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The electron-electron interactions effects on the shape of the Fermi surface of doped graphene are investi-
gated. The actual discrete nature of the lattice is fully taken into account. A �-band tight-binding model, with
nearest-neighbor hopping integrals, is considered. We calculate the self-energy corrections at zero temperature.
Long and short-range Coulomb interactions are included. The exchange self-energy corrections for graphene
preserve the trigonal warping of the Fermi surface topology, although rounding the triangular shape. The band
velocity is renormalized to higher value. Corrections induced by a local Coulomb interaction, calculated by
second-order perturbation theory, do deform anisotropically the Fermi surface shape. Results are compared to
experimental observations and to other theoretical results.
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I. INTRODUCTION

Since its discovery,1–3 graphene, a two-dimensional �2D�
single crystal thermodynamically stable formed by a single-
layer of carbon atoms ordered in a honeycomb lattice, has
been thoroughly investigated. It forms the basic block of
carbon nanotubes, fullerenes, graphite, and graphite interca-
lation compounds. The 2D electronic properties are well de-
scribed by a �-band tight-binding �TB� model.4 The valence
and conduction � bands touch only at the six corners K of
the 2D Brillouin zone �BZ�; the degeneracy point of the va-
lence and conduction bands is often termed Dirac point. At
half filling, undoped graphene, the Fermi level EF lies at the
Dirac point. The low-energy physics of a perfect graphene
sheet is described by the relativistic Dirac equation. The dis-
persion relation turns up to be isotropic and linear near EF.
The low-energy excitations of the system are Dirac fermions
with zero effective mass and a vanishing density of states at
the K points. Because of these peculiarities, graphene is con-
sidered a model system to investigate basic questions of
quantum mechanics. Due to its transport properties, graphene
is a promising material for nanoelectronic applications.5

Improvements in experimental resolution have led to high
precision measurements of the Fermi surface �FS�, and also
to the extraction of the many-body effects from the spectral
function, as reported by angle resolved photoemission spec-
troscopy �ARPES� experiments6 in different materials. The
recent isolation of an atomic layer of graphite, graphene, has
renewed the interest in the physics of the three-dimensional
�3D� graphite and new aspects of the electronic properties of
3D graphite have been observed with improved experimental
techniques.7

In a high resolution ARPES study of disordered graphite
samples, coexistence of sharp quasiparticle dispersions and
disordered features was found8 and was explained in terms of
Van Hove singularities �VHS� in the angular density of
states. Later on, by using ARPES, the linear and isotropic
dispersion of the bands, near the three-dimensional BZ cor-
ners �H points� of graphite, has been directly observed coex-
isting with parabolic dispersion bands.9 The constant energy
maps taken near the H point present circular shape from EF
to −0.6 eV. This circular shape combined with the linear

dispersion found near the BZ corners H suggests that the
dispersion shows a conelike behavior near each point H,
similar to that expected for graphene. The constant energy
maps start to deviate from the circular shape at −0.9 eV, and
at −1.2 eV, a rounded triangular shape is observed. A linear
energy dependence of the quasiparticle lifetime has been, as
well, measured by ultrahigh resolution ARPES on high qual-
ity crystals of graphite.10 The low-energy excitations seem to
be dominated by phonons, while those for higher energies
are characterized by the electron-hole pair creation.10 The
quasiparticle lifetime had been studied as well by ultrafast
time resolved photoemission spectroscopy11 �TRPES� and a
linear � dependence was reported. Anisotropy of quasiparti-
cle lifetimes has been reported by TRPES in highly oriented
pyrolytic graphite as well as an anomaly in the energy de-
pendence between 1.1 and 1.5 eV, in the vicinity of a saddle
point in the graphite band structure.12

A linear energy dependence of the quasiparticle lifetime
had been theoretically predicted for graphite13 neglecting the
interlayer hopping. Even including an interlayer hopping of
0.25 eV, an anomalous quasiparticle lifetime was obtained in
graphite14 within the GW approximation, with a linear en-
ergy dependence along the K� direction for energies well
above the interlayer hopping. A discussion about the inter-
layer coupling strength in graphite can be found in Refs. 7
and 15, alongside with an overview of recent experiments in
both graphene and graphite samples.

