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We have investigated theoretically the influence of an ac drive on heat transport in a hybrid normal metal-
superconductor tunnel junction in the photon-assisted tunneling regime. We find that the useful heat flux out
from the normal metal is always reduced as compared to its magnitude under the static and quasistatic drive
conditions. Our results are useful to predict the operative conditions of ac-driven superconducting electron

refrigerators.
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I. INTRODUCTION

Photon-assisted tunneling (PAT) has been discussed in lit-
erature for almost half a century by now.'!® This phenom-
enon arises when a relatively high-frequency field is applied
across a tunnel junction whose dc current-voltage character-
istics are highly nonlinear. The radiation field is, however,
slow enough to guarantee adiabatic evolution of the energy
levels of the electrons. A typical system to observe PAT is a
SIS tunnel junction, with superconducting (S) leads and a
tunnel barrier (I) in between. Even though the system as such
is a Josephson junction for Cooper pairs, PAT deals with the
influence of the radiation on quasiparticle tunneling. Our sys-
tem of interest here is a NIS tunnel junction, where one of
the conductors is a normal metal (N). Such junctions exhibit
highly nonlinear current-voltage characteristics at low tem-
peratures, and normally the current is due to quasiparticles
only. NIS junctions are known to have peculiar heat transport
properties under the application of a dc bias voltage,'*?° or
(“quasistatic”) ac radiation of relatively low frequency in
form of either periodic or stochastic drive.3*3? Specifically,
it is possible to find operation regimes where the normal
metal is refrigerated and the superconductor is overheated,
and in some special situations the opposite can occur as well.
The question remains whether and under what conditions the
relatively high-frequency radiation responsible for PAT
would either enhance or suppress the thermal transport in the
NIS system. In this paper we show that the influence of PAT,
as compared to static and quasistatic ac-driven conditions, is
to decrease the refrigeration of the normal conductor, and
also to change, usually to increase, the magnitude of heat
dissipation in the superconductor. Although these results are
somewhat unfortunate for high-frequency applications of
NIS junctions, they are, however, useful in finding operating
conditions, for instance, for ac-driven electronic
refrigerators.30-3!

The paper is organized as follows. In Sec. II we describe
the theoretical framework together with the discussion of the
conditions of its validity. In particular, in Sec. Il A we
present our analytical results for the heat and charge currents.
In Sec. IIl we show and discuss the results. Finally, our con-
clusions are drawn in Sec. I'V.
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II. MODEL AND FORMALISM

The system under investigation consists of superconduct-
ing (S) and a normal (N) electrode tunnel coupled through an
insulating barrier (I) of large resistance R,. An ac voltage bias
@s, of frequency vy=w,/2m and amplitude V., is applied to
the S electrode, while a static voltage ¢y="U is applied to the
N contact. The total voltage across the junction is ¢y—¢@g
=U-V,.cos wyt. One could, of course, consider both the ac
and dc voltages to be applied to the normal lead, instead.
However, we choose the setup as shown in Fig. 1 to directly
demonstrate equivalence of the two connections when one of
the leads is in the superconducting state.

In the tunneling limit with large resistance R, the currents
through the contact are small. If the ac frequency is small
compared to the superconducting gap, w,<<A, the deviation
from equilibrium in each lead is negligible. In particular, the
equilibrium is preserved with respect to the superconducting
chemical potential ug in the S electrode (which has dimen-
sions much bigger than the branch-imbalance relaxation
length). This leads to the standard assumption'4-'6

hdx

—_—— = = - . 1
2 o Ms ePg (1)

where y is the order parameter phase.
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FIG. 1. The system under investigation is composed of a super-
conductor (S) tunnel coupled to a normal metal (N) layer through
an insulating barrier (I) of resistance R,. The superconductor is ac
voltage biased with V,.cos(wyt), while the N electrode is biased
with a static voltage U. Both electrodes are assumed to be in ther-
mal equilibrium.
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In the case of equilibrium described by Eq. (1), the order
parameter has the form

A(r,t) = Ao(r)exp(%ft ,vadl')~ (2)
0

It is convenient to start with the Bogoliubov—de Gennes
equation (BAGE) for the eigenfunctions of the system,

. du A
lﬁg =(Hy+epgu+ Av,

a A
ih—=—(H_+epv + A*u,
ot ( 0 ()DS)

where H,, is the normal-state Hamiltonian. Solutions to the
BdGE have the form

u(r,t) — uo(r)e_iEt/h+(i/h)ft”5dt’ i (3)

v(r,t) = vy(r) o iENt=(ilt) ' uydi! ’ @

where uy(r) and v(r) satisfy the BAGE in the absence of the
applied potential (@g=0) as follows:

EMO = Houo + A(r)vo,

EUO =- I:I;UO + A*(r)uo.

