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The van de Waals potential energy between two parallel infinitely long radially deformed single-walled
carbon nanotubes is calculated within the Lennard-Jones approximation. The radial deformations are described
with analytical shapes in order to facilitate the calculations. The most preferred mutual orientations are deter-
mined in all considered cases in terms of their potential well depths, equilibrium distances, and geometrical
parameters. It is found that the interaction evolves in such a way as to keep the distance between the interacting
surfaces comparable to the graphene-graphene distance in graphite. In addition, the universal graphitic poten-
tial concept is extended to radially deformed carbon nanotubes. These results may be used as a guide for future
experiments to investigate interactions between deformed carbon nanotubes.
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I. INTRODUCTION

Carbon nanotubes �CNTs� are quasi-one-dimensional
structures obtained by rolling up graphene sheets into cylin-
ders. There are single-wall carbon nanotubes �SWNTs�, con-
sisting of one sheet, and multiwall carbon nanotubes
�MWNTs�, consisting of two and more concentric cylindrical
sheets. Considerable experimental and theoretical research
has shown that CNTs have remarkable properties suitable for
many potential applications, such as sensors, gas storage,
functionalized elements, parts of electrical and mechanical
devices, and more.1–4 The long-ranged van der Waals �vdW�
forces between CNTs is of fundamental importance for many
of these applications. vdW forces are also important for un-
derstanding the growth of CNT bundles, ropes, networks,
and their stability, as well as their properties.5–10

Recently, compressing CNTs under different mechanical
deformations or external hydrostatic pressure has been under
considerable interests. For example, experimental and theo-
retical studies have shown that by radial squashing the nano-
tubes can experience modifications in their radial geometry
and metal-semiconductor transitions can occur.11–14 Such de-
formations can be achieved by pressing the nanotube be-
tween two hard surfaces, such as atomic force microscopy
�AFM� tips15 or an AFM tip and a substrate.16 In addition,
CNTs under high pressures have also shown similar transi-
tions in geometrical shapes and properties.17–20 Molecular
dynamics21–23 and density functional theory �DFT�
calculations24–26 reveal in more detail these transitions. The
circular cross section is first transformed to an elliptical
one.23 Upon further compression, the elliptical shape is de-
formed into a flattened one, where two flat parallel graphene
sections connected by two high curvature regions are cre-
ated. If the pressure is increased even further, the tube is
deformed into a peanutlike shape. These transitions are char-
acteristic for single-walled tubes,24 multiwalled tubes,27 and
bundles.25

In addition to changes in the electrical, vibrational, and
mechanical properties of nanotubes upon deformations, the

interactions between the nanotubes themselves also change.
This, in turn, affects the stability and mutual orientation of
the compressed tubes and the performance of CNT devices
that might operate under extreme conditions. Therefore, it is
important to understand and model the vdW interaction be-
tween tubes with the different deformation shapes in terms of
equilibrium potentials, distances, and relative orientations.

To describe the carbon intertube interactions, standard
DFT based calculations have been performed.28 However,
DFT is known to be reliable in describing short-ranged elec-
tron correlation effects only, whereas the vdW energy has
contributions from both short-ranged and long-ranged inter-
actions. The short-ranged contribution consists of a repulsive
part and an attractive part coming, respectively, from the
overlap of the core electrons on adjacent molecules and from
the decrease in the electron kinetic energy due to the electron
delocalization. The long-range contribution �known as the
London dispersion energy� originates from the vacuum fluc-
tuations of an electromagnetic field through the virtual pho-
ton exchange between the polarization states of the spatially
separated interacting quantum objects. Such an interaction,
to the first nonvanishing order in the perturbation expansion,
results in the attractive long-ranged electrodynamical cou-
pling between the objects’ fluctuating electric dipole mo-
ments. While adequate in describing the first two contribu-
tions, DFT fails in reproducing the long-ranged dispersion
forces correctly, especially in graphitic structures.29,30 At-
tempts to improve DFT for calculating vdW interactions be-
tween carbon nanotubes have also been made by using a
plasmon-pole model as an approximation for the local elec-
tron response.31,32

Models based on the pairwise summation of interatomic
Lennard-Jones �LJ� potentials adapted for extended systems
have also been applied.33,34 The LJ approach is widely used
in calculating the vdW interaction in carbon structures be-
cause of its relative simplicity and satisfactory results in de-
termining the equilibrium structures.35 For example, interact-
ing parallel circular SWNTs,35,36 parallel circular MWNTs,37
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spheroidal and ellipsoidal fullerenes interacting with circular
SWNTs,38 polygonized SWNTs,39 and interacting MWNTs
under hydrostatic pressure with different radial shapes40 have
been considered using the LJ approach. Experimental studies
of different properties of nanotubes under hydrostatic pres-
sures, such as Raman spectra19,41 and X-ray diffraction
spectra,42 have also been reported and explained using the LJ
type of vdW potentials. In addition, it was found that the
LJ-vdW interaction potentials between parallel identical
SWNTs,35 arbitrary parallel SWNTs,36 and arbitrary parallel
MWNTs37 can be represented in terms of a universal curve
when reduced parameters with respect to the well depth and
the equilibrium distance are used. Thus, further simplifica-
tion in the estimation of nanotube vdW interactions can be
achieved.