In a combined ARPES and theoretical ab initio quasipar-
ticle study of the �-band structure and the Fermi surface in
graphite single crystals, it is found that electron-electron cor-
relation plays an important role in semimetallic graphite and
should be taken into account for the interpretation of experi-
mental results.16 The electronic correlations renormalize the
electronic dispersion increasing the Fermi velocity. The
equienergy contours of the photoemission intensity show
trigonal warping �higher by a factor of about 1.5 if compared
to graphene� around the KH direction of the graphite 3D BZ,
in both local density approximation �LDA� and TB-GW cal-
culations, from −0.1 eV. Correlation effects are found to be
stronger as the energy increases, and differences between
LDA and GW results are more noticeable at −0.4 eV than at
−0.1 eV.16
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The recently available 2D graphene samples have been
intensively investigated. From the experimental point of
view, graphene presents advantages with respect to other 2D
systems. Graphene can be controlled externally and exposed
to vacuum and can therefore be directly probed by different
techniques.1–3 Electron-electron interactions in graphene are
expected to play an important role due to its low dimension-
ality, and many-body effects have received great attention.
The quasiparticle dynamics in graphene samples has been
addressed by high-resolution ARPES.17 It was found that the
conical bands are distorted due to many-body interactions,
which renormalize the band velocity and the Dirac crossing
energy ED. Electron-hole pair generation effects are impor-
tant near the Fermi energy, and electron-phonon coupling
contribution to the self-energy is also important in the Fermi
level region: An electron-phonon coupling constant of �
�0.3 is deduced with the standard formalism.17 Around ED,
electron-plasmon coupling is invoked to explain the peak in
the imaginary part of the self-energy Im �, found just below
ED, whose width �and intensity� scales with ED. Although the
three scattering mechanisms contribute to strongly renormal-
ize the bands, in Ref. 17, it is claimed that the quasiparticle
picture is valid over a spectacularly wide energy range in
graphene. More recently, the doping dependence of graphene
electronic structure has been investigated by ARPES in
graphene samples at different dopings.18 Upon doping with
electrons, the Fermi surface grows in size and deviates from
the circular shape showing the trigonal warping, finally
evolving into a concave triangular shape. An electron-
phonon coupling to in-plane optical vibrations is proposed to
explain the experimental results. The electron-phonon cou-
pling constant, extracted from the data, presents a strong de-
pendence on k� , with maximal value along the KM direction.
The presence of a Van Hove singularity in the KMK direc-
tion, confirmed upon doping, could be a possible explanation
of the enhancement of the electron-phonon coupling.18

The layered nature of graphite and/or graphene, as well as
the presence of the VHS in the density of states near the EF,
which would enhance many-body effects, makes contact
with the physics of cuprates superconductors. The similari-
ties between graphene and the cuprates have already been
noticed,19 and the important role of many-body effects in the
basic physics of graphene has been investigated earlier.20

ARPES investigation of graphene samples epitaxially
grown on SiC substrate has reported the observation of an
energy gap of �0.26 eV at the K point.21 It is proposed that
the opening of the gap is induced by the interaction with the
substrate on which graphene is grown, which breaks the A
and B sublattice symmetry.21

From the theoretical point of view, graphene offers many
possibilities and the electron-electron interaction induced ef-
fects have been widely analyzed. The self-energy has been
object of special interest, since it gives relevant information
from fundamental properties. Furthermore, theoretical results
can be compared to recent ARPES reported self-energies.
Many approximations have been followed to investigate the
self-energy in graphene. The inelastic quasiparticle lifetimes
have been obtained within the G0W approximation22 with a
full dynamically screened Coulomb interaction. The scatter-
ing rates calculated for different carrier concentrations are in

good agreement with ARPES data from Bostwick et al.17

without including phonon effects, contrary to the experimen-
tal interpretation of the data.17 The nature of the undoped and
doped graphene has been, as well, discussed theoretically in
terms of the behavior of the imaginary part of the
self-energy:23 A Fermi liquid behavior is found for doped
graphene, while the zero doping case exhibits a linear quasi-
particle lifetime and a zero renormalization factor indicating
that, close to the Dirac point, undoped graphene behaves as
marginal Fermi liquid, in agreement with previous theoreti-
cal work.13,24

By evaluating exchange and random-phase-approximation
�RPA� correlation energies, an enhancement of the quasipar-
ticle velocities near the Dirac point is found in lightly doped
graphene taking into account the eigenstate chirality.25 The
role of electron-electron interactions in the ARPES spectra of
a n-doped graphene sheet has been theoretically
investigated26 by evaluating the self-energy within the RPA
and turned out to be important when interpreting experimen-
tal data. Recently,27,28 the validity of the RPA in the calcula-
tion of graphene self-energy has been discussed. The ap-
proximation is shown to be valid and controlled for doped
graphene where the Fermi level is shifted up or down from
the Dirac point. The RPA fails for undoped graphene, where
EF lies at ED. In most of the self-energy studies, graphene is
described by the massless Dirac equation in the continuum
limit.

