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The self-organized dopant percolative filamentary model, entirely orbital in character �no fictive spins�, has
recently quantitatively and specifically explained chemical trends in ceramic layered cuprate superconductors.
Here, this model explains the observation of an abrupt jump �Tc�x� in LixZrNCl powders over a wide
composition range �x, as well as many other features in the resistivity, lattice constants, Raman spectra, upper
critical field, and Meissner volume factor. The ceramic data confirm one-dimensional features in realistic
structural models of three-dimensional metal-insulator transitions that had been previously only hypothetical.
These data provide a “missing link” between the metal-insulator transition in semiconductor impurity bands
and cuprate superconductors. They show that all three material families are united by exhibiting an interme-
diate phase, absent from crystals, but seen in many properties of network glasses.
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I. INTRODUCTION

The discovery of high-temperature superconductivity
�HTSC� in ceramic cuprates1 has stimulated investigators to
search for superconductivity in other ceramic compounds.
Whereas layered cuprate superconductivity usually relies on
oxygen doping, other layered ceramic nitrochlorides doped
by lithium also become superconductive, although at lower
Tc. In particular, the titled materials show2 Tc around 15 K,
or when Zr is replaced by Hf, 25 K,3 over a wide range of x.

Layered LixZrNCl exhibits �Fig. 3�b� of Ref. 4� a metal-
insulator transition �MIT� near x=xc=0.06 which closely re-
sembles the archetypical MIT seen in three-dimensional
semiconductor impurity bands �Si or Ge, doped by B, P, or
As�. An abrupt decrease �Tc in Tc from 15 to 12 K also
occurs in LixZrNCl �Fig. 4�b� of Ref. 4� in the �x composi-
tion range between xc and 2xc. Over this same range, the
low-temperature normal state conductivity � �in a magnetic
field that suppresses superconductivity� is proportional to
�x−xc��, with �=0.5, the same value as was observed in
semiconductor impurity bands.

Many attempts were made to explain �=0.50 in semicon-
ductor impurity bands by using continuum models, treating
the conductivity in terms of critical fluctuations.5 Such fluc-
tuation models are valid only for the narrow range of
�x /xc= �x−xc� /xc�10−2, so continuum critical fluctuation
models simply cannot explain the observed wide range of
�x /xc�1. �For the case of truly randomly distributed impu-
rities in neutron-transmutation doped semiconductor impu-
rity bands, the range of concentrations where critical fluctua-
tions occur is only 0.0015, and in that very small range, �
=1 /3, not 1 /2.5 Thus using critical fluctuation models to
describe the observed wide range of �x /xc�1 is simply
wrong. Materials science may be less rigorous than pure
mathematics, but it is not 100 times less rigorous!� The data
on �Tc and ��x−xc� were discussed in Ref. 4 by using these
mathematically questionable and physically confusing con-
tinuum models �which contain only one phase transition�,
with the result that many aspects of the data, such as the
abrupt rise in Tc beginning at 12 K, were left unexplained.
Instead, a quantum �not classical� percolation model,6–8

which provided a natural explanation of the semiconductor
impurity band data, is much more appropriate. Percolation is
qualitatively different from critical fluctuations, as it involves
one-dimensional filaments embedded in a three-dimensional
medium. As we shall see, the percolation model explains all
the features of the data that the continuum “critical fluctua-
tion” model failed to explain.

Most importantly, not only for the metal-insulator transi-
tion in semiconductor impurity bands but also in many other
glassy networks,8 a filamentary intermediate phase was
identified,8 which is completely different from a critical
point. The intermediate phase is associated with nonequilib-
rium situations, and it reflects the fact that the impurity con-
figuration is strongly disordered �a frozen-in glass�. This
glassy model also works well here for the observed wide
range of �x /xc�1, and it leads to the identification of two
�not just one� phase transitions. This structural model clari-
fies the content of the LixZrNCl data. It shows that the latter
ceramics occupy an important global position, as a “missing
link” located between the intermediate phase in semiconduc-
tor impurity bands and the intermediate phase responsible for
cuprate HTSC.