In this work, we apply the LJ potential approach for ex-
tended systems to calculate the vdW interaction between two
radially deformed SWNTs. Our goal is to present a working
model for CNT interaction with different shapes as a result
of radial squashing or hydrostatic pressure in order to under-
stand how the vdW interaction will change. Two tubes, ar-
ranged in parallel, with circular, elliptical, flattened, and pea-
nutlike radial shapes are considered. We examine different
mutual orientations between the deformed CNTs and find the
equilibrium configurations, potentials, and characteristic dis-
tances. We also present the results in terms of a universal
curve in the spirit of Girifalco’s suggestion,35 thus extending
this concept to deformed tubes. This study may serve as a
basis for understanding the changes of vdW interactions due
to radial deformations between SWNTs.

The paper is organized as follows. In Sec. II, the details of
the calculations are given. Section III is left for discussion,
and in Sec. IV, we present the conclusions.

II. CALCULATIONS

A. Model

The vdW interaction potential within the LJ model as-
sumes pairwise summation of the individual interatomic po-
tentials. For extended systems, integration is performed over
the volumes of the two interacting bodies. For CNTs, the
integration is over their surfaces since they are hollow cylin-
drical structures. The general expression for the vdW inter-
action between two nanotubes consists of an attracting and
repulsive part, given as

V = �2� � �−
A

�6 +
B

�12�dS1dS2, �1�

where dS1 and dS2 are the surface elements for each tube.
The distance between the surface elements is �. A and B are
the Hamaker constants. We take their values to be the ones
for the graphene-graphene system35—A=15.2 eV Å and B
=24�103 eV Å. This is motivated by the fact that experi-
mental data for Raman spectra of deformed carbon nano-
tubes under hydrostatic pressure have been explained suc-
cessfully using Lennard-Jones potentials with graphene
values for the A and B constants.19,41 Also, experimental
X-ray spectra of C60 inside SWNTs under hydrostatic pres-

sure have also been calculated using such a model.42 The
surface density � of carbon atoms is assumed to be uniform
with �=4 /�3a2, where a=2.49 Å is the graphene lattice
constant.

B. Perfect carbon nanotubes (circular cross section)

The vdW interaction between parallel SWNTs has already
been considered in earlier studies.35,36,43–46 It was shown that
the potential follows a universal curve in terms of reduced
parameters defined in Refs. 35 and 36. Here, we also calcu-
late the vdW interaction between parallel SWNTs for com-
pleteness and to compare it later with the results for the
deformed nanotubes. We also note that in this case, it is
possible to express the interaction defined in Eq. �1� in an
explicit analytical form.46,50

The studied system is given in Fig. 1. There are two
graphene cylindrical sheets with radii R1 and R2 and the dis-
tance between their centers is d=g+R1+R2. The interaction
potential from Eq. �1� is expressed as

V = �2�
0

2� �
0

2� �
−�

� �
−�

� �−
A

�6 +
B

�12�R1R2d�1d�2dz1dz2,

�2�

where �2=r2+z2 with r being the radial variable in the x-y
plane. The z integration is performed first giving the result
per unit length in the form

V = −
3�A�3/2R1R2

8
�

0

2� �
0

2� 1

r5d�1d�2

+
63�B�3/2R1R2

256
�

0

2� �
0

2� 1

r11d�1d�2, �3�

where the in-plane distance between the two surface ele-
ments is

r = ��d − R1 cos �1 + R2 cos �2�2 + �R1 sin �1 − R2 sin �2�2.

