagnetic arrays. Apart
from the shape of the elements, the symmetry of the super-
structure depends on the relative distances between the par-
ticles. If the interparticle distance a is comparable to or
smaller than the length of an element L, higher order mag-
netostatic contributions become important.’> These contribu-
tions might induce additional anisotropy and/or select spe-
cific vertex configurations from the manifold of the spin-ice
symmetries. This, in turn, might influence the magnetization
reversal in magnetic arrays. In this study, we experimentally
and theoretically investigate the influence of packing density
on magnetic structuring in a square array. Theoretically, we
find several magnetic superstructures presenting local energy
minima. The depth of the minima depends on the geometri-
cal ratio L/a. Experimentally, we investigate the accessibility
of these minima in remanence from a saturated magnetic
state (sat) with certain orientation of magnetization. In order
to obtain the highest possible flexibility in the variation of
the geometrical ratio, we use larger Py elements than those
used by Wang et al* The magnetic islands, however, still
behave as individual entities. Our experiments demonstrate
that the remanent configuration depends on the initial orien-
tation of the external magnetic field as well as on the value
of L/a. Above a critical geometrical ratio L/a=3, several
local energy minima are reachable depending on the initial
field orientation. For L/a <3, a quenching of the degeneracy
occurs and the highly ordered onion state is formed in rema-
nence, irrespective of the initial saturation direction. Hence,
a fully predictable magnetization state can be achieved.

II. EXPERIMENTAL DETAILS

Starting from closed square frames (or square rings),
which have been thoroughly studied in the past,® we discon-
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FIG. 1. SEM micrographs of magnetic dipole arrays placed on a square lattice with separation of 0.42, 0.84, and 1.68 um distances (left
to right). Note that the three individual micrographs were recorded with different magnifications; a marker showing the respective length

scale has been added to each image.

nected the four equal sides, each one being a rectangular
island with a lateral size of 0.3 X3 um?. The resulting open
frame structure consists of two perpendicularly crossed ar-
rays of islands. To prepare these open frame structures, ho-
mogeneous 25 nm thick polycrystalline Permalloy films
(Py=NigFe,,) were first deposited onto polished Si sub-
strates by ion-beam sputtering. Subsequently, the samples
were spin coated with a negative tone resist (ma-N 2403,
microresist technologies), and the desired pattern was de-
fined by e-beam lithography using a modified Quanta 200
FEG scanning electron microscope equipped with a Raith
Quanta lithography unit. After e-beam exposure and devel-
oping, the structures were transferred into the metallic layer
by ion beam etching. Several different distances between two
adjacent elements were chosen, ranging from 0.4 to 3.6 um.
SEM micrographs of some patterns are shown in Fig. 1. Note
that three individual micrographs were recorded with differ-
ent magnifications; a marker showing the respective length
scale has been added to each image.

The aspect ratio and the thickness of the individual Py
islands were kept constant and chosen to create single do-
main particles with high remanence. MFM images of the
sample confirm the single domain state of the individual is-
lands in remanence. More patterns can be found in Ref. 7.
The MFM images (Nanoscope Illa, Digital Instruments)
were recorded at remanence and at room temperature after
saturating the patterns in well defined directions.

III. REMANENT STATES

The open frame system is inherently frustrated. Each ver-
tex where the two sublattices intersect has to accommodate
four magnetic poles in close proximity. In the most unfavor-
able case, four equal magnetic poles meet in a vertex; i.e.,
the four magnetic moments point all inward or all outward.
Energetically, more favorable is a configuration in which two
moments point inward and two point outward. Analogous to
the steric frustration of hydrogen ions in frozen water, the
geometric frustration of spins in a magnetic material has
been denoted as spin ice. The spin-ice state is a demagne-
tized state. It is characterized by a lack of long range order

and by the so-called ice rules, which require a minimization
of the spin-spin interaction energy when two spins point in-
ward and two spins point outward on each vertex. Model
calculations based on the magnetostatic interactions, includ-
ing multipolar contributions, clearly show that the spin-ice
state is, indeed, the demagnetized ground state of the system
under investigation.