II. CONTINUUM MODELS

Layered and hexagonal TiO2 is much studied for applica-
tions as an electrode for solar cells because of its high ca-
pacity for, and ease of, Li intercalation. Electronic structure
calculations9 have shown that upon Li insertion, the host
lattice undergoes large deformations, which can be related to
the excitation of soft vibrational modes. Donation of Li
charge to the host TiO2 lattice increases the radii of acceptor
Ti ions and causes anisotropic volume expansion. By using a
model that allows charge transfer among ions, molecular dy-
namics simulations10 showed that lithium diffusion occurs
through jumps between octahedral sites located along chan-
nels parallel to the �001� direction.

The ZrNCl structure consists of double honeycomb hex-
agonal ZrN bilayers sandwiched between Cl layers, and Li is
intercalated �assisted by organic molecular carriers, which
pry the sandwiches apart� between the weakly bound sand-
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wiches and Cl layers. One can regard this material as chemi-
cally derived from TiO2 by replacing Ti4+ by Zr4+ and split-
ting the O2

2− planes into valence-charge conserving N3− and
Cl− planes. To overcome the strong ionic Li-Cl interactions
in powders, Li is cointercalated with an organic molecule
�for example, tetrahydrofuran, C4H8O, a moderately polar,
aprotic solvent�. Even at the low doping level of x=0.16, Li
intercalation both donates carriers to the ZrNCl sandwiches
and produces a different stacking sequence of the Zr-N
double layers along the c axis, also visualized by a shift of
Zr-N double layers within the x-y plane relative to each
other.11 This surprising shift is explained by an increase in
the radii of Zr ions after acceptance of charge donated by Li
intercalation. In this double honeycomb hexagonal structure,
each Zr ion is surrounded by three coplanar honeycomb N
ions and one short-bonded N ion �labeled Ncap� in the adja-
cent shifted honeycomb layer. Thus, it is not surprising that
single crystals have been synthesized only for x=0 and under
high pressure.12 The undoped ZrNCl single crystal structure
is described in terms of filling of ZrCl with N layers, with
Zr-N bond lengths much shorter than in ZrN �NaCl struc-
ture�.

The pseudopotential band structure of the parent com-
pound was calculated11 assuming that these ZrNCl sand-
wiches are ideal. The band structure shows a conduction
band minimum with a small effective mass m* /m=0.66 and
a correspondingly small N�EF�=0.33 /eV spin cell. With this
small density of states and a calculated value of the electron-
phonon coupling constant �=0.5, as well as a “normal me-
tallic” value for the Coulomb repulsion parameter �=0.1,
the calculated value of Tc is found to be only 5 K, or too
small by a factor of 3. This is unsatisfactory in its own right,
but even worse is the failure of the ideal model to predict the
rapid rise of Tc�x� between 2xc and xc of �Tc=3 K �the band
model predicts little or no composition dependence of Tc�x�
between x=xc and x=1 /3�.

Worse still, the isotope effect for N atoms is only 0.07,
and to fit this requires �	0.12, which would give Tc
�3 K �Fig. 9 of Ref. 11�. The overall lattice vibration spec-
trum appears to agree well with the spectrum determined by
neutron scattering, apart from small opposite shifts of the
acoustic �ZrN� and optic �Cl� modes, attributed to overesti-
mation by 10% of dynamical couplings between the light N
atoms and the heavy Zr and Cl atoms. However, there is still
another problem: the �x ,y� Cl optic modes should be narrow,
as calculated, because there is little k dependence in the cou-
pling between the Cl plane and the doubled Zr,N planes, but
experimentally, the upper two �x ,y� Cl bands are about three
times wider than the calculated bands, while all the other
band widths �especially the acoustic band widths, where
force cancellations are largest, and the greatest modeling er-
rors usually occur� are in good agreement �Fig. 4 of Ref. 11�.
This suggests that there is substantial disorder somewhere in
the �x ,y� planes, especially the Cl planes, even in the un-
doped samples.