�4�

This expression is the same as the one given in other studies
of vdW interactions between carbon nanotubes.43,44

Further, to obtain V, one usually performs a numerical
integration over the angular variables.35,36,43,44 In Fig. 2, we
present the interaction potential for several pairs of perfect

FIG. 1. Schematic drawing of two parallel tubes with radii R1

and R2 separated by a distance g between their surfaces. The inter-
center distance is d, and the distance between two surface elements
is r. The axis of each tube is along z, perpendicular to the x-y plane.
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SWNTs. The radii of the SWNTs are taken to correspond to
�10,10�&�15,15�, �11,11�&�15,15�, �12,12�&�15,15�,
�13,13�&�15,15�, �14,14�&�15,15�, and �15,15�&�15,15�. The
equilibrium distance between their surfaces is found to be
�3.2 Å, which is similar to the equilibrium graphene-
graphene distance in graphite. Many other pairs of nanotubes
were examined in addition to the ones shown in Fig. 2 and it
was found that V follows similar curves with equilibrium
distance g0�3.2 Å between the surfaces of the nanotubes.

We also notice that V from Eq. �3� can be integrated ex-
actly. By writing the denominators in Eq. �3� in a series
expansion, the potential is expressed in terms of an infinite
series of ultraspherical polynomials46 for d�R1, R2,

V = −
8�2A�3/2

3 �
n,m

R1
n+1R2

m+1	 ��n + 5

2
�

�n

2
�!�m

2
�!


2

1

dn+m+5

+
16�2B�3/2

14 175 �
n,m

R1
n+1R2

m+1	��n + m + 11

2
�

�n

2
�!�m

2
�! 


2

1

dn+m+11 ,

where ��x� is the gamma function. The convergence of the
series is found to be very slow. For example, for CNTs with
diameters less than 20 Å, 50 terms of the series are needed to
achieve a satisfactory agreement with the corresponding nu-
merical integration. For larger diameter tubes, more terms
have to be included—at least 150 terms are needed for tubes
with diameters in the 20–50 Å range. Some limiting cases
can be obtained from the exact expression for V. Using the
large intertube distance limit in the exact formula,46 one ob-
tains that V	d−5 corresponding to the vdW interaction be-
tween two lines separated at large distances. At small dis-
tances, the vdW potential is repulsive. Its behavior is

determined by the behavior of the ultraspherical polynomials
and V	 �d−R1−R2�−3/2.46

C. Elliptically deformed carbon nanotubes

Next, we consider the vdW interaction between two ellip-
tically deformed CNTs. The elliptical shape is the first geo-
metrical transformation that a CNT experiences after radial
squashing15,16 or after external hydrostatic pressure22–25,47 is
applied. In Fig. 3, we sketch the geometry of the possible
orientations of two elliptically deformed nanotubes.

The transformation to an elliptical shape is done by keep-
ing the perimeter p of the perfect circular nanotubes constant
using the analytical expression p=��3�a+b�
−��3a+b��a+3b��, where a is the major semiaxis and b is
the minor semiaxis of the ellipse.48 Also, to monitor the
change in geometry due to radial deformations, the param-
eter x=1− �V /V0�=1− �S /S0� is defined, where V0 and S0
represent the volume and surface area for perfect nanotubes,
respectively, and V and S are the volume and surface area for
the elliptically deformed tube. The parameter x describes the
fractional decrease in the volume �surface� of the deformed
tube, and it is also defined in other references.24,25,47

Due to the lower symmetry of the shapes as compared to
the perfect CNT case, there are two angles describing their
relative orientation—
 and �. The angle 
 is the angle be-
tween the major semiaxis a2 and the x axis, and the angle �
is the angle between the intercenter d and the x axis. We
define the coordinates of two typical points on the surface of
each nanotube �with respect to their centers� as

x1 = a1 cos �1, y1 = b1 sin �1,

x2 = a2 cos �2, y2 = b2 sin �2.

The distance between the two surface elements is expressed
as

FIG. 2. Interaction potential V �meV� per unit length as a func-
tion of the separation distance d �Å� for several pairs of SWNTs
with different radii. The equilibrium distance is found to be at g0

�3.2 Å.

FIG. 3. Schematic drawing of parallel elliptically deformed
tubes with major semiaxis a1 and a2 and minor semiaxis b1 and b2,
separated by an intercenter distance d. The distance between two
surface elements is r, and the angles 
 and � describe their relative
orientation. Each CNT axis is along z perpendicular to the x-y
plane.
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r = ��d cos � + x2 cos 
 − y2 sin 
 − x1�2 + �d sin � + x2 sin 
 + y2 cos 
 − y1�2. �5�

The surface elements in Eq. �1� are dS1=R1
ed�1dz1 and dS2

=R2
ed�2dz2, where

R1
e =��1

2 + � d�1

d�1
�2

, R2
e =��2

2 + � d�2

d�2
�2

, �6�

with polar distances

�1 =
a1b1

�a1
2 + b1

2 − x1
2 − y1

2
and �2 =

a2b2

�a2
2 + b2

2 − x2
2 − y2

2
.