In this work, we calculate the corrections induced by the
electron-electron interaction on the electronic band structure.
We focus on the corrections to the Fermi surface shape of
doped graphene. The Fermi surface is one of the key features
needed to understand the physical properties of a material
and its shape provides important information. Due to the 2D
character of graphene, electronic interaction should be im-
portant. We consider the �-band tight-binding model taking
into account the discrete nature of the honeycomb lattice in
order to investigate doped graphene and possible correlation
effects in the trigonal warped topology of the Fermi surface.
We calculate first the exchange self-energy considering long-
and short-range Coulomb interactions. Besides the renormal-
ization of the band velocities, a deformation of the trigonal
warped Fermi surface is found at this level. The second-order
self-energy induced by an on-site Coulomb interaction is as
well calculated. The corrections to the Fermi surface shape
are found to be anisotropic.

The paper is organized as follows. In Sec. II, the model is
presented, and we explain the self-energy calculation
method. Section III presents the results of the calculation,
and Sec. IV contains a discussion of the results compared to
experimental data and to other theoretical results and the
main conclusions of the work.

II. METHOD

A. Model for the graphene layer

Graphene is an atomic layer of carbon atoms arranged in
a honeycomb lattice with two atoms per unit cell, as shown
in Fig. 1�a�. The distance between nearest-neighbor atoms is
a=1.42 Å, and the primitive lattice vectors are a�1 and a�2.
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The Brillouin zone is an hexagon, as depicted in Fig. 1�b�.
We adopt the �-band tight-binding model with only nearest-
neighbor hopping,4 since it captures the main physics of the
system as probed by more realistic models and by experi-
mental results.

The kinetic term of the Hamiltonian, considering only
nearest-neighbor hopping, will be �we choose �=1 through-
out this paper�

Hkin = − t �
�ij�,�

âi,�
† b̂j,� + H.c., �1�

where t=2.82 eV is the nearest-neighbor hopping parameter,
and the site energy of the 2pz atomic orbital is taken as zero.
The operator âi,�

† �âi,�� is the creation �annihilation� operator

of an electron at site R� i on sublattice A with spin � ��
= ↑ , ↓ � �an equivalent definition corresponds to sublattice B�.
By Fourier transformation to the momentum space, we have

Hkin�k� � = t� 0 g�k� �

g*�k� � 0
� . �2�

The function g�k� �,

g�k� � = − 	e−ikya + 2eikya/2 cos�
3

2
kxa�� , �3�

is the structure factor of the honeycomb lattice. Diagonaliz-
ing Eq. �2�, the energy dispersion relation ��

0�k� �=�t�g�k� �� is
obtained

��
0�k� � = �t
1 + 4 cos�3

2
aky�cos�
3

2
akx� + 4 cos2�
3

2
akx� ,

�4�

where �=− �	� for the valence �conduction� band. The two
bands are degenerated at the six corners of the BZ K points.
The corresponding Bloch wave functions are


k� ;��r�� =
1

2
�K1k��r�� + �

g*�k� �

�g�k� ��
K2k��r��� . �5�

The tight-binding functions are built from the atomic 2pz
orbitals29 �z�r��,

Kik��r�� =
A

S
�
��n

eık� ·���n+�� i��z�r� − ��n − �� i� , �6�

where A and S stand for the area of the unit cell and the
crystal, respectively; ��n=n1a�1+n2a�2 is the lattice vector, and
��1,2 define the position of the two inequivalent atoms in the
unit cell. We use ��1=0 and ��2= 1

3 �a�1+a�2� see Fig. 1�a��. At
half filling �undoped graphene�, the Fermi energy lies at the
common point of the two bands �we take this energy as our
zero energy� and the Fermi surface is formed by six points at
the six BZ corners. The constant energy contours for the
dispersion relation Eq. �4�� are depicted in Fig. 2. These six
isolated points �only two of them are inequivalent� are
known as Dirac points because around them, by a long-
wavelength expansion, the kinetic energy term of the Hamil-
tonian can be approximated by the 2D Dirac equation for
massless fermions. Upon doping, by following the constant
energy maps shown in Fig. 2, the FS points develop into
circles and, eventually, the FS adopt the rounded triangular
shapes. As can be seen in Fig. 2, around each of the six BZ
corners, the energy lines are the same but rotated with re-
spect each other. Therefore, in the following, we will show
the results in the vicinity of one of the corners of the BZ.