There are still more serious problems with ideally ordered
continuum models. The lattice parameters of MxZrNCl
change by only �1% when M =Zr is replaced by M =Hf.3

Such small changes will change the band structure also by
�1%, and at the end of the calculation, Tc itself will have

changed by �1%, not by nearly a factor of 2, as experimen-
tally observed. Most important of all, while LiTiO2 in the
cubic spinel structure is also superconductive with Tc
=11.4 K, the electronic specific heat coefficient 
 of
Li0.12ZrNCl is �5% of 
 of LiTiO2,13 which implies an av-
eraged bulk N�EF� that is a factor of 	2 too small to explain
the observed Tc, or a value of the electron-phonon coupling
constant ��0.22. The inferred value of 2�0 is �60 K,
which reasonably agrees well with a tunneling
measurement,14 but the superconductive suppression of the
specific heat 
 disappears in a magnetic field of only 1 T,
whereas magnetization measurements show Hc2=5 T. These
many discrepancies between theory and experiment are not
merely technical accidents; instead, they indicate a funda-
mental failure of the theory in modeling the experimental
situation.

III. NANOSTRUCTURAL MODEL

At this point, there are two choices: one can appeal to
some kind of exotic Coulomb interaction involving mysteri-
ous bosons11,13 �although it is hard to see how such an inter-
action would resolve the contradictions discussed above, es-
pecially the factor 
 being two times too small, and the
doubling of Tc when M =Zr is replaced by M =Hf� or one can
simply abandon the continuum model. The latter assumes
that ZrNCl can be represented by an idealized lattice struc-
ture, which ignores the Li ions altogether, and which treats
their additional carriers by a rigid band model. These sweep-
ing assumptions are unavoidable if one wants to use band-
theory methods to calculate electronic structure properties
and the BCS theory to evaluate parameters such as 
. In
general, these methods have been very successful for simple
materials with stable structures, such as MgB2.15 However,
the anomalously small 
 is a strong signal that superconduc-
tivity and the MIT in LixZrNCl may well be better described
by the nanoscopically inhomogeneous filamentary quantum
percolation model16,17 that has proved to be so successful for
cuprate HTSC and for deriving �=0.5 over the wide range of
�x /xc�1 for semiconductor impurity bands.6 In this model,
there are two phase transitions, rather than one, and between
them there is an intermediate topological phase based on a
filamentary network, not merely one phase transition with
critical fluctuations.5 The strains associated with this inter-
mediate phase, which are often observed with current high
resolution Raman spectroscopy, characteristically exhibit two
�not only one� phase transitions.17

Formally, one can treat the Zr-N bilayer shift instability
by using the Zr-Ncap z coordinate �which reverses sign when
x goes from 0 to 0.16� as an �x ,y� planar variable that cor-
relates with the �x ,y� coordinates of the nearest Li dopants:
this correlation will determine filamentary paths. The paths
will determine filaments of maximum conductivity through
minimum scattering. The latter will be minimized by mini-
mizing Zr-Ncap z coordinate fluctuations, that is, by minimiz-
ing gradients of local Zr-Ncap z coordinates tangential to, and
coplanar with, filaments.

An approach of this kind has already worked very well on
Ag fast ion glassy solid electrolytes,18 which in the area of
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ionic transport are just as spectacular as HTSC are for elec-
tronic transport. There, the topological �or hydrodynamic17�
approach based on identifying the Lagrangian filaments is
very successful. The filaments are composed of structural
units with free volumes F above average, and are smoothly
self-organized to minimize free volume differences �F be-
tween successive filamentary cells, which minimizes scatter-
ing due to density fluctuations. Large-scale numerical simu-
lations then predict ionic conductivities over 11 orders of
magnitude and show that the activation energy E� for ionic
conduction �analogous to a pseudogap or superconductive
gap energy� scales with Fd/3, with d=1. For LixZrNCl, one
replaces �F by �z, and the main features of the topology will
not change.