At remanence, however, the samples exhibit a persistent
net magnetization, which is indicative of the existence of a
metastable ordered state. The possible symmetric remanent
states are shown schematically in Fig. 2. The onion state, in
which each of the two sublattices is parallelly aligned, has
the highest magnetization. The resulting net magnetization of
the whole array is tilted by 45° against the long axes of the
individual islands. At each vertex, the magnetization of two
adjacent elements from different sublattices points inward,
while that of the two others points outward.

In the so-called horseshoe state, only one of the two sub-
lattices is parallelly aligned, while the other is antiparallelly
ordered. Only the parallelly aligned sublattice contributes to
the net magnetization, which consequently aligns with the
anisotropy axis of the respective islands. There are two pos-
sible configurations in the horseshoe state. In the first one,
referred to as horseshoe 1 (hsl), at each vertex the magneti-
zation of two adjacent elements from different sublattices
points inward, while that of the two others points outward. In
the second one, denoted as horseshoe 2 (hs2), at each vertex
the magnetization of three elements points inward (or out-
ward), while that of only one points outward (inward). As we
will discuss later, we experimentally observe mainly the
horseshoe 2 state. In our theoretical calculations to be dis-
cussed later, both horseshoe states are taken into account.

The microvortex state® exhibits no net magnetic moment.
In order to realize the microvortex state, the chirality of two
adjacent vortices has to be antiparallel. Also in this state, the
magnetization of two elements points inward and that of two
points outward. However, opposite to the aforementioned
states, this time, the magnetization of two next nearest ele-
ments, i.e., from the same sublattice, points inward, while
that of the two perpendicular elements from the other sublat-
tice points outward, or vice versa. Consequently, the distance
between two equal poles is larger than in the onion or the
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FIG. 2. Schematic representation of the possible symmetrical
(meta-) stable remanent states. From top to bottom, the onion state,
horseshoes 1 and 2, and the microvortex state are displayed for the
crossed structure. The right row depicts a representative square
formed of four individual islands, the middle row shows the long
range order of the structure, and the left row illustrates a typical
vertex of the respective structure. Circles within the extended struc-
ture indicate the vertices shown on the right.

horseshoe state, and the distance between two opposite poles
is smaller. Thus, this configuration is energetically more fa-
vorable than the two arrangements discussed before. The mi-
crovortex state can be seen as an “ordered” spin-ice state. It
fulfills the condition of demagnetization and the ice rules.

IV. EXPERIMENTAL RESULTS

We have first studied the magnetic state of the open frame
structure immediately after growth and without exposure to a
magnetic field. In a second set of experiments, the arrays
were exposed to a magnetic field up to saturation and then
studied by MFM in remanence. We distinguish two possible
paths for reaching the remanent state from saturation: In the
first one, the field H pointed parallel to the diagonal of the
frames; i.e., the field makes an angle / (HL)=45° with re-
spect to the longest axis of the Py elements L. In the second
case, the field was applied parallel to L, i.e., Z(HL)=0° for
one of the sublattices, which is at the same time perpendicu-
lar to the second sublattice.

We first discuss the as prepared state of the open frame
structure. In Fig. 3 (a), the MFM images for patterns with
distances of a=0.42, 0.84, and 3.4 um are shown. The mag-
netic poles of the individual islands can be identified by the
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a=0.42um

FIG. 3. (Color online) MFM images of Py dipole arrays on a
square lattice taken in the remanent state (H=0). The individual
elements have separations of 0.42, 0.84, and 23.4 um (from left to
right). (a) shows images in the virgin state of the sample. (b) shows
patterns after exposing them to a saturation field applied parallel to
the diagonal of the frames (45° state). In (c), the same patterns are
shown as in (a) and (b), but with the field applied parallel to one of
the sublattices (0° state). The field direction is indicated by white
arrows. In the panel to the right, vertices displaying an onion state
are highlighted with a blue circle and vertices with a horseshoe state
are highlighted with a yellow circle.

black and white spots marking the regions where the stray
field leaves and enters the ferromagnetic elements. All verti-
ces show two dipoles in and two out. Furthermore, at each
vertex, the magnetization of two adjacent elements points
inward, while that of the two others point outward. Thus, we
find two ordered sublattices, each one with a collinear mag-
netization. The superposition gives the perfect onion state.
Up to the largest separation investigated (a=3.4 um), no
other symmetries are observed. Surprisingly, no vortex states
have been observed, although they have a lower energy than
the onion state. On the other hand, we cannot completely
exclude the possibility that the patterns have been exposed to
some stray magnetic field during the sample preparation.

