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Octahedra in the orthorhombic perovskite structure are not rigid. The bond-length splitting at an octahedral
site can be described by two degenerate vibration modes, the orthorhombic Q2 and the tetragonal Q3. A polar
plot of r=�= �Q2

2+Q2
2�1/2 and �=tan−1�Q3 /Q2� has been made to map out the site distortion as a function of the

rare-earth ionic size for three families, RFeO3, RVO3, and RMnO3. The octahedral-site distortion deduced from
RFeO3 is found to be intrinsic to orthorhombic perovskites and to strongly bias orbital ordering and spin
ordering in compounds that have the same structure.
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The perovskite oxides ABO3 have been intensively inves-
tigated due to a broad range of technical applications and
complex physical properties that challenge the condensed-
matter theory in a structure common to materials in the
Earth’s lower mantle. In a perovskite structure, 23 tilting
systems can develop as a consequence of the geometric tol-
erance factor t��A-O� / ��2�B-O���1, where �A-O� and
�B-O� are equilibrium bond lengths.1–3 GdFeO3 becomes a
prototype for the structural distortion in perovskites with the
Pbnm space group, which is the most common perovskite
structure. The GdFeO3-type distortion that is commonly
cited refers to a cooperative octahedral-site rotation around
the �110� and �001� axes of the cubic unit cell, which can
also be described by the tilting system a−a−b+ in the Glazer
notation. As illustrated in Fig. 1, this cooperative octahedral-
site rotation leads not only to the orthorhombic lattice param-
eters b�a�c /�2 but also to a bending of the B-O-B bond
angle to �=180°−�. The orbital overlap integral over the
B-O-B bonding array is therefore reduced by a factor of
cos �. This scenario can qualitatively explain the reduction in
the Néel temperature TN as � decreases from 180° in an
antiferromagnetic orthorhombic perovskite RMO3, where R
is a rare earth and M is a transition metal. The cooperative
octahedral-site rotation and corresponding shift of R3+ rela-
tive to its position in a cubic perovskite have been treated as
primary parameters in calculations of the electronic
structure4 and the competition between different orbital or-
dering phases in cases wherein the M cation is Jahn-Teller
active.5 However, whereas the angle � continuously in-
creases with increasing ionic radius of the rare-earth ion �IR�,
the evolution of magnetic or orbital ordering phases as a
function of IR always behaves anomalously at intermediate
values of IR, as illustrated, for example, in RTiO3,6 RVO3,7

and RMnO3.8 The structural distortions in the Pbnm perov-
skite are clearly more than those induced by octahedral-site
tilting. Although it has been realized for a long time that the
octahedra in the orthorhombic perovskites are not rigid9 and
the octahedral-site distortion is important in determining the
electronic state,10 a complete description of how they are
distorted and whether there is a common rule for these
octahedral-site distortions remain lacking. We have previ-
ously demonstrated,11 by using the software SPUDS,12 that the
O-M-O bond angle in an octahedron starts to reduce from
90° universally at IR�1.11 Å with increasing IR for the

orthorhombic RMO3 perovskites given that the �M-O	 bond
length is about 2.0 Å. In this Brief Report, we will show an
evolution, which was deduced from RFeO3 data, of the three
Fe-O bond lengths at the octahedral site as a function of IR
and will demonstrate that it is intrinsic to the orthorhombic
perovskites. We will also demonstrate the close relationship
between the evolutions of octahedral-site distortions and spin
and orbital ordering temperatures as a function of IR.

Data from the classic crystallographic work by Marezio
and co-workers13,14 are redrawn in Fig. 2 together with the
refinement results of high-energy x-ray powder diffraction
for several members of the RFeO3 family.15–17 Although it is
a Jahn-Teller inactive system, the octahedral-site distortion is
clearly visible beyond error bars of the bond-length data. As
illustrated in Fig. 2, the three Fe-O bonds, Fe-O21 and Fe-O22
located in the basal plane and Fe-O1 along the c axis, split as
IR decreases. The splitting peaks out near IR=1.11 Å, the

FIG. 1. �Color online� Schematic of the basic unit in the cell of
the orthorhombic perovskite structure. The bond lengths 1x, 1y, and
1z are defined in an octahedron for calculating the octahedral-site
distortion modes. The arrows indicate the major axes of the ortho-
rhombic cell. The lower part shows the octahedral-site distortion
modes Q2 and Q3.
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same place where the reduction from 90° of the O-M-O bond
angle sets in as IR increases.11 The bond-length splitting can
be described by the displacements � of the vibration modes
Q2=�x−�y and Q3= �2�z−�x−�y� /�3, which are illustrated
in the lower panel of Fig. 1. In order to explicitly demon-
strate the evolution of the octahedral-site distortion as a func-
tion of IR, we have created a polar plot in Fig. 3 of �= �Q2