For layered compounds, the most obvious nanoscopically
inhomogeneous planar channel model is the one that con-
tains “hard” semiconductive nanodomains embedded in a
soft matrix of filamentary nanodomain walls, made metallic
by doping by proximate Li ions. Such a matrix, with buck-
ling in the Cl planes at nanodomain interfaces, effectively
relieves interlayer stresses in much the same way as misfit
dislocations relieve epitaxial misfit stresses at semiconductor
interfaces. For the cuprates, this analogy was quite fruitful,
as it led to the prediction16,19 of nanodomains with 2–4 nm
diameters before these were discovered by scanning tunnel-
ing microscopy �STM�20 on single crystals of the micaceous
layered soft cuprate Bi2Sr2CaCu2O8+x �BSCCO�. It unlikely
seems that similar STM studies can be made on supercon-
ductive layered soft LixZrNCl �so far prepared only as pow-
ders�, so we are fully justified in assuming that similar nan-
odomain structures are formed, indexed by the Zr-Ncap zcap
coordinate. This “broken translational symmetry” model is
further supported by the wide range �2.14–2.49 A� of values
of the Zr-Ncap z coordinate measured by different authors.12

The first point to be noted about the nanodomain model is
that an abrupt variation in zcap at the boundary of a nan-
odomain will always reflect the Bloch waves and that there
could be a Jahn–Teller gap opened at the boundary by atomic
relaxation; we do not need to know the details of this relax-
ation to see that a pseudogap will form. To explain the
anomalously small value of 
, this pseudogap needs only to
reduce the local density of states at EF associated with the
nanodomain interiors. Moreover, Fermi-energy pinning me-
tallic impurity band states can form within this gap associ-
ated with nearby Li dopants. Then, if the nanodomains fill
�50% of the sample volume, only 50% of the material in the
walls between the nanodomains will be metallic, and the
reduction in 
 is readily explained. �Assuming that this equal
separation is correct, one obtains a nanodomain diameter of
about 2 nm.� Moreover, with the breakdown of translational
invariance, the electron-phonon interactions with momentum
transfer q, which are restricted to small regions of q space in
idealized lattice models,11 are freed, and the way is opened
for the much stronger interactions needed to increase the
electron-phonon coupling strength � and increase 2�0t /kTc
from the BCS value of 3.5 to the observed value of 5.13 In
fact, as the filamentary metallic material is both softened
between the hard pseudogap nanodomains, and supported by
them against further Jahn–Teller distortions, we would ex-
pect stronger electron-phonon coupling strengths � to be

achievable in the metallic filamentary material.
One of the strongest attractions of the nanodomain misfit

model is that it explains how small changes in MN layer
parameters can nearly double Tc�M� from M =Zr to M =Hf.
The misfit that occurs between the effective �sometimes
called prototypical� lattice constants of the MN plane and the
Cl plane can be �and for semiconductor heterointerfaces is
always� of the order of a few percent or less. For LixMNCl,
when M changes from Zr to Hf, it was not possible to deter-
mine the change in the M-N bond length or the M-N-M
bond angle in powder samples.3 It likely seems that nan-
odomain misfit of M-N planes with the Cl planes �fixed pro-
totypical lattice constant� is driven by M-M bonding, previ-
ously identified as being the critical factor for achieving Tc

	10 K in borides, nitrides, sulfides, and selenides.21 That
misfit could even create defects in the Cl plane, for instance,
buckling of the latter at M-N domain walls, leading to good
localization of bare Li ions. Moreover, if the nanodomain
misfit is driven by M-M bonding, it is also easy to under-
stand why the N isotope effect on Tc is so small.11

Broken translational symmetry and filamentary nan-
odomain interfaces also explain the rapid reappearance of the
specific heat 
 at only H=1 T.13 The Abrikosov vortices as-
sociated with Hc2=5 T appear on a large scale of �100 nm,
and they require only a small fraction of intact superconduc-
tive filaments, consistent with destruction of the supercon-
ductive gap in the rest of the filaments by the 1 T magnetic
field. Because the filaments are quasi-one-dimensional, their
phase coherence and superconductivity are fragile and easily
destroyed by the Lorenz forces. This fragility is quite similar
to the universal “upward positive �nonsaturating� curvature”
of Hc2�T� observed in single crystals or thin films of the
layered cuprates, where the magnitude of the positive curva-
ture and the magnetic-field quenching of the specific heat is
largest in the materials with the most anisotropic resistivity.22

Such a correlation is compatible with the zigzag interlayer
filamentary percolative model for the cuprates,16,33 which
emphasizes the key role played by dopant-centered interlayer
currents.