Next, we discuss the £ (HL)=45° case, which is shown in
Fig. 3(b). Saturating along the diagonal axis, the external
field has a strong component parallel to the easy axis of all
Py particles, resulting in two opposite magnetic poles in a
vertex across from each other. We thus expect to find an
onion state in remanence, irrespective of the separation of the
particles. The MFM images in Fig. 3 confirm this notion for
all separations of the particles investigated. In Fig. 3(b), the
patterns are essentially identical to the ones shown in
Fig. 3(a).

For the Z(HL)=0° case, the situation is quite different
compared to the previous two. Here, the horizontal elements
are magnetized parallel to the easy axis, while the vertical
elements are magnetized along their hard axis. In remanence,
the shape anisotropy of the particles support the magnetiza-
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tion along the islands. While it is energetically favorable for
the magnetization of the horizontal elements to stay in the
field direction, there is no preference for the vertical ones. If
the effect of the dipolar interaction of the neighboring ele-
ments is negligible (i.e., at sufficiently large distances), 50%
of the particles are magnetically oriented north-south, while
the other 50% are oriented south-north. Taking dipolar inter-
action into account, theory predicts for the largest distance
the coexistence of the onion state together with the horseshoe
2 state with a ratio of 2:1. This is exactly what we observe.
In the right panel of Fig. 3(c), the vortices with an onion
state are highlighted with blue circles, the ones with a horse-
shoe 2 state with yellow circles. The ratio of blue circles to
yellow circles is 11:5. This is clearly a limited statistics, but
shows the predicted tendency. For smaller distances
(=<2 um), however, the situation is different. Here, both sub-
lattices are magnetostatically coupled more strongly and si-
multaneously rotate in the field direction. Then, we expect to
observe again the onion state irrespective of the direction the
magnetic field is applied to. The MFM images in Fig. 3
confirm this expectation. Indeed, we find solely the onion
state at smaller separations. In some perpendicular bars, two
domains may be present, as suggested by the central MFM

image in Fig. 3(c). However, these do not alter the overall
onion state.

Obviously, a deviation from the /(HL)=0° case forces
the onion state. Experimentally, the critical angle of the tran-
sition is not easy to determine. In order to avoid the onion
state, the samples have to be aligned very carefully with
respect to the applied magnetic field. As the samples can be
aligned quite precisely, we conclude that the critical angle
lies well below 5°. In OOMMF simulations, any deviation of
the field direction forces the sample into the onion state. In
real systems, however, roughness and shape irregularities
will result in a small but finite value for the critical angle.

V. DISCUSSION

Experimentally, we have shown that the onion state as a
remanent state does not only occur in closed frames, as ob-
served by Vavassori et al. .’ where the four sides forming the
structure are in direct contact. Also, open structures, like
crossed dipole arrays, exhibiting the same fourfold symmetry
possess remanent magnetic states in which the magnetic di-
poles are all aligned in one direction for each sublattice as
long as the distances between two adjacent elements are
small. At larger distances, a frustrated configuration consist-
ing of patches with onion and horseshoe 2 symmetry occurs.
Thus, we have demonstrated that the variation in distances
between elongated Py elements without any variation of the
particle shape changes the remanent configuration of the
whole array (see Fig. 4). This means that with increasing
interparticle distance, the relative depth of energy minima
corresponding to different configurations changes. In the
case of one single magnetostatic contribution, e.g., a dipolar
one, the absolute depth of energy minima changes with vary-
ing a, while the relative energy difference persists. Thus, the
change in the relative depth of energy minima can be ex-
plained only by a distance dependent cutoff of the higher
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FIG. 4. Schematic representation of the dipole-dipole energy
levels of the onion, the horseshoe, the spin ice, and the intermediate
states relative to the energy of (a) the 0° saturated and (b) the 45°
saturated configurations. The corresponding magnetization configu-
rations are visualized in the insets.

