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Doping superfluid 4He with a low concentration of neon atoms is predicted to lead to the self-assembly of
“quantum gel” with crystalline structure, where each atom is isolated by a mixture of liquid and solid helium.
The formation of this structure is shown to originate from the repulsive or attractive interactions between the
solvent shells surrounding the neon atoms. The lattice geometry for neon atoms is predicted to be very
sensitive to many-body effects, but by assuming a simple cubic symmetry, an upper limit estimate for neon
atom density can be established �7% of bulk neon�. Based on the energy estimates, this quantum gel structure
is not related to the previously observed neon impurity helium solid. Experimental aspects of the quantum gel
preparation are also briefly discussed.
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I. INTRODUCTION

Superfluid 4He is an exceptional solvent as it maintains a
liquid phase down to 0 K temperature and exhibits remark-
able quantum behavior below its lambda transition.1 As such,
it offers a unique environment to study liquid phase phenom-
ena with minimal thermal perturbations. For example, the
formation of impurity helium solids �IHSs� �consisting of N2,
Ne, and D2, for example� in superfluid 4He has been attrib-
uted to these special properties of the liquid.2–4 However, the
exact mechanism of formation and structure of such solids is
not well understood although recent progress has been made
in this area.5 In addition to aggregation processes leading to
the formation of these solids, the initial stage of chemical
reactions may also be affected by the solvent and, thus, lead
to unconventional reaction paths to be followed. Note that
this scheme has been proposed in the literature but not con-
firmed by clear experimental observations.6 In conventional
liquids, thermal perturbations tend to strongly diminish the
effect of the solvent and, thus, interatomic and intermolecu-
lar forces dominate. In this paper, I consider the effect of the
solvent in the aggregation of neon atoms at low temperatures
and propose a new type of “quantum gel” that should exist in
superfluid helium.

In the gas phase at low temperatures, the aggregation of
neon atoms leads to the formation of solid neon due to the
attractive van der Waals binding between the atoms. If the
same process occurs in a low temperature liquid due to the
diffusion of solvated neon atoms, the same van der Waals
attraction is also expected to play a crucial role but, addition-
ally, the liquid coordinate must be considered. After the first
observation of N2 IHS formation, it was suggested that a
crust of solid helium surrounds the nitrogen clusters, forbid-
ding their further aggregation and growth of solid N2.2,7,8

The solid layer around the clusters was thought to form be-
cause of the strong van der Waals attraction between the
nitrogen cluster surface and helium. Despite many experi-
mental studies on the subject, the microscopic level under-
standing of this phenomenon is severely lacking.2–4 For ex-
ample, what is the exact role of the proposed solid helium
layer and is this strong enough to overcome the cluster-

cluster interaction? To answer these questions, I will consider
the diffusion mediated aggregation of Ne atoms solvated in
superfluid helium as a prototypical system. First, the forma-
tion of a neon van der Waals dimer is modeled, and then the
method is extended to describe the aggregation of spherical
neon clusters in superfluid helium.

II. THEORY

To model a neon doped superfluid helium, three different
interactions must be considered: �I� Ne-Ne, �II� Ne-liquid,
and �III� liquid �i.e., liquid inhomogeneities�. For �I�, the ab
initio Ne-Ne pair potential �V12� is integrated over the zero-
point nuclear wave functions for the two Ne atoms trapped in
separate spherical solvation cavities �“bubbles”�.9 Note that
the standard Lennard-Jones potential models are not suffi-
ciently accurate for the present calculations as they do not
describe the dispersive tail of the pair potential correctly. In
addition to pair interaction, there will be small many-body
effects �e.g., shielding�, which are ignored in the following
calculations. Pair potential shielding by helium atoms lo-
cated between the two neons is expected to reduce their bind-
ing and, therefore, result in a larger relative contribution of
�II�. The zero-point wave functions for Ne atoms trapped
within solvation bubbles were obtained by a harmonic ap-
proximation, which resulted in a Gaussian function with
about 2 Bohr full width at half maximum.10 Note that the
zero-point motion along the Ne-Ne coordinate is not impor-
tant here since the neon atoms are confined in “heavy” sol-
vation bubbles. When considering the interaction between
two neon clusters, the energy is obtained by integrating the
ab initio pair potential over the neon densities in both clus-
ters:

E =� � �Ne1
�r�V12��r − r����Ne2

�r��dr�dr , �1�

where �Nei
denote the continuous neon atom densities in two

identical clusters �i=1 and 2�. The cluster densities are ap-
proximated by the following spherical form positioned at the
center of cluster i:
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�Nei
�r� = �0,Ne�1 − �1 + ��R0 − r��e−��R0−r�� . �2�

Here, �0,Ne corresponds to bulk neon density �6.591
�10−3 a.u.�, R0 to the position of the interface, and �
�2.4 a.u.; corresponding to about 2 a.u. interface thickness� is
related to the barycenter of the cluster surface by RC	R0
−2 /�. Note that this approximation treats the neon clusters
as continuous objects and, hence, ignores all atomic level
structures in them. For calculating �II�, the ab initio He-Ne
pair potential is employed.9 For both single Ne atom and Ne
cluster, the interaction energy is obtained by integrating over
the neon and helium densities in a similar fashion as was
done in Eq. �1�. The helium density appearing in this integral
is determined by the density functional theory �DFT� model
that is used for describing superfluid helium. The liquid con-
tribution �III� is obtained by bosonic DFT, which is capable
of describing strongly inhomogeneous superfluid 4He at
0 K.11,12 Note that this model has also been extended to non-
zero temperatures but, for simplicity, we restrict this consid-
eration to 0 K.13 Higher temperatures are expected to slightly
widen the interfacial region between the neon impurities and
superfluid helium. To accelerate the calculations and reduce
the computer memory requirements, the solution of the re-
sulting DFT equations is obtained in two-dimensional �2D�
cylindrical coordinates by the imaginary time method, using
the numerical procedures described in the Appendix. The
liquid energy is obtained by evaluating the corresponding
DFT energy functional for a converged liquid density �i.e., a
four-dimensional integral in the present case�. The total en-
ergy for the liquid containing the neon impurities is obtained
as a sum of �I�, �II�, and �III� after performing a full imagi-
nary time propagation for the liquid. By varying the distance
R between the neon centers, the total energy can be calcu-
lated as a function of R. If the liquid follows the neon motion
adiabatically, this defines a potential energy surface �PES�
that governs their dynamics. In the gas phase, the PES would
directly correspond to Ne-Ne van der Waals interaction,
whereas in the liquid, the attraction or repulsion between the
solvent layers surrounding the neon atoms will also contrib-
ute. Note that the total number of particles must be con-
served in the calculations to ensure size consistency at dif-
ferent values of R.

III. RESULTS AND DISCUSSION

First, the formation of a neon van der Waals dimer in
superfluid helium is modeled. The calculated PES is shown
in Fig. 1 along with the gas phase Ne-Ne ab initio pair po-
tential. When the two atoms approach, the solvent layers
surrounding them begin to interact and this leads to a devia-
tion from the gas phase potential. The liquid density along
the Ne-Ne axis at two different distances is plotted in Fig. 2.
The two liquid configurations shown correspond to a local
maximum �“solvent layer maximum”� and a minimum �“sol-
vent layer minimum”� on the PES, as indicated in Fig. 1. At
the solvent layer minimum, there is a complete shell of he-
lium surrounding the neon atoms �see also Fig. 3�, whereas
at the maximum, helium begins to retreat and pack on the
sides �not shown�. Finally, if the nuclei keep moving even

closer to each other, helium is pushed out of the way com-
pletely and a Ne2 van der Waals dimer forms. The attractive
interaction in the solvent layer minimum arises from the van
der Waals binding between the solvent shells, and the repul-
sion at the maximum from the Pauli exclusion between the
closed shell helium atoms localized in the solvent shells. The
overall effect of the solvent layer repulsion and attraction is
to introduce an energy barrier for Ne2 formation, which is
about 3.2 K �in units of kT�. The effect of the neon atom
zero-point motion within the solvation bubble is also dem-
onstrated in Fig. 1. Interestingly, without the zero-point mo-
tion for neon atoms, the energy barrier in the PES becomes
smaller because the effective Ne-Ne potential is stronger and
the solvation bubble for the neon atoms is smaller. Overall,
the main features of the PES still remain the same. If the
liquid temperature is well below the solvent induced barrier
height �in Kelvin�, dimerization of neon atoms becomes for-
bidden. If the temperature is of the same order as the energy
barrier, this structure is expected to be only metastable. A
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FIG. 2. Cuts along the Ne-Ne coordinate showing the superfluid
4He density at two different values of R. The solid line corresponds
to R=12.8 Bohr and the dashed line to R=10.5 Bohr. See Fig. 1 for
the locations of these positions on the PES �i.e., solvent layer mini-
mum and solvent layer maximum, respectively�. The densities cor-
respond to results from DFT calculations with the nuclear zero-
point correction included for neon.
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FIG. 1. Ne-Ne pair potentials in the gas phase �solid line� and in
superfluid 4He �circles with zero point; dotted without zero point� as
a function of atomic distance are shown.
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simple Arrhenius based estimate predicts that a liquid tem-
perature around 100 mK is required to stabilize Ne2 at the
solvent layer minimum for a period of 1 s. It should be noted
that this estimate strongly depends on the solvent induced
barrier height and is therefore rather sensitive to the pair
potentials used. For example, the application of Lennard-
Jones potentials leads to considerably higher solvent barrier
heights �about 7 K corresponding to 300 mK temperature�.
Given that the nuclear dynamics is sufficiently slow, the sur-
rounding liquid is expected to respond adiabatically and the
PES shown in Fig. 1 is valid. In the case of a nonadiabatic
response, however, an even higher effective solvent layer
barrier is expected to arise from the unrelaxed solvent layers
and, thus, the PES in Fig. 1 yields a lower limit for the
solvent layer barrier. Since Ne atoms have a relatively small
mass, it is necessary to consider quantum mechanical tunnel-
ing, which could effectively overcome the barrier and lead to
the formation of a Ne2 dimer. However, a neon atom in a
solvation bubble is a heavy object in the liquid because its
effective mass depends on the size of the bubble and the
mass of the solvent layer surrounding the atom. For this rea-
son, tunneling is not expected to be very effective because it
would involve large rearrangements in the liquid.