According to microscopic theory,23 there are two possible
causes for rapid magnetic-field quenching of superconductiv-
ity. Both are based on reducing the coherence length, which
can be done either by spin scattering or by orbital reflection
at nanodomain walls. �In hard continuum models without
spins and/or nanodomains, the curvature of Hc2�T� is always
negative.� In the early days of cuprates, it turned out to be
difficult to separate spin scattering from orbital vortex reflec-
tion at nanodomain walls because the parent insulators are
often antiferromagnetic, and it is difficult to exclude the pos-
sibility that the pseudogap could be caused by spin waves.
�However, recently, the tide in cuprates has been very
strongly running in favor of pseudogaps being caused by
Jahn–Teller distortions or charge density waves.17� In the
case of the TiO2 or LixMNCl family, there is no antiferro-
magnetism, but there is strong evidence for nanodomain for-
mation, which provides a simple and unambiguous explana-
tion of the observed “soft” or “fragile” field-quenching
effects.
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IV. NANONETWORK METAL-INSULATOR TRANSITION

The broad trend of Tc�x� is very similar for all the alkali
metals A intercalated into AxMNCl: Tc�x� is flat from x
=0.16 up to x�0.5, and then it slowly decreases to 10 K at
x�1.4. The knee at x�0.5 suggests some ordering of the Li
dopants, which is in registry with the hexagonal honeycomb
MNCl substrate, possibly through 2�1 short-range order.
For small x, the jump of �Tc=3 K�Tc /4 between 2xc and
xc occurs in the same concentration range where the conduc-
tivity is proportional to �x−xc��, with �=0.5; this striking
behavior, together with the jump of �Tc, was observed4 only
after the n-butyl Li �CH3CH2CH2CH2Li� intercalated
samples were annealed at 600 °C for 30 min, which presum-
ably removed the cointercalated organic molecular carrier
�here, as hexane, CH3�CH2�4CH3�. The authors suggest that
this annealing promoted a single-phase structure for low x.
Another, and more specific, possibility is that the large or-
ganic molecular carrier CH3CH2CH2CH2 immobilized the
Li dopants and prevented them from localizing very near the
narrow nanodomain edges of the ZrNCl substrate, effectively
suppressing filamentary network coherence between these
edges by interactions with disordered Li-organic molecule
complexes. Removal of interlayer organic molecules reduces
the length scale for dopant ordering and allows the Li ions to
assume quasiperiodic configurations that promote formation
of coherent nanodomain wall “wires.”

In semiconductor impurity bands, the power-law fit to the
conductivity at the MIT with �x−xc��, �=0.50, is successful6

over a very wide range, 0.01��x /xc�1. �Note that classical
percolation7 in two dimensions gives �=1.3. So far, all
three-dimensional simulations have used only lattice models
and have never obtained ��1. Quantum percolation6 in
three dimensions gives �=0.50; the reason for this success is
discussed further in Sec. V. It is well known6 that critical
fluctuation theory is applicable only in the range �x /xc=
�0.01, so the analysis of the semiconductor impurity band
MIT by using critical fluctuations5 is fundamentally unjusti-
fiable and quite misleading. By contrast, the quantum perco-
lation model not only gives �=0.50, but it also successfully
describes d=3 semiconductor impurity band conductivity
over the wide range experimentally observed.6 The upper
end of the range ��2xc� is related to a second phase transi-
tion from states localized near impurities to delocalized con-
tinuum states; this second transition is identifiable by a break
in slope of the specific heat24 as a function of x. The perco-
lation viewpoint also successfully describes the effects of
inhomogeneities in cuprate relaxation.25

For the case of LixZrNCl, one can estimate the upper end
of the percolative range as follows. One expects coherent
percolation along paths of single filaments. Now, I assume
that it is energetically favorable to have only n=1 �single�
and n=2 �double� filaments for x /xc�2 because harmonic
strain energy �the source of misfit reconstruction� increases
such as n2; the channel occupation is optimized just at x
=xc, where the number of single filaments is maximized, and
coherence is lost by interfilamentary scattering as soon as
each channel is fully occupied by two filaments. Then, co-
herent filamentary percolation will quite abruptly stop near
x=2xc, which appears to occur for Tc�x� in Fig. 4�b� of
Ref. 4.