2

+Q3
2�1/2, the magnitude of the octahedral-site distortion ver-

sus the angle �=tan−1�Q3 /Q2�, which opens from the Q2
axis in an anticlockwise direction. For each RFeO3 com-
pound, there are two spots in this polar plot corresponding to
a cooperative octahedral-site distortion on the two neighbor-
ing Fe3+ sites in a �001� plane. Along a circle with a given �
in this plot, the octahedron with one long and two equal short
bonds appears three times, but the long axis rotates in a
different direction, i.e., at 0° �it is along the z axis�, at 120°
�along the x axis�, and at 240° �along the y axis�. The Fe-O
bonds split into long, medium, and short bonds at an angle �
other than these three angles and these angles plus 180°. For
the whole RFeO3 family, the long bond is located in the basal
plane and is alternately directed along directions close to the
x and y axes, respectively. We focus on the site with the long
bond close to the x axis and highlight the important features
in the evolution of the room-temperature site distortion as a
function of IR. �a� The total site distortion as measured by �
nearly vanishes for the member with the largest IR in the
family. �b� � increases along a line near 150° as IR decreases
until IR� IRGd. �c� � starts to decrease along with a progres-
sively reduced angle � as IR decreases from IR� IRGd. The
question left is whether the evolution of the octahedral-site
distortions as a function of IR is intrinsic to the Pbnm per-
ovskite. The room-temperature structural data18–23 for RVO3,
in which orbitals remain disordered, are plotted in Fig. 3 in
the same way as for RFeO3. The two plots are comparable
even quantitatively for most rare-earth atoms R. As far as we
know, the structural work for the RTiO3 family is not com-
plete. However, the recent work of single-crystal diffraction
on RTiO3 �R=La, Nd, Sm, Gd, and Y� �Ref. 6� shows that
the evolution of the Ti-O bond length as a function of IR is
similar to that of RFeO3, which is shown in Fig. 2. The
comparison of the three families of perovskite RMO3 leads
us to conclude that the octahedral-site distortions are not
random and system dependent but are intrinsic to the Pbnm
perovskite structure.

In order to check whether this intrinsic site distortion bi-
ases the physical properties of the orthorhombic perovskites
with the Pbnm space group, we bring in three examples:
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FIG. 2. �Color online� The upper panel: IR dependence of three
Fe-O bond lengths in the orthorhombic RFeO3. The structural data
are from references. The dashed lines are a guide for the eyes.
Curve fittings of these data were used to calculate Q2=�x−�y, Q3

= �2�z−�x−�y� /�3, �= �Q2
2+ Q3

2�1/2, and �=tan−1�Q3 /Q2�, which
are shown in the lower panel as a function of IR.
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FIG. 3. �Color online� The polar plot of � and
� for three families of orthorhombic perovskites
RMO3 �M =V, Mn, and Fe�. Most of the struc-
tural data of RVO3 were from neutron diffraction
�Refs. 15–20�. The structural data for the RVO3

�R=Pr, Sm, Eu, Gd, and Dy� were obtained by
refining the powder diffraction from a Philips
X’pert diffractometer. The data source for
RMnO3 can be found in Ref. 22. The three draw-
ings surrounding the polar plot for RFeO3 show
the site distortion on a given circle �0 along the
directions of 0°, 120°, and 240°.
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orbital and/or spin ordering in the RMnO3 and RVO3 fami-
lies and spin ordering in RFeO3. We have made the same
polar plot for RMnO3, wherein Mn3+ is Jahn-Teller active
and the orbitals are ordered at room temperature. The bond-
length data were previously published.8 A cooperative Jahn-
Teller ordering would make the occupied e orbital either
3z2−r2 for all Mn3+ sites or 3x2−r2 and 3y2−r2 orbitals on
alternating Mn sites. Since the intrinsic distortion allows the
longest bond and a short bond located within the ab plane,
RMnO3 prefers the latter orbital ordering. The orbital occu-
pation significantly enlarges the long bond length relative to
two equal short bonds in an octahedron. Therefore, we ex-
pect to see two spots on a large circle of � along the direc-
tions of 120° and 240°, which cover all members of the
RMnO3 family. As shown in Fig. 3, data points representing
the site distortion observed for RMnO3 do concentrate into
two small areas near 120° and 240° on the circle with an r
= ��	 that is about an order of magnitude larger than �max in
RFeO3 and RVO3. More importantly, the structural bias ef-
fect transforms the predicted single spot into a La-Gd-Lu
triangle that resembles the one found in RFeO3, a birthmark
for the orthorhombic perovskite structure. The possible struc-
tural bias effect on the Jahn-Teller distortion was first pointed
out by Kanamori24 when he found that two spots in �Q2 ,Q3�
space for LaMnO3 are slightly moved toward the Q2 axis
from 120° and 240°. Our complete demonstration of the co-
operative Jahn-Teller distortion biased by the intrinsic struc-
tural distortion is made possible by the availability of sys-
tematic structural studies on the perovskite RMnO3 in recent
years.

The relatively weaker orbital-lattice interaction for the t
orbital system of the RVO3 family than that for the e orbital
in the RMnO3 family significantly lowers the orbital ordering
temperature from TJT�750 K in RMnO3 to TOO
200 K in
RVO3. The dome-shaped curve of TOO versus IR shown in
Fig. 4�a� appears to have little to do with the V-O-V bond
angle, which increases monotonically with IR. However, as
shown by the curve of �0 versus IR superimposed in the
same plot, the two curves of TOO versus IR and �0 versus IR
match each other surprisingly well. This observation clearly

indicates the structural bias effect on the orbital ordering
temperature in the perovskites RVO3.