The electron interaction term of the Hamiltonian Hint in-
cludes the Coulomb interaction e2 /�0�r�ij�, where �r�ij� indicate
distances between sites of the honeycomb lattice and �0 is the

A

B

�22

D3�22 D3-1�22

a2 a1

a
A

B

kx

ky

KK’

M

(b)

(a)

FIG. 1. �a� Schematic representation of the structure of the hon-
eycomb lattice; open and solid points represent the two inequivalent
atoms. The basic vectors a�1 and a�2 of the lattice are shown. The

three �i
� connect nearest-neighbor atoms. �b� First Brillouin zone of

the honeycomb lattice.

kx

k y

FIG. 2. Constant energy contours obtained with Eq. �4�. The
thick black lines correspond to the Van Hove filling.
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dielectric constant. We will study the two limiting cases,
long- and short-range Coulomb repulsions. Among the short-
range interactions, we consider interactions between elec-
trons on neighbor atoms of the honeycomb lattice.

We also analyze corrections due to an on-site Coulomb
repulsion U between electrons with opposite spin on the
same pz atomic orbital. Although graphene is considered a
weakly correlated system, the effects of an on-site Coulomb
interaction, Hubbard term, on the electronic properties of the
honeycomb lattice have been investigated in different sce-
narios. The phase diagram of the Hubbard model in the hon-
eycomb lattice has been studied by a variety of techniques.
Different instabilities have been found, from the Mott-
Hubbard transition,30 charge- and spin-density wave,31,32 to
superconductivity and magnetic phases.33–35 In our calcula-
tion, we consider small values of the on-site repulsion, of the
order of the hopping parameter for graphene.

B. Calculation of the self-energy

1. Long- and short-range Coulomb interaction:
Exchange self-energy

We calculate first the exchange self-energy contribution
that corresponds to the one-loop diagram shown in Fig. 3�a�.
The self-energy has the form

��
x�k� ,i�n� = − �

��=

�
q�

1

�
�
i�n

G��
0 �k� + q� ,i�n + i�n�

�v����k� ,k� + q� � , �7�

where �=1 /kBT, �n and �n are fermionic and bosonic Mat-
subara frequencies, respectively, and G�

0�k� , i�n� is the bare
single-particle Green’s function of an electron with momen-
tum k� and band index �. The Coulomb interaction matrix
elements v����k� ,k� +q� � between states �k� ,�� and �k� +q� ,���
are given by

v�,���k� ,k� + q� � =� dr�1� dr��
k� ,��r�1��

��
k�+q� ,���r�1 − r���
e2

r
�
k� ,��r�1 − r���

��
k�+q� ,���r�1�� = V�q� �F����k� ,k� + q� � , �8�

where V�q� � is the 2D Fourier transform of the Coulomb in-
teraction,

Vlr�q� � =
2�e2

�0�q� �
. �9�

We are also interested in the effects of short-range Cou-
lomb interactions between electrons on neighbor atoms of
the honeycomb lattice. The Coulomb interaction in momen-
tum space between neighbor sites �matrix element� described
in Appendix A, can be expressed as

Vsr�q� � = V	2 cos�qya� + 4 cos�
3

2
qxa�cos�1

2
qya�� .

�10�

We take V= t for the nearest-neighbor interaction strength.
The function F����k� ,k��� in Eq. �8� arises from the overlap of
the wave functions obtained by diagonalizing the �-band
tight-binding Hamiltonian,29,36,37

F����k� ,k� + q� � =
1

4
I2��q� ���1 + ���

g�k� �g*�k� + q� �

�g�k� �g�k� + q� ��
�2

.

�11�

Therefore, the correct symmetry of the lattice is included
in v����k� ,k� +q� �. I�q� � comes from the matrix elements that
contain the 2pz wave function of carbon atoms �z�r� and can
be approximated by unity.36 The function F����k� ,k� +q� �,
close to the Dirac points, reduces to the form

F����k� ,k� + q� � = �1 + ��� cos �k� ,k�+q��/2, �12�

where �k� ,k�+q� is the angle between k� and k� +q� . The form of
the sublattice overlap matrix element for graphene,
F����k� ,k� +q� �, given in Eq. �12�, appears in the theoretical
studies based on graphene massless Dirac equation con-
tinuum model.22,26,28,38,39

Considering the T=0 limit, after performing the summa-
tion of Matsubara frequencies, we can write

��
x�k� � = − �

��=

�
BZ

dq�

�2��2V�q� �F�,���k� ,k� + q� �

��„� − ���
0 �k� + q� �… , �13�

where � is the Heaviside unit step function. The calculation
of ��

x�k� � requires a momentum integral over the first BZ.
Note that, since we are considering the discreteness of the
lattice, the q� integral does not have the logarithmic ultravio-
let divergences appearing in the continuum model. To carry
out the integral in momentum space, we divide the hexago-
nal BZ in two regions: The central region with small mo-
menta q� , where the contribution of the long-range interaction
is important, and the rest of the BZ with larger momenta,
where short-range interactions, namely, nearest-neighbor in-
teractions, are dominant. In the boundary between both re-
gions, the potential functions are smoothly matched. Details
are given in Appendix B. As stated above, the matrix ele-
ments F��� corresponding to intraband ��=��=+ and �=��
=−� and interband ��=+ and ��=−� excitations are calcu-
lated by Eq. �11�. Finally, the correction of the dispersion
relation due to the interactions can be calculated from

(b)(a)

FIG. 3. �a� First-order self-energy diagram corresponding to the
exchange contribution. �b� Second-order self-energy diagram.
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���k� � = ��
0�k� � + ��

x�k� � , �14�

where ��
0�k� � was given in Eq. �4�.