order magnetostatic contributions. Interestingly enough, ex-
perimentally obtained magnetic superstructures for both
closer and looser packed arrays are different from those re-
ported recently for similar systems.* To analyze the reasons
for the unusual structuring, we have theoretically explored
the energy landscape and the switching barriers of the Py
elements.

In the first set of calculations, the multipole moments of
the particles have been determined. As can be expected from
previous results,> the Py elements have strong odd multipo-
lar contributions Q,,,, with [ and m independent components
of the multipolar tensor Q, i.e., the dipolar Q;,,, the octopolar
0s,,, and the dotriacontapolar Qs,, ones. The strongest octo-
polar contributions expressed in the strength of the dipolar
moment are Q3,=~20;, and Qs5,=~0.50,,. The higher order
terms are weak 0-7<<0.1Q;,. Hence, for closer packed mag-
netic arrays, the higher order magnetostatic contributions of
at least the third and the fifth order (Qs,,,0Qs,,) have to be
taken into account.

To check how the higher order terms influence the mag-
netic ordering, we have compared pure dipolar E5Meuaton
and multipolar ESNEUrO eperojes of most relevant magne-
tostatic configurations including the vortex, the onion, and
the horseshoe structures and compared them with the energy
of the saturated state (see insets in Fig. 4). All of the de-
scribed configurations have local energy minima in the case
of pure dipolar coupling. The depth of an energy minimum is
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a relative notion, which is always determined from the com-
parison of two or several energy levels. In our case, the rel-
evant reference energies are those of the two saturated states

described above. In the first one, the magnet1zat1on M is
parallel to the longest axis of a Py element L (LML 0°),

and in the second case, £/ ML=45°. The corres onding ener-
gies are  |Eg"— E;g[o] ~3. |E°“‘°“—E§i‘; ]|~12 |EE§§

Eadt[() ]H Evortex Esat[4 ]| ~5. |Eomon Esat[ 1 i |E

Esal[‘ﬁ |=0 (see Flg 4). If the multlpolar terms are in-
cluded the energy minima for the vortex and the onion con-
figuration decrease further, while the energy of the horseshoe
2 state remains almost unchanged: |Ejon*—
~5.|Eonion_ psal0]| < 95 | g2 _ psal0]] - Hence, for looser
packed arrays where L/a<3 (dommatmg dipolar coupling)
as well as for close packed arrays where L/a=3 (strong
multipole-multipole interactions), the deepest energy mini-
mum belongs to the vortex state. In the following, we ana-
lyze energy barriers separating the three local energy
minima.

First, we discuss the initial 0° saturation. In the 0°-
saturated state, one-half of the Py elements is magnetized
along their short axis. This is a hard unfavorable axis from
the point of view of the demagnetizing self-energy of a mag-

net. Therefore, the rotation of the magnetization toward the L
axis does not cost any energy for these islands. The probabil-
ity to accept the onion or the horseshoe 2 state is propor-
tional to the depth of the corresponding minimum; i.e.,
Ponion ™ eXP[( AESE}?:m)/(kT)] and Phs2 ™ eXP[(—AEES%mm)/
(kT)]. For looser packed arrays, the dipole-dipole coupling is
dominant and |AEJ}®"|~3.5-|AE?|. Therefore, the prob-
ability to fall into the onion state is approximately 2.5 times
larger than that to appear in the horseshoe 2 state. However,
Pns2 7 0, and at least one-third of all transversely magnetized
elements should accept this state. This has, indeed, been ob-
served experimentally. In the case of densely packed arrays,
the situation changes: the depth of the minimum for the on-
ion state increases (AE°“‘°“~2 25 AE"“‘O") while the mini-
mum for the horseshoe state 2 almost dlsappears AEhS2
Non| < 16-|JAE™2| or ppg—0. Ac-
state is observed in the experi-

cordmgly, no horseshoe
ment.