Using the standard approach we define the retarded (R)
and advanced (A) Green functions, which can be written as a
matrix in Nambu space as follows:

- GRW)  pRA)
G = _ FRAF ER@) )

where FR® refer to the anomalous Gorkov function. Since
these functions are statistical averages of the particle field
operators which can be decomposed into the wave functions
(3) and (4), the retarded and advanced Green functions with
the help of Egs. (3) and (4) take the form

GR(A)(l‘btz) = GR(A)’O(h,tz)ei/h(ft%dtl_ftz’“sdl/),
G W (1y,1)) = éR(A)’O(n,tz)€_i/ﬁ(ftl”5d’/+ft2“5d’,),

FFO(11,1) = FRO(1, 1) M st o),

where GRA0 FRA0 refer to @g=0.
If the ac voltage is applied to the superconductor,

My =— eV, CoS wyt. (5)
We use the identity
n=+%°
o111 0¢Vae cos wor'di’ _ E T (@)e ot (6)
pi=—co

where a=eV,./hw, and J, is the nth order Bessel function.
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The Green functions in the frequency representation take the
form

R(A R(A),0
Ge,(e—)hw = 2 Jn(a)‘]m(a)Gein;Lwo,e—hw—mﬁwO‘
nm

If ¢¢=0, there is no time dependence and G(E??€2=2wﬁ5(el
—EZ)GEI. Here and in what follows one frequency subscript
refers to the static Green function.

The semiclassical Green functions are defined as the
Green functions in the momentum representation integrated
over the energy variable §,= p*12m—Ep,

. S dg
g51’52=f Gel,ez(p’p_k);ig-

Under the ac drive we thus have

g8 = 2 28w - kgl ()], (@)glh), . (7)
n,k

W= 2 278w — ko) (@) (@) f24) (8)

€.e-hw e-nhwy*
n,m

For the Keldysh functions we wuse the standard
representation®*>** in terms of f; and f, which are the com-
ponents of the distribution function, respectively, odd and
even in (€,p). In Nambu space,

+© dE, R
K A A
gsl,ez_f_oc 27%[851,5’(]?1,5’,624'T3f2,e’,52)

Py AA
- (fl,sl,e’, + TifZ,sl,E’,)ge’,ez]’

i (1 o)
’7'3—0_1.

In what follows we omit the integration limits if the integra-
tion is extended over the infinite range. With Egs. (7) and (8)
the Keldysh Green functions take the form

gle(,s—hm = E 2775(("’ - ka)Jn(a)Jn—k(a) [gf—nﬁwo - glg—nﬁwo]
nk

where

X[f1(e=nhwy) + fr(e - nhw,)],

fle{,e—ﬁw = E 2775((‘) - ka)Jn(a)Jk—ﬂ(a) [fl:—nho)o(fl,e—nﬁwo

n,m

- fZ,E—nth) - U‘l,e—nhwo + f2,e—nhw0)f:—nhw0] ’ (9)

where the distributions f; and f, in the superconductor refer
to the state with ¢s=0. Equations for g*“) and g¥ are ob-
tained from the corresponding equations for g8 and g¥ by
substituting g — g, wy— —wy, and f, ——f>.