Where the M3+ ion is Jahn-Teller active, the intrinsic
octahedral-site distortion has a more profound influence on
physical properties than simply biasing the cooperative or-
bital ordering. We showed elsewhere8 that the evolution of
the Jahn-Teller energy versus IR, which is strongly biased by
the intrinsic distortion, is responsible for a spin-ordering
transition from type A to type E in the RMnO3 family. For
the G-type orbital ordering below TOO of RVO3, the bias
effect alters the degree of hybridization of the t2 and te con-
figurations in the 3T1g ground state of the V3+ ion.25 In the
RTiO3 family, the intrinsic octahedral-site distortion is cor-
related with the change in orbital ordering and the transition
of magnetic ordering state from the antiferromagnetic phase
to the ferromagnetic phase at an intermediate IR as IR
decreases.6 Even in a Jahn-Teller inactive system, the �M-O	
bond modulation as a function of IR influences the spin-spin
interaction. Through the following numerical test, we will
show that the octahedral-site rotation alone is insufficient to
account for the change in TN as a function of IR in ortho-
rhombic RFeO3.

The dependence of the superexchange interaction on the
Fe-O-Fe bond angle was first postulated by Treves et al.26

when a systematic Mössbauer measurement of the Néel
temperature27 and some preliminary structural data became
available to them. They found that TN monotonically in-
creases as a function of �cos �	= �cos �1+2 cos �2� /3. Under
the assumption that the IR dependence of �Fe-O	 is negli-
gible, Boekema et al.28calculated the spin-spin coupling J for
the superexchange interaction over the Fe-O-Fe array to be
proportional to �cos2 �	 instead of �cos �	. Indeed, the curve
of TN versus �cos2 �	 is much more linear than that of TN
versus �cos �	. However, a linear relationship is not suffi-
cient to justify an overlap integral bcac
cos � in the super-
exchange formula TN
�bcac�2 /U. A correct formula for the
overlap integral bcac as a function of the bond angle and bond
length should make all data points lie along a 45° line
through the origin in the plot of d ln��bcac�2� /d�IR� versus
d ln TN /d�IR�. As shown in Fig. 4�b�, the plot with the func-
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FIG. 4. �Color online� �a� The IR dependences of the orbital ordering temperature TOO and the octahedral-site distortion �0 for the RVO3

family. �b� Plot of d ln A /d�IR� versus d ln TN /d�IR� for RFeO3. The function A is defined inside the plot. The derivatives were made based
on the curve fitting of A versus IR and TN versus IR. The structural data that were used to calculate the function A are from Refs. 13–17 and
a set of TN is from Ref. 27. The inset shows the definition of angles � and � in a M-O-M bond.
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tion bcac
cos � that was used by Boekema et al.28 is not on
the 45° line and is even not linear. Instead of suspecting the
formula for the superexchange interaction, we believe that
the octahedral-site distortion should also play some role. As
shown in Fig. 2, �Fe-O	 is not IR independent; it becomes
slightly longer at intermediate values of IR. In order to check
whether this small modulation in the �Fe-O	 bond length
versus IR is responsible for a nonlinear curve in the plot of
d ln��bcac�2� /d�IR� versus d ln TN /d�IR�, we have included
the contribution of �Fe-O	 by using the formula b

cos2�� /2� /d3.5 that was introduced by Harrison,29 where d
denotes the M-O bond length. It should be noted here that a
b
cos�� /2� /d3.5 in Harrison’s book29 is for the M-O bond.
Applying Harrison’s formula29 in the case of a �180°−��
M-O-M bond gives b
cos2�� /2� /d3.5. The plot of
d ln A /d�IR� versus d ln TN /d�IR� for A=b2=cos4�� /2� /d7

indeed gives a nearly straight 45° line, which proves the
importance of how local distortions influence TN and the
essential validity of how the M-O bond length enters the
formula.

In conclusion, a comparative study between three RMO3
families �M =V, Mn, and Fe� and some members in the

RTiO3 family with the orthorhombic perovskite structure re-
veals that the IR decrease not only causes a cooperative
octahedral-site rotation but also induces an octahedral-site
distortion. As shown in the polar plot �� ,��, the evolution of
the octahedral-site distortion as a function of IR in these
systems exhibits a common feature: the site distortion
reaches its maximum at an intermediate IR. This intrinsic
structural distortion biases the orbital and spin ordering in
these systems. In the perovskite RVO3 family, the profile of
the orbital ordering temperature TOO as a function of IR well
matches that of the site distortion measured by �0 versus IR.
In the perovskites RFeO3, the change in the overlap integral
due to the octahedral rotation plays a dominant role in deter-
mining the Néel temperature TN. However, TN can only be
precisely predicted by using the formula of the superex-
change interaction if the bond-length modulation and bond
angle enter the overlap integral as b
cos2�� /2� /d3.5 in the
case of a �180°−�� M-O-M bond in perovskite oxides.
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