In the previous paragraph, we have not discussed the mi-
crovortex configuration. Although it possesses a global en-
ergy minimum, the system has to overcome an energy barrier
in order to attain the vortex state. Indeed, one of the initially
longitudinally magnetized elements have to be completely
reversed (see Fig. 4). Depending on the mechanism (coher-
ent or incoherent magnetization rotation), the magnetization
reversal requires an additional energy comparable with that
of the magnetostatic coupling. The reversed element should
be antiparallel to the applied magnetic field. This makes the
magnetization reversal even more energetically expensive.
The probability for climbing an energy barrier in the pres-
ence of available local minima is close to zero.

Thus, it follows from our calculations that for initial 0°
saturation of a Py array, the most probable state is the onion
magnetization configuration. However, for large interparticle
distances, a relevant number (=30%) of horseshoe 2 states
should appear. In remanence, the energetically most favor-
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able vortex state is inaccessible because of the large ener-
getic barrier of the magnetization reversal.

A similar analysis has been performed for initially 45°
saturated arrays. The corresponding energy landscape is
schematically presented in Fig. 4(b). The main difference to
the previous discussion is that the total energy of the 45°
state is lower than that of the 0° configuration. Therefore, the
energy minimum for the horseshoe 2 ordering disappears al-
ready for the more widely spaced arrays with dominating
dipolar interactions. Hence, if an array has been initially
magnetized under 45° to its axes, the onion state should pre-
vail in wider as well in denser packed arrays. An energeti-
cally preferred microvortex configuration can be obtained
only after a thorough demagnetization of an array.

The last point we would like to theoretically address is the
perfect monodomain configuration of all Py elements experi-
mentally found. The size of the islands is much larger than
the single domain limit. Therefore, it can be expected that
during the magnetization reversal, the magnetic structure of
each individual element would accept a complicated multi-
domain configuration. To find out why this does not happen,
we have performed micromagnetic simulations in the frame-
work of the widely used OOMMF package.'® If the initial
orientation of the applied magnetic field has been exactly
parallel to the axis of Py elements, we indeed find the mul-
tidomain configuration at remanence. However, already for
very tiny deviations (less than 1%) between the field and the
element’s axes, the single domain ordering is restored. These
inevitable deviations in real experimental conditions lead to
the strict monodomain order in Py dots.

VI. SUMMARY

In summary, we have studied the magnetic ordering of
micromagnetic dipole arrays, which are arranged on square
lattices. We have taken MFM images of the remanent state
either before or after saturating the patterns in a high mag-
netic field applied parallel to one of the easy axes and along
the diagonal of the square pattern. The aim was to investigate
the ground states of this inherently frustrated square lattice
and to analyze the interplay between external field alignment
and internal dipolar stray field depending on the separation
of the particles. In detail, we have investigated Permalloy
islands with an aspect ratio of about 10 and with variable
interparticle distances. Our experiments show that in the vir-
gin state, we observe an onion state independent of the sepa-
ration of the particles. However, after saturating the patterns
in a high field, the remanent configuration depends on the
initial orientation of the external magnetic field as well as on
the value of L/a. For the smallest interparticle distance of
a=0.4 pum, we find the onion state prevailing in remanence,
independent of the field direction in which the pattern has
been saturated. At a separation of a=~3 um, both the onion
and horseshoe states coexist with a ratio of 2:1, in agreement
with theory. The experimental results can be understood on
the basis of the magnetostatic energy of the whole system.
The energy landscape displays three minima, which can be
identified as the microvortex state, the onion state, and the
horseshoe 2 state. Therefore, the formation of the microvor-
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tex state as the ground state is separated from the observed
onion state by a substantial energy barrier. Passing this en-
ergy barrier involves the rotation of the magnetization vector
of one element through its hard axis configuration. Because
of this large energy barrier, the microvortex, although being
the ground state, has not been experimentally observed in
this work after the saturation of the pattern in high field and
the return to remanence.
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