From Eq. �14�, we obtain the corrections to the FS shape
for finite values of the doping. Notice that we address the
corrections to the conduction band, taking into account the
lattice symmetry.

2. Local Coulomb interaction: Second-order self-energy

In order to study the effects induced by local interactions
in the Fermi surface topology, we compute the second-order
self-energy. There are two diagrams that renormalize the
one-particle Green’s function up to second-order in perturba-
tion theory. The Hartree diagram gives a contribution inde-
pendent of momentum and energy and, hence, does not de-
form the FS. The two-loop diagram, depicted in Fig. 3�b�,
modifies the FS topology through its k� dependence and
changes the quasiparticle weight through its � dependence.

We follow here the method explained in Ref. 40, studying
the interplay between the electron correlation and the FS
topology. We assume that the effect of high-energy excita-
tions on the quasiparticles near the FS is integrated out, lead-
ing to a renormalization of the parameters of the Hamil-
tonian. Since we are interested in low-temperature and low-
energy processes, only the particle-hole excitations within
the energy scale about the Fermi line defined by the cutoff �
are taken into account. We compute the second-order self-
energy assuming that a FS, dressed by the corrections due to
the momentum independent interaction U, can be defined.
We consider electron doped graphene; thus, the FS lies at the
conduction band. No singularities are reached for the values
of the doping considered.

We will perform an analytical calculation of the second-
order self-energy. We begin by momentum expanding the
function g�k� � given in Eq. �3�, around two inequivalent Dirac
points, obtaining

g�k� � � � 3
2a�kx + ıky� − 3

8a2�kx − ıky�2 around K

− 3
2a�kx − ıky� − 3

8a2�kx + ıky�2 around K�,
�
�15�

where K= �4� /3
3a ,0� and K�= �−4� /3
3a ,0�. After di-
agonalizing the noninteracting Hamiltonian, we find the sim-
plified dispersion relation

��,�
0 �k� � � �

3

2
at
k2 +

1

16
a2k4 − �

1

2
a�kx

3 − 3kxky
2� , �16�

where again �= for the conduction and valence band, �

= for valley K and K�, respectively, and k= �k� �. To second
order in perturbation theory, the renormalized FS is given by
the solution of the equation

� − ��,�
0 �k� � − Re ��,�

�2� �k� ,� = 0� = 0, �17�

where Re ��,�
�2� �k� ,�� is the real part of the self-energy of an

electron of the � band with momentum k� and valley index �.
The Re ��,�

�2� �k� ,�� for a momentum independent interaction
as the Hubbard U has been computed from the imaginary

part of the self-energy following the method explained in
Ref. 40 and turns up to be

Re ��,��k� ,� = 0� = −
3

32

U2a4


2�3

�2 sgn„b�k� �…

vF
3�k� �b�k� �

, �18�

where the frequency integral has been restricted to the inter-
val 0����, � being the highenergy cutoff taken of the
order of t. The Fermi velocity vF�k� �, and the curvature b�k� �
of the noninteracting FS are given by the first and second
derivatives of ��,�

0 �k� � with respect to the momentum, respec-
tively. Both vF�k� � and b�k� � are related to the parameters of
the Hamiltonian. For consistency, we consider a weak local
interaction U��, below the energy cutoff. Forward and
backward scattering channels are considered in the calcula-
tion. As explained in Ref. 40, this method of calculation of
the self-energy corrections does not depend on the micro-
scopic model used to obtain the electronic structure and the
FS. Simple analytical expressions of the effects induced by
the interactions are deduced from local features of the Fermi
surface.

III. RESULTS

A. Corrections induced by the exchange self-energy

We now explain the numerical results obtained for the
exchange self-energy calculated from Eq. �13�. As stated
above, in the momentum integration, we consider the long-
range Coulomb interaction in a region of the BZ around �
and the nearest-neighbor interaction in the rest of the BZ.
The results show that the self-energy gives the stronger cor-
rections at the boundary lines of the BZ, keeping the sym-
metry of the lattice. The corrections to the FS topology are
found to be small, but not negligible, as can be observed in
Fig. 4�a� for a doping density of n�5�1014 electrons /cm2

corresponding41 to a �=2.4 eV. The self-energy corrections
enhance the curvature of the sides and round the vertices of
the triangular FS. This result agrees with the renormalization
of the warping term found in Ref. 42 within one-loop renor-
malization group. One of the conclusions reached in Ref. 42
is that the Coulomb interaction tends to suppress the warping
term, making the energy surfaces more isotropic.