Using these expressions, the integration of Eq. �1� is per-
formed numerically.

To calculate the vdW interaction in this case and to com-
pare with the results for perfect CNTs, we take two identical
ellipses with x=0.12. Keeping the perimeter of the �15,15�
SWNTs constants, one obtains ellipses with major semiaxis
a1=a2=12.9 Å and minor semiaxis b1=b2=7 Å. This par-
ticular x is taken as an example to represent the cases of
elliptical tubes under hydrostatic pressure. Note that accord-
ing to Refs. 24, 47, and 52 for pressures corresponding to
x�0.2, all SWNTs are elliptical.

The vdW interaction depends on the two orientation
angles 
 and �. In Fig. 4, we show the potential depth as a
function of the distance separation d between the centers of
the ellipses for different values of � when 
=0° �Fig. 4�. We
also examined V as a function of � for all possible angles 

and obtain that the absolute value of the interaction potential
experiences the largest changes for 
=0° and � sweeping the
�0,90°� interval. In this case, V0 is in the limits of
326–113 meV and d0 changes in the 17–29 Å range. The
most stable configuration is when 
=0° and �=0° with
V0=325.777 meV and d0=29 Å. The 
=0° and �=0° ori-
entations correspond to the regions with highest curvature

from the ellipses being closest to each other. The intercenter
equilibrium distance d0 in all cases changes in such a way as
to keep the distance between the surfaces always g0
�3.1–3.2 Å.

Next, in Fig. 5, we show the evolution of the equilibrium
potential V0 and the equilibrium distance d0 as functions of
the angle � for several values of the angle 
. For all 
 �ex-
cept the ones close to 
=0°�, the potential first increases and
then it decreases. Tracing the � rotation and the distance
from Fig. 5�b�, one sees that the maximum V0 is found
when the regions with the highest curvature of the two el-
lipses are closest to each other.

Figure 5�a� shows some interesting features. The
minimum-interaction-potential curves intersect each other at
several points, indicating the existence of several mutual ori-
entations with the same minimum interaction potential. For
example, at 
=0° and 
=75° and �=23° or at 
=30° and

=90° and �=35°, the potential is V0=258.4 meV. Simi-
larly, some of the curves are very close to each other in
certain regions. Such a case is when 
� �0° ,15° � and �
� �0° ,5° � with the potential in the limits V0
� �316,325� meV or when 
� �60° ,90° � and �

FIG. 4. vdW potential per unit length as a function of the dis-
tance separation d between the centers of the ellipses for different
values of � for 
=0°.

FIG. 5. �a� Minimum interaction potential V0 per unit length
and �b� the equilibrium distance d0 as a function of the angle � for
different values of 
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� �80° ,90° � with V0� �158,170� meV. Therefore, due to
the lower symmetry of the elliptical shape as compared to
the circular one, the interaction strength for the deformed
tubes is the same or close in value for many different mutual
orientations.

In order to gain more insight into this model for the LJ-
vdW interaction between objects with elliptical shapes, we
examined Eq. �1� for other values of x by keeping the �15,15�
nanotube perimeter constant. We find that for ellipses with
x�0.7, the most preferred configuration is 
=0° and �=0°,
and the numerical integration of Eq. �1� shows that the domi-
nant contribution to the numerical value of the potential
�close to 90%� comes from the relatively small high curva-
ture sections ��15% of the total circumference of each el-
lipse�. For x�0.7, the most preferred configuration is 
=0°
and �=90°, corresponding to the lowest curvature regions
being closest to each other, and the integration from Eq. �1�
shows that the potential value is determined mainly by the
relatively large overlapping low curvature sections ��40%
of the total circumference of each ellipse�. The origin of this
effect can be seen from the definitions of R1,2

e entering the
CNT surface elements dS1,2 �see Eq. �6��. Obviously, the
derivatives d�1,2 /d�1,2 are large when the corresponding
arguments �1,2 pass through the highly curved segments of
the ellipses, yielding dS1,2�d�1,2 /d�1,2d�1,2dz1,2. On the
other hand, in the flatter segments of the ellipses, the deriva-
tives d�1,2 /d�1,2 are small, so that dS1,2��1,2d�1,2dz1,2.
The relative contributions of the high curvature segments
and the low curvature segments depend on the value of x,
i.e., on the ellipse eccentricity. Thus, two competing effects
are present in the vdW interaction between elliptically
shaped objects—one comes from the curvature when the el-
lipses are not very much elongated and the other one from
the overlap between the low curvature regions when the el-
lipses are elongated more. Because r�d��1,2 for the geom-
etries we consider, the distance dependence of the resultant
vdW potential is different when one of the two effects is
dominant, thus yielding the two different relative orientations
of the elliptically shaped nanotubes. Note, however, that if
the hydrostatic pressure is increased and x�0.2, the CNTs
will no longer be elliptical but they will experience a trans-
formation to a flattened shape.47