Based on the effective pair potential shown in Fig. 1,
superfluid helium doped with a low concentration of neon
atoms should self-assemble into a quantum gel with a crys-
talline order, where each neon atom is surrounded by a dense
layer of helium. It is not clear a priori what kind of lattice
geometry should form, in particular, because many-body ef-
fects �including those associated with interactions of solvent
layers between multiple atoms� remain unaccounted for.
Some simple models can be considered by inspecting the
liquid density at the solvent layer minimum �see Fig. 3�.
Within a cubic symmetry, both body-centered and face-
centered structures are expected to be unstable because of the
strong overlap between the high density helium belt around
Ne-Ne and the solvent layers of other neon atoms. For this
reason, a simple cubic symmetry should be more favorable.
Note that this is not certainly the only possibility but, in
order to obtain the exact crystal symmetry, additional calcu-
lations are required in three dimension. If a simple cubic
symmetry is assumed and the nearest neighbor distance is
about 12.7 Bohr, the atomic neon density should be 4.9

�10−4 a.u. �7% of bulk neon� or less since the Ne-Ne dis-
tance is expected to be stretched by the many-body interac-
tions. The other plausible crystal geometries tend to lead to
slightly sparser structures and to lower neon atom densities.
Hence, only an upper limit estimate for neon atom density
can be obtained. It should be noted that this density estimate
for a neon quantum gel is considerably higher than has been
observed for neon IHS �about 1% of bulk neon�. It is pos-
sible that the crystalline structure in the quantum gel has
“defects,” where a neon atom �or atoms� is missing from the
lattice, but this should not significantly contribute to the den-
sity estimate. Because many-body interactions are expected
to increase the solvent layer energy barrier for the formation
of solid neon, the gel structure should considerably be more
stable than predicted by the pair potential in Fig. 1. Thus, a
metastable seed �i.e., Ne-Ne at the solvent layer minimum�
may lead to its growth even at higher temperatures. For melt-
ing to occur, superfluid helium must be squeezed out of the
neon portion completely. Note that to experimentally prepare
this type of quantum gel, one has to use a very dilute Ne /He
gas mixture, which should be deposited on a superfluid he-
lium surface at �100 mK temperature. The basic idea of the
experiment has been described earlier.2,4,5,7,8 To avoid clus-
tering in the gas phase, a high-velocity Ne /He gas jet should
be used for sample deposition. Note that much higher tem-
peratures ��1.5 K� have been used in the previous experi-
ments, which have focused on IHS formation.

If the clustering occurs already before entering the liquid
phase, a further aggregation of the clusters in the liquid
might also be affected by the solvent layers. To demonstrate
this behavior, a neon cluster with RC	9.2 a.u �approxi-
mately 22 atoms� was chosen. The resulting PES for two
such clusters approaching each other is shown in Fig. 4.
Clearly, the solvent layer interaction is present but the long-
range cluster-cluster binding appears to dominate. From the
nuclear dynamics point of view, this long-range cluster-
cluster binding gives probably enough excess energy for the
clusters to overcome the solvent layer energy barrier. It
should be noted, however, that such dynamics would neces-
sarily also involve a dissipation of energy via sound emission

FIG. 3. 2D contour plot of superfluid helium density at the sol-
vent layer minimum geometry for Ne-Ne. Note that a ring of solid
helium exists around the neck of the molecular axis. The data
shown in Fig. 2 correspond to a one-dimensional cut along the axis.
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FIG. 4. The effective pair potential between spherical Ne22-Ne22

clusters �RC	9.2 Bohr; solid line� and the corresponding gas phase
potential �dotted line� are shown. The distance is measured between
the centers of the clusters.
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and, therefore, not all the excess energy would be available
for crossing the barrier. Thus, a quantum gel-like structure is
not expected to form from neon clusters, which have formed
in the gas phase or on the liquid surface.