The self-energy effects are more noticeable in the band
slope, as can be observed in Fig. 4�b�, where the dispersion
relation, calculated without and including the self-energy
corrections, is shown. The exchange self-energy enhances
the velocity of the bands by a 20% for the used parameter
values �V= t=2.82 eV�, renormalizing the kinetic energy.
The enhancement of the velocity has been obtained23–26 pre-
viously. Calculating the self-energy within the on-shell ap-
proximation, a renormalization of the velocity compatible
with Fermi liquid behavior was obtained for doped
graphene.23 The increase of the velocity in lightly doped
graphene has been attributed to the loss in exchange energy
when crossing the Dirac point, switching the quasiparticle
chirality, by evaluating exchange and RPA correlation
energies.25,26 All these theoretical works are based on the
massless Dirac model for the low-energy excitations of

EFFECT OF ELECTRON-ELECTRON INTERACTION ON… PHYSICAL REVIEW B 77, 115410 �2008�

115410-5



graphene. We find that the exchange energy effects on the FS
topology are small for doped graphene, in good agreement
with the ARPES results about the evolution of the graphene
FS shape with doping.9,18

B. Corrections induced by a local interaction

In this section, we analyze the corrections induced by a
local interaction. The real part of the self-energy is computed
from Eq. �18�, which gives the second-order perturbation
theory renormalization of the Green’s function. As explained
in Ref. 40, this electron-electron interaction self-energy de-
pends on local features of the noninteracting FS, as the Fermi
velocity and the curvature of the Fermi line. We limit our-
selves to the weak coupling regime as seems generally ac-
cepted for graphene, and where the perturbation approach is
justified. In Fig. 5, the Fermi surfaces, at two different dop-
ing levels, have been represented around the corner K of the
BZ. It should be notice that the K� counterpart has to be
considered �see Fig. 2 where the hexagonal BZ is repre-
sented� in order to include all the possible scattering chan-
nels.

At low doping, for ��0.2 eV corresponding to a doping
density of about 3.9�1012 electrons /cm2, the FS has a cir-
cular shape and the correction found is small but appreciable.
The correction depends on k� , as shown in Fig. 5�a�. By in-
creasing the doping level, the FS adopts the round triangular
shape. At a doping density of n�6�1014 /cm2, correspond-

ing to a chemical potential of ��2.4 eV, the effects of the
self-energy are noticeable and present a strong anisotropy.
The deformation of the Fermi surface is maximum along the
KM direction of the BZ, as can be observed in Fig. 5�b�. The
topology of the FS is changed by the correction to a concave
shape. The underlying hexagonal symmetry �2� /3 rotation
around � point� is preserved. This correction, with a maxi-
mum along the KM direction, is consistent with the renor-
malization group analysis in Ref. 43, which shows that the
Van Hove point defines a stable fixed point, so that interac-
tions deform the Fermi surface toward the saddle point in the
band dispersion. Surprising enough, this deformation, in-
duced by pure electron-electron interaction self-energy, pre-
sents a strong similarity with the deformation found by
ARPES18 in graphene. In Fig. 3�a� from Ref. 18, the plot of
the Fermi contours derived from curve fitting the data, ob-
tained at various dopings, is presented. The anisotropic de-
formation of the Fermi contours is attributed to electron-
phonon coupling to the graphene in-plane optical vibrations.
The electron-phonon coupling constant ���k� � extracted from
experimental data shows a strong anisotropy �around 5:1 ra-
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FIG. 4. �Color online� �a� Noninteracting �blue� and interacting
�red� Fermi lines around the K point for a doped graphene layer
with ��2.4 eV due to the exchange self-energy. The origin of the
coordinate system is at the � point of the BZ. �b� Bare �blue� and
renormalized �red� bands for �=0.5 eV.
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FIG. 5. �Color online� �a� Noninteracting �blue� and interacting
�red� Fermi lines around the K point for a doped graphene layer
with ��0.2 eV due to a local Coulomb repulsion. �b� Same as �a�
but for ��2.4 eV. Notice the different scales of the coordinate
axes. The origin of the coordinate system for this case is placed at
the K point.
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tio at highest doping� and a much higher strength than would
be expected for � bands and optical phonons in graphene. It
is argued that the abruptness of the kink �change of the band
velocity� and the broadening of the bands suggest a strong
mass renormalization by electron-phonon coupling. The di-
vergence of ���k� � along the KM direction is explained as
due to the VHS along the KMK boundary line of the BZ,
which is reached upon further doping.18 The discrepancy be-
tween the experimental and theoretical electron-phonon cou-
pling constants has been addressed in Ref. 44 by using
electron-phonon matrix elements extracted from density
functional theory simulations. It was found that, including
finite resolution effects, the discrepancy between theory and
experiment was reduced from a factor of 5.5 to 2.2.