D. Flattened carbon nanotubes

According to previous works,25,47 further compression of
the elliptically deformed CNT leads to a geometrical transi-
tion with a shape consisting of two flat sections �similar to
graphene planes in graphite� connected by two highly curved
caps—flattened nanotubes. It has been found that such a
transition happens when x=1− �V /V0�=1− �S /S0��0.2 re-
gardless of the tube diameter.24,47,52 In order to calculate the
vdW interaction from Eq. �1�, one needs to use appropriate
analytical parametrization of the deformed shape. We assume
a plausible shape for the flattened CNT consisting of two
straight line regions and two curved regions which are taken
to be segments of an elliptical form �Fig. 6�a��. All parts are
smoothly connected. The straight lines and the ellipses are
varied by requiring the simultaneous satisfaction of the con-

ditions that the perimeter of the flattened tube is the same as
the perimeter of the circular tubes, and that a specific value is
given for the volume �surface� fractional decrease x.

Such mathematical description of the flattened nanotube
shape has already been used in analytical models studying
the deformation energies and stability of SWNTs as a func-
tion of the degree of deformation.24,49 In fact, we follow the
outlined procedure in Ref. 24 for the definition of the flat-
tened nanotube shape, where nanotubes under different de-
grees of external hydrostatic pressure were considered and
their geometrical shapes were described with the parametri-
zation from Fig. 6�a� as a function of the parameter x. The
geometrical model from Fig. 6�a� is in agreement with re-
sults from variational analysis calculations47 which also ar-
gue that the flattened shape transformation is universal for
cylindrical hollow tubes.

We characterize the relative position of two SWNTs de-
formed to a flattened shape with two angular variables 
 and
� and the distance d between their centers in a similar man-
ner as in the case for the elliptically deformed nanotubes
�Fig. 6�b��. Keeping the perimeter constant, the perfect
�15,15� SWNT is transformed to a flattened one when x
=0.2. This corresponds to b /a=0.528 and a distance between
the flat regions 2b=13.34 Å.

The vdW interaction is calculated again from Eq. �1�. The
potential as a function of the relative distance d is shown in
Fig. 7 for different values of the angles 
 and �. It is found
that the most stable configuration is for 
=0° and �=90°.
This corresponds to the two flattened SWNTs being in a
position where the flat regions are stacking on top of each
other. In fact, the dominating contribution to the integration
from Eq. �1� in this case is determined to come mainly from
the two flat regions from the different nanotubes closest to
each other. The minimum interaction potential for this b /a

FIG. 6. �a� Model shape of the cross section of a flattened nano-
tube, consisting of two flat sections �similar to graphene planes in
graphite� connected by two elliptical caps. �b� Schematic drawing
of the two parallel flattened deformed tubes, separated by an inter-
center distance d. The distance between two surface elements is r,
and the angles 
 and � describe their relative orientation. Each tube
axis is along z perpendicular to the x-y plane.
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ratio is found to be V0=355.751 meV which is approxi-
mately two times larger as compared to the perfect circular
SWNTs and �10% larger as compared to the most preferred
mutual orientation of the elliptically deformed SWNTs. The
intercenter distance for the equilibrium orientation 
=0° and
�=90° is d0=16.7 Å corresponding to a distance of
�3.36 Å between the two flat regions which is comparable
to the graphene-graphene equilibrium distance.

To understand further how the equilibrium distances and
potentials change as a function of the angular variables 
 and
�, in Figs. 8�a� and 8�b�, we present the minimum interaction
potential V0 and the equilibrium distance d0 as a function of
the angle � for different values of 
. The largest changes are
found for the 
=0° and �� �0° ,90° � case, where d0 is in
the limits of 16.7–28.4 Å and the absolute value of the in-
teraction potential is in the limits of 127–355 meV. Figure 8
also reveals that the vdW interaction is much stronger when
more overlap is present between the flat sections from the
nanotubes. This overlap is characterized by lower values of 

and larger values of �, indicating a tendency toward stacking
in a similar manner as the �-� stacking between graphene
planes in graphite. In addition, the crossings of the potential
curves for different 
 and � combinations point to the fact
that again there are many different mutual orientations of the
two flattened nanotubes with the same potential strength.