Global network properties are indicated in the lattice con-
stant functions a�x� and c�x� �Fig. 1�c� of Ref. 4 and the
Raman spectra �Fig. 2 of Ref. 4 and Fig. 1 of Ref. 25�. The
Raman spectra26 contain five ZrNCl phonon bands, labeled
A�x� , . . . ,E�x�. The most striking feature of these five bands
is that they are clearly divided into two subsets: I�B,E� and
II�A,C,D�. The frequencies of I�x� are almost independent of
x, while the reduced frequencies of II�x� show parallel com-
plex behavior soon to be discussed. First, can one explain the
existence of two such well-defined subsets. This is an ex-
ample of supersymmetry, which is possible because the Li is
nearly randomly distributed on appropriate length scales. In
other words, the Li dopants form a branched, filamentary
network. The network is necessarily glassy, and all glasses
are isotropic �except for scaling normal to planar directions�.
In that case, there are only two directions: longitudinal and
transverse �parallel and normal to the local filamentary tan-
gent�. Because metallic filamentary currents are longitudinal,
II�x� represents phonons longitudinally polarized, while I�x�
phonons are polarized normal to the nanodomain walls.
Naturally, the frequencies of I�x� are insensitive to variations
in x.

In the parallel phonons, II�x� all show two features. First,
between xc and 2xc, their frequencies linearly soften �with
�0.3% scatter� with x �just as in network glasses17� by 5% �a
large amount, considering that the Li ions are only weakly
coupled to the ZrNCl layers�, with a large break in slope at
x=2xc. Second, the II�x� frequencies recover to reach a sec-
ond peak between x=0.13 and 0.16. This second peak prob-
ably represents a Zallen–Scher percolation threshold of
larger-scale clusters associated with the Z-S magic fraction
of 0.16.27 These two percolative features are also apparent
�when one already knows from the Raman spectra where to
look� in the lattice constants as upward tics in both a�x� and
c�x� at x=0.06=xc, a dip in a�x� at 2xc, and strong dips in
a�x� and especially c�x� at x=0.16. Also, Fig. 4b of Ref. 26
shows that the width of band E rapidly increases with x and
has an inflection point near x=2xc, as one would expect from
enhanced electron-phonon scattering once the channels lose
their one-dimensional character and scattering can occur
over a wide range of planar angles. Overall, these structural
data exhibit features of a soft network,6,17 which are entirely
unexpected in hard continuum models.5

Finally, with the present fragile nanonetwork model in
hand, one would expect that the Meissner volume fraction
would reach a maximum at x=2xc, and a local minimum at
x=0.16, because the nanonetwork is full at x=2xc, and the
Zallen–Scher clusters disrupt the nanonetwork �although on
a different length scale, so that their effects are small�. All
these aspects are indeed present in Fig. 4 �b� of Ref. 4. None
of these effects can be explained by hard continuum models
based on critical fluctuations.5

V. QUANTUM NATURE OF THE SCALING PHASE

Apart from the many features of LixMNCl that are puz-
zling from the point of view of hard continuum models �all
explained, at least qualitatively, by the present soft or fragile
nanoscopic model�, there are two very surprising results: the
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doubling of Tc from M =Zr to M =Hf, with only �1% struc-
tural change, and the appearance of the MIT with the con-
ductivity proportional to �x−xc��, �=0.5.