The presence of the strong VHS reveals some similarity to
the cuprates.45 The similarities between graphene and the
cuprates have been already remarked by Bena and
Kivelson19 not only because of the VHS but as well because
of the similarity between the band structure of graphite and
that of the nodal quasiparticles in the cuprate superconduct-
ors. The existence of an extended VHS, as probed by the
flatness of the bands in both graphene and cuprates, is im-
portant because of its effects on the divergences of the den-
sity of states. The VHS is related to the interactions which
can be enhanced in its proximity and could increase the su-
perconducting critical temperature,18 in both cuprates and in
graphite intercalated compounds, when EF is placed at the
VHS.

In our calculated self-energy, considering only a weak lo-
cal electron interaction, the proximity to the VHS enhances
its correction and it reaches its maximum at the Van Hove
band filling, where the Fermi level reaches the VHS ��= t�.
Therefore, at low doping, when the FS lies very close to the
K point, the corrections to the FS shape are very small since
the circular line lies far from the VHS location. On the other
hand, at higher doping, the Fermi line lies close to the VHS,
especially the vertices of the triangle, and therefore the de-
formation is higher in these directions. In Ref. 18, by study-
ing the evolution of the coupling parameter ���k� � with the
doping level, it is found that, while the minimum coupling
strength grows only slowly with doping, the maximum cou-
pling parameter diverges as the corresponding segment of the
Fermi contour approaches the VHS at the M point.

The corrections induced by the self-energy calculated
from Eq. �18� depend on local features of the noninteracting
FS such as the Fermi velocity vF and the curvature of the
Fermi line. The main self-energy effects in the square lattice
were found to occur when the FS reaches the border of the
BZ, where the real part of the self-energy presents pro-
nounced dips close to the saddle points because the vF van-
ishes at the VHS.40 The same behavior is found here for the
honeycomb lattice.

Because of the relation between the real and imaginary
parts of the self-energy, a large self-energy correction to the
FS implies a large quasiparticle decay rate in the vicinity of
that region.

IV. DISCUSSION AND CONCLUDING REMARKS

We have calculated the corrections induced by electron-
electron interactions in the band structure of graphene. We

limit ourselves to the weak coupling regime, as it is generally
assumed to be appropriate for graphene. At first order and
zero temperature, the exchange self-energy induces a defor-
mation which contrasts the trigonal warping of the Fermi
surface of moderately doped graphene, in agreement with
one-loop renormalization group calculations.42 The self-
energy corrections round the triangular shape. We find that
the effect of the long-range Coulomb repulsion is stronger at
low dopings, when the Fermi level lies near the Dirac point.
Due to the circular shape of the FS at these fillings, the
corrections to the Fermi surface topology are small and only
a renormalization of the chemical potential is relevant at this
level. On the other hand, the Fermi velocity is enhanced.

The self-energy calculated by second-order perturbation
theory, considering a local Hubbard interaction, shows a
strong k� dependence; therefore, the deformation induced in
the FS topology is anisotropic. The deformation is highest in
the KM direction of the BZ, and the maximum value is
reached near the Van Hove filling, when the Fermi level is
very close to the VHS M point in Fig. 1�b��. This deforma-
tion of the FS shape appears to be consistent with the aniso-
tropic deformation found by ARPES attributed to a coupling
to the graphene in-plane optical phonons.18 A different origin
is proposed in Ref. 46 where the large and anisotropic values
of the apparent electron-phonon coupling measured by
ARPES in graphene samples doped with K and Ca �Ref. 18�
are explained by the strong nonlinearity in one of the �*

bands below EF due to its hybridization with the dopant Ca
atoms.46 In the present work, it is induced by a purely elec-
tronic interaction. The difficulties in the determination of the
origin of some features of the ARPES spectra have been
discussed on a theoretical basis in Ref. 44.