E. Peanutlike carbon nanotubes

The final shape that a carbon nanotube takes before col-
lapsing upon further compression is in the form of a
peanut.22–25 Such a transformation can be obtained if the
external pressure is increased even further and it happens
when x�0.2.24,47,52 The peanut shape can also be achieved if
the SWNT is squashed between two surfaces with dimen-
sions smaller than the nanotube diameter.17 At a certain criti-
cal value of the applied pressure the nanotube collapses.23

The peanutlike shape is described in a similar manner as
the flattened shape from Sec. II D. Four regions, which are
parts of ellipses, are joined together, as shown in Fig. 9�a�.

All parts are connected smoothly. We follow the same pro-
cedure as described in Ref. 24 to construct this shape. More
specifically, the elliptical regions are varied in such a way as
to keep the perimeter of the circular tube constant and the
fractional parameter x to have a specific value. The elliptical
regions can be varied in this manner and nanotubes with
larger or smaller deformations can be created. There is a
smooth transition between the flattened shape from Sec. II D
and the peanutlike shape. The flattened shape can be ob-
tained as the two elliptical regions on top and bottom have
eccentricity e→1, which corresponds to an ellipse with a
small b /a ratio.

The mutual orientations between two SWNTs in the form
of peanuts are similar to the cases of SWNTs in the form of
ellipses or flattened nanotubes �Fig. 9�b��. The two angles 

and � and the intercenter distance d characterize the position
of one nanotube with respect to the other. The interaction
potential is calculated again from Eq. �1� with the specified
geometry for the peanutlike shape from Fig. 9�a�. We choose
two peanut shaped nanotubes with the same perimeter as the
one corresponding to the �15,15� nanotubes. The fraction
volume parameter x is changed by varying the four regions
of the shape. To illustrate the different characteristic cases,
we chose x=0.23 �close to the flattened nanotubes� and x
=0.36.

First, we show the x=0.36 case when the peanut shape is
more indented than the flattened one. We plot the vdW po-

FIG. 7. vdW potential per unit length as a function of the dis-
tance separation d between the centers of the flattened tubes for
different values of � when 
=0°.

FIG. 8. �a� Minimum interaction potential V0 per unit length
and �b� the equilibrium distance d0 as a function of the angle � for
different values of 
.
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tential as a function of the distance d for different values of
� when 
=0° �Fig. 10�. After examining all possible orien-
tations of the two nanotubes, it is found that the equilibrium
potential changes the most V0� �30,208� meV for 
=0°
and �� �0° ,90° �. This corresponds to equilibrium distance
changes d0� �26,34� Å. The most stable configuration is at
d0=33.8 Å for 
=0° and �=0° orientations with an equilib-
rium potential V0=208.014 meV and a distance between
the surfaces g0=3.16 Å.

The changes of V0 and d0 for the different configurations
are more easily tracked by viewing Figs. 11�a� and 11�b�. We
show how V0 and d0 evolve as a function of the angle � for

several 
 values when x=0.36. It is interesting to see that the
equilibrium potential and distance experience oscillatorylike
behavior as a function of the � angle for each 
. For certain
regions of 
 and �, however, these oscillations are close to
each other, cross each other, and even overlap. For example,
for 
 changing between 15° and 30° and � between 0° and
15°, V0 is in the limits of 200–205 meV and d is in the
limits of 31–33 Å. Similarly, for 
 changing between 45°
and 60° and � between 15° and 30°, V0 is in the limits of
160–190 meV and d is in the limits of 29–31 Å. We also
notice that the 
=0° and �=90° configurations, with nano-
tubes on top of each other, are not energetically favorable—
V0=31.162 meV and d0=30.7 Å. In fact, this is one of the
least favored orientations of the two nanotubes. This is traced
to the large repulsion between the inflated ends of the peanut
shape. Thus, in this case, the equilibrium configuration be-
tween the peanutlike nanotubes is more like the one between
the elliptically deformed nanotubes, where the regions with
highest curvature are closest to each other.

For x=0.23, the peanut shape does not differ much from
the flattened one and we find that the preferred orientation in
both cases are the same—the lowest curvature sites are clos-
est to each other. It is found that here for 
=0° and �
� �0° ,90° �, V0 is in the limits of 206–300 meV �close to
the interaction strength of the flattened nanotubes� and d is in
the limits of 16–31 Å. Thus, the preferred configurations
change as the deformation of the peanutlike nanotube shape

FIG. 9. �a� Model shape of the cross section of a peanutlike
deformed nanotube, consisting of four smoothly connected elliptical
sections. �b� Schematic drawing of two parallel peanutlike de-
formed tubes, separated by an intercenter distance d. The distance
between two surface elements is r, and the angles 
 and � describe
their relative orientation. Each tube’s axis is along z which is per-
pendicular to the x-y plane.