These solutions describe a quasiequilibrium state with a
time-dependent chemical potential (5). In the limit wy— 0,

using Eq. (10), we have gf(A’K)—)gf_&:'f), _}:(A’K)—)gfiif)
which agrees with the constant-voltage limit.*

Here we need an obvious remark. It can be shown (see
Appendix) that for u, satisfying Eq. (5),
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> 27d(w— kawo)J ()], ()P (€ — nhw,)
n.k

:J D e+ pu,(1)]edt (10)

for any function ®(e) which has no singularities. For a func-
tion with singularities (or large higher-order derivatives) at
certain €, Eq. (10) holds only in the limit wy,— 0. If the
density of states gf(A), ff (A), and the distribution function
were smooth functions, the quasistatic limit would hold for
any w; in this case all the quantities would simply adiabati-
cally depend on the ac potential V,. However, due to a
strong singularity at e=A of the density of states and/or a
sharp dependence of the distribution function for low tem-
peratures, the quasistatic picture breaks down for a finite w,
determined by the smallest scale of the nonlinearity. As a
result both the tunnel current and the heat flux for a finite
frequency deviate strongly from the quasistatic behavior. In
practice, the reservoirs are not perfect. In particular, relax-
ation in the superconductor is still an open issue. This is a
question that needs to be addressed separately. The present
treatment gives the answers in the case of ideal reservoirs.

Consider the self-consistency equation for the order pa-
rameter. Since f,=0 for ¢s=0, the self-consistency equation
A(w)=(\/4) ff’;_ﬁwde takes the form

Alw) =7y, J(20) 278w — kay), (11)
k
which is the Fourier transform of Eq. (2) where

Ao(r)=()\/4)fdf[f§—f:]f1(€),

with f,(€)=tanh(e/2T) is the order parameter for zero ac
field. This implies that Egs. (1)—(4) are consistent. In obtain-
ing Eq. (11) we use

n=+%

> T DJ,(2) = It = 2). (12)

n=—00

A. Charge and energy currents

For two tunnel-coupled electrodes, the charge current that
flows into the electrode i is given by

. l.€’7TﬁViQi RS ,
1() =- TTr[Tle(l;t,t =i (13)
whereas the heat current flowing into the electrode i is
T2, [ g9 2ieg ]
)= ———Try | —— — + 7 [R5t :
o) 4 { aatn e -

(14)
Here v; is the normal-state density of states in the electrode i,
and (), and ¢; are its volume and electric potential. The col-

lision integral 7X(i) in the electrode that appears in Eqgs. (13)
and (14) contains contribution due to tunneling from neigh-
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boring electrode and the electron-phonon contribution, I
:If+1§_ph. The electron-electron interactions drop out from
the energy current because of the energy conservation. The
energy flow into the electrode can thus be separated into two
parts. One part containing If,i ph 18 the energy exchange with
the heat bath (phonons). The other part contains the tunnel
contribution If( and is the energy current into the electrode
through the tunnel contact. The tunnel collision integral for
the electrode 1 in contact with an electrode 2 has the form?®

IF(1) = i [85(2) 2 g5(1) - g8(1) 0 §¥(2) + §5(2) o 81(1)
-5 (1) =g 2)]. (15)

Here the arguments i=1 or 2 refer to the electrodes S or N.
The symbol ° is the convolution over the internal variables

A(1)°B(2) =fA(l;tl,t')B(Z;t',tz)dt'.

The factor
2p -1
7;=[4vQe°R/]
parametrizes the tunneling strength between the electrodes,
R, being the tunnel resistance. Since in the normal state

XN (e,0) = = 781~ 1),

gﬁ(f;tl,fz) =2[f11v(6)7A'3 +f{2v(5)]5(t1 — 1),

the collision integral in the superconductor is

I5(S) = ing{hgs + 853+ 2Lf) + 185 - 285N 5+ A1)
(16)
The even and odd components of the distribution function

correspond to the absence of the ac potential. They are, re-
spectively,

fg’(e) =—n.+ (1 —n_) =ny(e+el) —nyle—el),
(17)

flv(e) =—ne+n_.=1-nyle+el)—nyle—elU), (18)

for the normal lead, and

fle=-n+(1-n_)=0, (19)

@ =-ntn.=1-2nge=tanh —,  (20)

for the superconducting lead. Here ny(e) and ng(e) are the
Fermi functions with temperatures 7 and Ty, respectively.
The distributions in the superconductor thus correspond to
the zero-potential state.

As far as the NIS junction is concerned, consider first the
charge current into the superconductor defined by Eq. (13).
The tunnel current in the frequency representation becomes
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Is(w)= 4eR
t

_Jdlv(f— nhwg) +szv(€— nhw)l} =

o
2eRt n.k

+ 278w + kwy)[ny(e— eU — nfiwy) — ng(€)]}.