First, consider the near doubling of Tc from M =Zr to M
=Hf. This result is inexplicable in hard continuum models
based on ideal lattices, but it becomes plausible in terms of
the least upper bounds Tc

max �the largest value of Tc for a
given alloy family, at P=0� in the cuprates.17 As shown in
Fig. 1, �R�, the average number of the Pauling resonating
bonds R in LixMNCl with R�M�=4, R�N�=3, and R�Cl�=1,
is just 8 /3=2.65 �if we include a small correction for x
=0.06 with R�Li�=1�. Then, Tc

max �LixMNCl�=25 K exactly
lies on the cuprate curve extrapolated from �R� near 2. This
means that both the cuprates and LixMNCl are marginally
stable �soft� networks, which is consistent with the known
softness of the TiO2 rutile family,9 as well as the ability to
intercalate large organic Li-carrying molecules between the
Cl layers, in spite of the strong ionic interactions between Li
and Cl. This softness also produces misfit nanodomains.

Next, consider the MIT with the conductivity proportional
to �x−xc��, �=0.5. Previously, this sublinear power law had
been observed over the very wide range of 0.01��x /xc
�1 only in three-dimensional semiconductor impurity
bands,6 and there the conditions for its observation were very
strict: the impurities must be randomly distributed, and this
could be achieved only in a few cases, where the substitu-
tional strain is small �Si or Ge, doped by B, P, or As�. The
nanodomain model of LixMNCl assumes the presence of
misfit strains large enough to break down the MIT power law

in semiconductor impurity bands, which is an apparent in-
consistency.

First, consider the details of the quantum percolation
model6 for LixMNCl. Because we are interested in a wide
range of x	xc, we treat this range as an equilibrated, stress-
free self-organized intermediate phase.17 In such phases, the
number N of soft �cyclical� modes �here, identified with me-
tallically doped, softened nanodomain walls with no energy
gap� is given as N�x−xc over a wide range of x	xc.

28 The
conductivity � is proportional to Nl, where l is the mean free
path, which, in turn, is inversely proportional to the scatter-
ing rate. The latter is proportional to the density of states
N�EF�, which near the band edge is proportional to �x−xc�,
with = �d−2� /2. Then, ��Nl��x−xc�1−, and �=2−d /2
=0.5 for d=3. This value of d=3 reflects the fact that the
branched system �domain walls � Li� is three dimensional.
In this calculation, the number N of metallic carriers �elec-
trons that see no energy gap� is classically treated because it
is identified with the number N of cyclical modes. The Fermi
statistics enter the calculation of l through N�EF�.

How can this hybrid classical-quantum model be ex-
tended to the case of randomly distributed impurities in
three-dimensional semiconductors? The answer to this is that
once again, one can construct channels, at least, in principle.
The construction proceeds along the same lines that were
successful in constructing classical channels in numerical
simulations for solid electrolytes,18 except that paths of
higher than average dopant density �but still nearly constant
in the channel� replace the electrolyte paths of higher than
average atomic volume. Indeed, whenever there is competi-
tion between short- and long-range forces, one finds filamen-
tary formation in classical models, including the cosmic
web.29 Because filaments are a topological property, there is
no reason to suppose that this conclusion would be changed
by quantum effects. Again, the branched conductive network
is three dimensional. Finally, the long-range forces associ-
ated with intrafilamentary electron correlation can play a role
similar to stress forces in glasses in determining the number
of itinerant channel states N−Nc�x−xc over a wide range of
x	xc.

If the filamentary channels have restricted cross-sectional
areas �limited by internal stresses�, then, one can simply
count wave function nodes between vertices to show that the
number of itinerant states N−Nc is proportional to the perco-
lative volume obtained in fully relaxed and equilibrated
glassy networks.28 These free-carrier states must exist in the
metallic phase, and their similarity to the cyclical mechanical
modes of the model network glass28 is certainly much more
appealing than the analogy to critical fluctuations because
the latter are relevant only very near one critical point, and in
the present cases, there are certainly two widely spaced tran-
sitions at xc and at �2xc.