Significant clustering in the gas phase and on the super-
fluid helium surface has been observed during the deposition
phase of N2 IHS samples.4 In neon IHS samples, such clus-
tering should contribute to the growth of a highly porous
solid filled with superfluid helium. This expectation is in
agreement with the model recently suggested by Kiryukhin
et al.5 Furthermore, similar porous solids containing super-
fluid helium have also been formed from alkali metal atoms,
which have essentially repulsive interaction with helium and
no strongly bound solvent layer structure.14 In contrast, the
neon quantum gel described above has high crystalline order
and is held together by bound solvent layers. Furthermore,
neon IHS samples have been previously prepared at rela-
tively high temperatures ��1.5 K�, where the neon quantum
gel is predicted to be unstable. Therefore, it can be concluded
that the neon quantum gel structure does not correspond to
neon IHS and appears not to have been observed experimen-
tally yet.
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APPENDIX

The energy functional for superfluid 4He at 0 K is ex-
pressed as11,12

E���r,t�� =
	2

2MHe
� ����r,t��2dr +

1

2
� � ��r,t�Ul

e��r − r���

���r�,t�dr�dr +
c2

2
� ��r,t���̄�r,t��2dr

+ C� ��r,t�„1 + tanh�
���r,t� − �m��…dr

+
c3

3
� ��r,t���̄�r,t��3dr , �A1�

where the liquid density at point r is given by ��r , t�
= ���r , t��2, MHe is the helium atom mass, �̄ denotes a spheri-
cal average of the liquid density � over a fixed radius h
=2.1903 Å, c2=2.411 857�104 K Å6, c3=1.858 496
�106 K Å9, C=0.1 hartree, 
=40 Å3, and �m=0.37 Å−3.
The screened He-He Lennard-Jones interaction Ul

e is given
by ��=2.556 Å and �=10.22 K�

Ul
e�r� = 
4����

r
12

− ��

r
6� when r � h

0 when r  h .
� �A2�

The corresponding functional derivative is12,15

�E

��*�r,t�
= −

	2

2MHe
���r,t� +� ��r�,t�Ul

e��r − r���dr���r,t� + � c2

2
��̄�r,t��2 + c2� �h��r − r�����r�,t��̄�r�,t�dr����r,t�

+ � c3

3
��̄�r,t��3 + c3� �h��r − r�����r�,t���̄�r�,t��2dr����r,t� + C†1 + tanh�
���r,t� − �m��

+ 
��r,t�„1 − tanh2�
���r,t� − �m��…‡��r,t� , �A3�

with a spherical averaging function denoted as

�h�x� = 
 3

4�h3 when x � h

0 elsewhere.
�

The angular part in the Lennard-Jones term can be integrated analytically as follows:

� ��r��Ul
e��r − r���dr = 8��

r�=0

� �
z�=−�

�

��r�,z��r���12�
C

�

�1�a,b� − �6�
C

�

�2�a,b��dz�dr� �A4�

with

C = arccos�max�− 1,min�1,
h2 − a

b
��,

a = r2 + r�2 + �z − z��2, b = − 2rr�,

where C has a value between 0 and �. The auxiliary functions �1 and �2 are
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� �1�a,b� =� dx

�a + b cos�x��6 =
1

120a6

��30�15�4 + 40�2 + 8�arctan� �1 − ��tan�x/2�
�1 − �2 

�1 − �2�11/2 −
� sin�x�

�1 − �2�5�1 + � cos�x��5

��24�1 − �2�4 + 54�1 − �2�3�1 + � cos�x�� + 2�1 − �2�2�16�2 + 47��1 + � cos�x��2

+ 7�22 + �2 − 23�4��1 + � cos�x��3 + �64�4 + 607�2 + 274��1 + � cos�x��4�� , �A5�

� �2�a,b� =� dx

�a + b cos�x��3 =
1

a3� �2 + �2�arctan� �1 − ��tan�x/2�
�1 − �2 

�1 − �2�5/2 +
� sin�x���2 − 3� cos�x� − 4�

2��2 − 1�2�1 + � cos�x��2 � , �A6�

where �=b /a. The short-range correlation terms are given by

cn

n
��̄�r��n + cn� �h��r − r�����r���̄�r�ndr� =

cn

n
��̄�r,z��n + cn�

r�=0

� �
z�=−�

�

�h��a,b���r�,z����̄�r�,z���n−1r�dz�dr�, �A7�

where

�̄�r,z� = �
r�=0

� �
z�=−�

�

��r�,z���h��a,b�r�dz�dr�

and

�h��a,b� =
6

4�h3 arccos�max�− 1,min�1,
h2 − a

b
�� .

The details for the time propagation of the DFT equations are given elsewhere.15
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