In Eq. (21) we use the relation g A for static func-
tions, and denote g.= (g~ A)/2 the ratlo of the supercon-
ducting density of states to that in the normal state, g,
=Ng(€)/Ny. The w, component of the current is

cos(wgt)

g, ()= J deg. > T, ()], ()

X[fi(&) = fi(e+ nha)]
= cos(w!) f deg X, T (@), (e)
eR, n

X[ny(e+ eU + nfiwg) + ny(e— eU + nhawg)
—2ng(e)]. (22)
The time averaged current takes the form

ISZ

1
R deg.>, F(a)[f5(€) — f(e+ nhay)]

= deg.>, JA(@)[ny(e—eU + nhwg) — ny(e+ eU
2¢R, B

+ nhawg)]. (23)

The terms with f, drop out of Eq. (22) due to the property of
the Bessel functions

=(=1",. (24)

Note that if we set wy=0 the average current assumes the
zero-ac-voltage form

10 _
§ 2eR,

deg [ny(e—eU) —ny(e+eU)].

Indeed, when taking the limit wy— 0 one should keep in
mind that the sum E,,Ji(a):l [which is a consequence of a
more general relation (12)] converges at n~ a=eV,./fwy.
Therefore, finwy~eV,. in Eq. (21); thus one has to put
eV,.—0 to neglect nfiwy,. However, the true static expres-
sion is defined for wy,=0 but V,.# 0. According to Eq. (10),
it has the energy-shifted density of states Berev,, and the
distribution functions f5(e*eV,.), fa(e*eV,,). This static
limit (i.e., wy=0 and V,.#0) is indeed obtained from Eq.
(21) using Eq. (10). Making shifts of the integration variable
we find

PHYSICAL REVIEW B 77, 104517 (2008)

deg > J, (), (278w - kwo)[f5(€) + f5(€) = fY (e + nhwy) — 15 (€ + nhwy)] - 278w + ko) f5(€) — f5(€)
n,k

degEE Jn(a)fn—k(a){2775(w - kwo)["zv(f —eU+nhw)) - ns(f)]

21

I?atic R, d ege[f‘g( €) — stmtlc( o], (25)

where f5=0 and

f12\]= ny(e+eU—-eV,)—nyle—eU+eV,,),

which corresponds to the total voltage U-V,,., according to
Eq. (17).

The heat current that flows into the superconducting lead
can be calculated with the help of Egs. (3) and (4). We find in
the frequency representation

J J 2i
L <__ 7, _%) W11
ar ot h cetio

—47712 8w — kawy)J (@), (a)(e- nﬁwo)ge_nﬁwo
n.k

(26)

Jd a 2ie<p5> K ]
-\ - +—— |g"
|:((9t or' ¥ h 8 ( ) €,e-hw

=4mi 2, 8w kwg)J,(a)],_()(€— nfiw)
n,k

X [gf—'lﬁ,wo - gé—nﬁwo][fl(e - nﬁwO) +f2(€ - nﬁwO)]a
(27)

and similarly for g with the substitutions g—g, @g— —¢s,
wy— —wy, and f, — —f,. Here the distribution functions again
correspond to zero ac potential.

Shifting the energy variable under the integral, the aver-
age heat current into the superconductor becomes

0s= 3 [ e S Al - e nhoue

(28)

The heat current equation (28) is even in wy. For wy=0 Eq.
(28) formally goes over into

0__1
§ 2¢°R,

ege[]“lg(e) —fl\](e)]de

with ]dlv and f‘f from Egs. (18) and (20). This is the zero-ac-
voltage result.

The static expression is obtained from Egs. (10), (26), and
(27) as follows:
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lealic —

SR f egdfi(e) - " (e)lde,  (29)

where £)*%(¢) corresponds to the total voltage U—V,,,
fllv sale(e) = 1 — ny(e+elU —eV,,) —nyle—eU+eV,,).

This should be compared to Eq. (18).

It is also interesting to define the quasistatic regime,
which is obtained by averaging the static heat flux Q3" over
the sinusoidal voltage cycle with V,.—V,.cos wyt. It does
not coincide with the static expression due to the voltage
oscillations. This quasistatic regime corresponds to the clas-
sical limit occurring at small frequencies, for which the pho-
ton energy fiwy is much smaller than the energy scale over
which the nonlinearity of the I-V curve occurs.'>!® In the
system under investigation such energy scale is set by the
temperature or by the width of the superconducting density
of states peak near the gap energy, which smear the sudden
current onset occurring at the superconductor gap. As it will
be confirmed in Sec. III, the quasistatic regime occurs for
hawy<kgT.