We now comment on the connection between our work
and recent theoretical work on correlation effects on
graphene. Most of the calculations of the self-energy23–26

have been carried out for undoped or lightly doped graphene,
in the continuum limit, where the conical shape of the bands
holds. The effect of the graphene lattice has been included in
a recent calculation of the self-energy within the
renormalized-ring-diagram approximation.47 Both doped and
undoped graphene present an imaginary part of the self-
energy that, near the chemical potential, varies as quadratic
in the energy, concluding that electrons in graphene behave
like a moderately correlated Fermi liquid.47

The role of electron-electron interactions in ARPES spec-
tra of graphene has been investigated within the RPA and it is
shown to be important on the vkF scale,26 suggesting that,
varying the carrier density, the effects of electron-electron
interaction can be separated from electron-phonon interac-
tion effects. The anisotropy of graphene energy-constant
maps in ARPES has been proposed to characterize quasipar-
ticle properties48 from the electronic chirality on monolayer
graphene to the magnitude and sign of the interlayer cou-
pling on bilayer graphene. Information about substrate-
induced asymmetry may also be extracted from ARPES con-
stant energy patterns.48

Due to the high potential of photoemission to characterize
graphene samples, the knowledge of the many-body effects
is crucial to interpret some features in the experimental spec-
tra. The topology of the Fermi surface is related with funda-
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mental properties of the material. Keeping track of the dif-
ferent factors involved in the experimental data is needed
when comparing theory and experiment. As far as we know,
corrections to the FS topology of 2D doped graphene, the
main focus of the present work, have not been specifically
addressed so far. We conclude that our results highlight the
importance of electronic correlation in graphene.
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APPENDIX A: COULOMB INTERACTION BETWEEN
NEAREST-NEIGHBOR ATOMS IN THE HONEYCOMB

LATTICE

The Coulomb interaction between electrons in nearest-
neighbor atoms in graphene has the form

V�r�i − r� j� = �V =
e2

a
if �r�i − r� j� = a

0 otherwise,
� �A1�

where r�i,j stand for lattice vectors in the two distinct A and B
sites of the honeycomb lattice. Each atom of the sublattice A
has three nearest-neighbor atoms in the sublattice B, and vice
versa, r� j =r�i+r� j, where r� j are vectors connecting nearest-
neighbors sites on the sublattice B from the sublattice A see
Fig. 1�a��. The nearest-neighbor interaction term of the
Hamiltonian is given by �we omit spin indices�

HV =
1

2�
R�

�
j=1

3

Vb̂
R� +�� j

†
â

R�
†

âR� b̂R� +�� j
, �A2�

where R� =n1a�1+n2a�2 is the position of an A atom in the
lattice, with n1,2 integer numbers. The above operators in the
momentum space are expressed as

â
R�
†

=
1


N
�

k��BZ

e−ik� ·R� âk�
† ,

b̂
R� +�� j

†
=

1

N

�
k��BZ

e−ik� ·�R� +�� j�b̂k�
† , �A3�

where N is the number of unit cells. The nearest-neighbor
Coulomb interaction is found to be

HV =
V

2 �
j=1

3

�
k� ,p� ,q��BZ

eiq� ·�� jb̂k�
†âp�

†âp�−q�b̂k�+q� =
V

2 �
q��BZ

f�q� ��̂−q�
A �̂q�

B,

�A4�

where f�q� �=� j=1
3 eiq� ·�̄j and the sublattice density operators are

defined as �̂q�
A=�k��BZâk�+q�

† âk� �an equivalent definition for �̂q�
B�.

The operators given in Eq. �A3� are related to the creation

operators in the subband basis by the rotation ĉk� ,�
†

=1 /
2�e−i�k� /2âk�
† +�ei�k� /2b̂k�

†�. In this basis, the interacting
Hamiltonian can be written as

HV = �
�,��=

�
q��BZ

Vsr�q� ��̂−q�
� �̂q�

��, �A5�

with the expression given in Eq. �10� for Vsr�q� �. Note that, in
addition, the overlap matrix elements of the electronic wave
functions must be taken into account in the computation of
the exchange self-energy.

APPENDIX B: INTEGRAL IN MOMENTUM SPACE

In order to calculate the exchange self-energy from Eq.
�13�, we carry out a momentum integral in the first Brillouin
zone. We divide the BZ in two different regions as shown in
Fig. 6�a�. The long-range interaction dominates in the central
region, while the nearest-neighbor interaction is important in
the outer region of the BZ. The circle centered in �, 0� �q� �
�

1
3

�

3a

, is the boundary between the two regions.
The interpolated potential considered in the calculation is

schematically plotted in Fig. 6�b�. The total potential, result-
ing from the combination of the long- and short-range inter-
actions, is a continuous function consistent with the lattice
symmetry.
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FIG. 6. �Color online� �a� Integration regions in the hexagonal
Brillouin zone. �b� Schematic plot of the Coulomb potential used in
the calculation. The black circle separates the inner region where
the long-range interaction is dominant from the outer region where
the short-range interaction dominates.
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