FIG. 10. vdW potential per unit length as a function of the
distance separation d between the centers of the peanutlike tubes for
different values of � when 
=0°.

FIG. 11. �a� Minimum interaction potential V0 per unit length
and �b� equilibrium distance d0 as a function of the angle � for
different values of 
.
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is changed. The competing effects from the interacting
higher curvature regions and the overlap between the lower
curvature regions are found here as well. In fact, for x
� �0.2,0.32�, the numerical integration of Eq. �1� is deter-
mined mainly by the relatively flat regions from the peanut-
like nanotubes closest to each other. For x�0.32, the nu-
merical integration is determined mostly by the higher
curvature regions from the two tubes when they are closest to
each other.

III. DISCUSSIONS

External hydrostatic pressure or radial squashing between
two hard surfaces causes nanotubes to undergo transitions to
lower symmetry structures, such as elliptical, flattened, or
peanutlike cross sections, depending on the strength of the
applied hydrostatic pressure or deformation. Since vdW in-
teraction depends strongly on the geometry of the interacting
systems, one expects that the vdW interaction between nano-
tubes will change in terms of equilibrium distances, relative
orientation of the interacting nanotubes, and minimum po-
tential values as a function of the applied deformation.

We have studied the vdW interaction between two parallel
CNTs with different types of cross sections by applying the
Lennard-Jones approximation. By defining the shapes in a
way to represent results from first principle calculations of
CNTs under pressure and to enable us to perform the inte-
gration from Eq. �1�, we are able to obtain some interesting
features. The results presented in Figs. 4–11 show that the
equilibrium orientations between the deformed tubes are de-
termined mainly by two factors: degree of curvature in the
shape and form of the shape.

The elliptically and peanutlike deformed tubes �x�0.32�
have regions with low and high curvatures. For both cases,
we find that the most preferred orientations are when both
tubes are oriented with their high curvature regions closest to
each other. For the flattened and peanutlike �x�0.32�
SWNTs, however, the situation is different. The lower cur-
vature regions are larger and the two nanotubes prefer to
stack with their flat sides above each other in a similar man-
ner as in graphite. This can also be verified by examining the
contributions from the different regions in the numerical in-
tegration of Eq. �1�. We find that in the first case, the inte-
gration is dominated by the high-curvature parts. In the sec-
ond case, the relatively large flat regions dominate the
integration.

These behaviors can be qualitatively understood if one
considers the quantum physical nature of the long-range
London-type vdW coupling.51 The radial deformation creates
effective transversely oriented, radial dipole moments for
each of the nanotubes, with the effective long-range dipole-
dipole interaction of the form d1

ef f ·d2
ef f /d3

−3�d1
ef f ·d��d2

ef f ·d� /d5. This interaction is the one that �along
with the longitudinal dipole-dipole contribution� effectively
determines the long-range attractive vdW intertube coupling
to the second �first nonvanishing� order of the perturbation
expansion with respect to the vacuum electromagnetic field.
For cylindrical nanotubes, the second term disappears be-
cause of the cylindrical symmetry, whereas the first one sur-

vives contributing the total vdW coupling. For deformed
nanotubes, both terms contribute to the total intertube vdW
coupling, making it dependent on the relative orientation of
the effective transverse dipole moments and minimizing the
negative total interaction energy. This corresponds to the
situation �supported by the numerical simulations—see the
last paragraph of Sec. II C� when the effective dipole mo-
ments of each of the deformed nanotubes lie on the same
straight line connecting the nanotubes’ centers, or equiva-
lently, when both nanotubes are oriented in such a way that
their high curvature regions are closest to each other. Note
that the A parameter in the LJ potential in Eq. �1� is nothing
but the dipole-dipole interaction matrix element �or the elec-
tromagnetic coupling constant to the vacuum field�, whereas
the distance dependence comes from the distance depen-
dence of the pair dipole-dipole interaction. Additional orien-
tation dependence comes from the deviation of the elliptical
shapes from the circular shapes. This explains the behavior
of the elliptically deformed �x�0.2� and peanutlike
�x�0.32� nanotubes considered above. For flattened and
peanutlike �x�0.32� nanotubes, the situation is different
since they have extended plane �or nearly plane� surfaces.
The long-range vacuum-field coupling between the two par-
allel planes is known to behave with the interplane distance
as �1 /d3 �the well-known Casimir effect� which is stronger
than the ��1 /d6� vdW coupling. �This is also supported by
our numerical simulations—see the last paragraph of Sec.
II C.� Thus, this explains the reason why the flattened and
peanutlike �x�0.32� nanotubes prefer to stack with their flat
sides in a similar way as in graphite.