In practice, the Fermi statistics �the additional complexi-
ties associated with antisymmetric wave functions� have pre-
vented the identification of fermionic channels in numerical
quantum simulations for randomly distributed impurities in
three dimensions. However, at least qualitatively, it appears
that near threshold approximately constant, higher-than-
average density paths should be percolative �filamentary�, as
this process does not distinguish between real positive num-

FIG. 1. �Color online� Chemical trends in Tc
max with �R�= ��Z��,

which measures the global stiffness of the doped crystalline net-
work, with Z�Cu�=2, Z�Bi�=3 �4� �BSCCO �Ba1−xKxBiO3�, as in
the parent insulators, where �Z=0�, and Z�O�=−2. Perovskites
�R=2.40� and pseudoperovskites are only marginally stable me-
chanically �Ref. 17�, and for HTSC cuprates, �R� lies in the region
of floppy networks just below the isostatic �rigid but unstressed�
range determined by studies of network glasses �wavy line�. The
peak in Tc

max occurs at �R�=2, as one would expect from mean-field
percolation theory. Note that the point for LixZrNCl, added here,
lies on the extrapolation of the cuprate curve previously published
in Ref. 17, showing that the superconductive properties of LixZrNCl
are probably well described by the floppy network model success-
fully used for the cuprates �Ref. 17�.
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bers �classical percolation� and complex numbers �quantum
percolation�. Note that the entropic objection to one-
dimensional channels, which they cannot be metallic in the
presence of weak disorder, is not valid for an array of
weakly coupled or branched filaments.30

VI. CONCLUSIONS

Our detailed discussion of the experimental data has
shown that critical fluctuations fail to provide a consistent
theory of the transport properties of these layered supercon-
ductors; instead, consistency requires a nanoscopically inho-
mogeneous model. The layered cuprate superconductors are
also nanoscopically inhomogeneous. They share many per-
colative features with LixZrNCl, but at the same time, the
latter shows a metal-insulator transition and an intermediate
phase that resembles the one shown by semiconductor impu-
rity bands, with � proportional to �x−xc��, with �=0.5. It is
striking that the upper end of the quantum percolative range
occurs near x=2xc in both the semiconductor impurity band
case �where strain is not a factor� and LixZrNCl �where strain
is the limiting factor�. In the cuprate case, very large Tc are
achieved by forcing the current carrying paths in CuO2
planes to connect through soft dopants �usually interstitial
oxygen� located between these rigid planes.16,33 This struc-
tural model has recently been confirmed in detail by STM
studies.31 There is considerable further similarity between
the phase diagrams of these three apparently different mate-
rial families, as the broadening of the impurity band bound
states to reach the continuum limit �E=0, or the band edge�
at x=2xc in the semiconductor case corresponds to approxi-

mate equality of the superconductive and pseudogaps near
optimal doping in the cuprates.

In the early days, Wilson proposed an alternative misfit
structural model for the cuprates, based on intralayer currents
entirely confined in metallic CuO2 planar nanodomain walls
flowing around insulating nanodomain islands.32 That misfit
model appears to be realized in LixMNCl, which is espe-
cially gratifying, as it is complementary to the interlayer fila-
mentary model33 now deemed most appropriate to the cu-
prates. The differences between these two apparently quite
similar layer topologies reflect the combined differences be-
tween rigid M+4 ions and ultraflexible Cu+2, as well as donor
Li+ outside the sandwich, and acceptor O− inside the sand-
wich.

Detailed and careful analysis of the data has shown that
homogeneous continuum models based on critical
fluctuations5 are simplistic and cannot provide satisfactory
explanations for any of the observations. By contrast, quan-
tum percolation6 in a soft, marginally stable �fragile� network
accounts for all the observations in a realistic and unified
theoretical framework. This framework shows that within the
family of complex electronic networks, layered LixMNCl
provides the missing link between the onset of quantum per-
colation at the metal-insulator transition, the �xc ,2xc� inter-
mediate phase in three-dimensional semiconductor impurity
bands, and quantum percolation and the intermediate phase
in the layered cuprates, which are responsible for high-
temperature superconductivity,17 represented in LixMNCl by
�Tc.

Note added. The present misfit model for LixMNCl
suggests that it might be interesting to evaporate films with
M =Zr, a=0.361 nm and M =Hf, a=0.357 nm; on MgCl2
substrates,34 a=0.3596 nm.
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