Further, one notices that for each shape, there are many
orientations which have equilibrium potentials close to each
other in value. Comparing the results from Figs. 5�a�, 8�a�,
and 11�a�, the equilibrium potentials for different 
 and �
follow very close to each other, overlap, or cross each other.
This is related to the fact that the deformed tubes have lower
than circular symmetry and several mutual orientations can
have the same or similar contributions to the numerical inte-
gration in Eq. �1�. The strength of the interaction for the
different shapes with the chosen Hamaker constants A and B
shows that the vdW interaction potential minimum V0 starts
increasing gradually as the nanotube changes from a circular
to an elliptical one. The maximum V0 is achieved for the
flattened shape after which V0 starts decreasing.

In addition, tracking the change of the equilibrium dis-
tance for the different mutual orientations can bring some
more insight into understanding the vdW interaction between
the deformed nanotubes. In Fig. 12�a�, the change of the
equilibrium intercenter distance d0 is shown for all calculated
shapes when 
=0° and � undergoes a full rotation range
from 0° to 360° corresponding to one of the tubes sweeping
around the other one a full turn. It is interesting to see that
for the elliptical and flattened CNTs, the path of d0 is in the
form of an ellipse, while for the peanutlike shape, a more
complicated pattern is shown. Similar curves are found for
other values of 
. In all cases, the intercenter distance
changes in such a way as to keep the distance between the
surfaces g0 always to be almost the same. For example,
for all mutual orientations of the elliptical shapes
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g0�3.1–3.2 Å, for the flattened shapes g0�3.36 Å, and for
the peanutlike shapes g0�3.16 Å.

Finally, we address the universal potential concept in re-
gard to the deformed carbon nanotubes. The universal poten-
tial was introduced by Girifalco et al.35 for graphitic struc-
tures in reduced units and later verified for different single-
walled and multiwalled carbon nanotubes.36,37 Here, we also
test this idea and obtain one universal potential depth curve
for all perfect and radially deformed nanotubes �Fig. 12�b��.
The figure shows the reduced potential depth V / V�d0� as a

function of the reduced distance �d−�� / �d0−��. V�d0� is the
potential minimum for each configuration and d0 is the equi-
librium spacing corresponding to V�d0�. The parameter � is
defined as the distance between the centers of the interacting
nanotubes when g=0. The figure shows that the reduced po-
tential curves for each type of deformation coincide, thus
confirming that the universal graphitic potential can be ap-
plied to deformed nanotube interactions as well. Thus, the
potentials can be represented by approximate analytic ex-
pressions in the spirit of other works for perfect
nanotubes.35–37 Therefore, the computations for vdW interac-
tions between deformed SWNTs can be simplified by gener-
ating the vdW potential from the universal curve. We also
examined other pairs of parallel deformed SWNTs with el-
liptical, flattened, and peanutlike shapes. Although the abso-
lute values of the minimum potential strengths are different
for the various configurations, the characteristic behavior for
each shape and orientation described for the �15,15�&�15,15�
SWNTs considered here is found, and the universal curve for
the reduced potential from Fig. 12�b� is obtained.

IV. CONCLUSIONS

In this work, we calculate the van der Waals potential
energy between two parallel infinitely long deformed
SWNTs within the continuum Lennard-Jones approximation.
Different types of radial deformations were considered, such
as elliptical, flattened, and peanutlike shapes. Such radial de-
formations can be obtained by applying external hydrostatic
pressure or radial squashing on nanotubes. We define those
shapes with plausible analytical models which correspond to
results from first principle simulations. It is determined, that
for elliptical and highly indented peanutlike CNTs, the most
preferred orientation is when their regions with highest cur-
vature are closest to each other, while for the flattened and
less indented peanutlike CNTs, the most preferred orientation
is when the CNTs stack on top of each other. Our calcula-
tions also show that there are several mutual orientations
with similar in value vdW equilibrium potentials and that the
interaction evolves in such a way as to keep the distance
between the surfaces of the SWNTs comparable to the dis-
tance between the planes in graphite. Furthermore, the po-
tential between any two deformed SWNTs lies on the same
universal curve thus extending the concept of universal gra-
phitic potential to deformed nanotubes.
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FIG. 12. �a� Equilibrium intercenter distances for all the de-
formed shapes as a function of their relative orientation. The angle

 is kept constant �
=0° � and the angle � undergoes a full rotation
range from 0° to 360° degrees. The intercenter distances are also
shown. �b� The universal potential curves per unit length for perfect
and radially deformed nanotubes; � is the distance between the
centers of the two interacting tubes when g=0.
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