We now consider the heat current flowing out of the nor-
mal electrode as follows:

?vut =05~ (on— @5)ls, (30)
where I is the tunnel charge current reported in Eq. (21).
Note that the heat extracted from the normal electrode and
the heat entering the superconducting lead differ by the en-
ergy absorbed at the NIS interface where the potential drops
by ¢y—@s. The time-average heat current is

_Z%UlzéS_UiS_Pac’ (31)

where P,.=V,. cos(wgt)s, () is the average ac power ab-
sorbed at the NIS contact,

Prem 0 [ 63 0@, @i~ (e nen e
eR, n

(32)

Note that P, is finite both in the static case (wy=0) and in
the quasistatic regime (small but finite ).

III. RESULTS AND DISCUSSION

We shall now discuss how the heat current depends on the
various parameters of the system. This can be done by nu-
merically evaluating the expressions given in the previous
section. In the following we shall assume parameters typical
of aluminum (Al) as S material, with critical temperature
T.=1.19 K. We assume the superconducting gap to follow
the BCS relation Ay=1.764kgT, and choose

Ns(€) = |Re[(e+ i)/ (e+iT)? = A?]

>

where I' is a smearing parameter which accounts for quasi-
particle states within the gap.’>7 We will use I'=107*A,, as
experimentally verified in Ref. 37. Finally, we shall always
assume the N and S electrodes to be at the same temperature,
Le” Ts=7kﬁ571
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FIG. 2. (Color online) Normalized time-average heat current
into the S electrode Qg as a function of the amplitude of the ac
voltage V. for different values of v, at (a) high (7=0.3Ay/kg) and
(b) low (T=0.03Ay/kg) temperatures. The static case and the qua-
sistatic limit are plotted for comparison. Note that in (a) the curves
relative to vy=10, 5, and 1 GHz coincide with the quasistatic one.

For the sake of definiteness, let us first consider the situ-
ation in which no bias is applied to the normal island (U
=0). In Figs. 2(a) and 2(b) the time-averaged heat current

entering the S electrode (Qg), Eq. (28), is plotted as a func-
tion of the ac voltage at, respectively, large (T=0.3Ay/kg)
and small (T=0.03A,/kg) temperatures. The various curves
refer to different values of frequency vy=w,/2, and calcu-
lations were performed up to yy=40 GHz, corresponding
roughly to the value of the superconducting gap (Ay/h
=437 GHz). We note that a driving frequency correspond-
ing to 2A, would lead to breaking up of the Cooper pairs.
For a comparison we have included static (i.e., v,=0), Eq.
(29), and quasistatic regimes. For large temperatures [i.e.,

T=0.3A,/kg, Fig. 2(a)], the heat current Qg is a monotonic,
nearly parabolic, function of V. for all values of frequency.
The first observation is that the static heat current is always
larger than the heat current at finite frequency. On the one
hand, it is obvious that the quasistatic curve is below the
static one, the former being just an average over a cycle of
the static limit (see Sec. IT A). On the other hand, the photon-
assisted heat current is always larger than quasistatic charac-
teristic. To be more precise, the heat current monotonically
decreases by decreasing frequency, eventually reaching the
quasistatic limit for small enough , (note that the curves
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FIG. 3. (Color online) Normalized time-averaged heat current
out of the N metal Q%" as a function of the amplitude of the ac
voltage V,. for different values of frequency v, at (a) high (T
=0.3Ay/kg) and (b) low (T=0.03A,/kg) temperatures. The static
case and the quasistatic limit are plotted for comparison. At high
temperature the quasistatic limit is a good approximation at fre-
quencies as low as 1 GHz.

relative to vy=1,5,10 GHz are indistinguishable from the
quasistatic one). This means that photon-assisted processes
give rise to an enhancement of the heat current entering S
with respect to the quasistatic situation, though remaining
well below static values. Such enhancement reflects the in-
crease in current due to photon-assisted processes:'* elec-
trons are excited to higher energy states, thus favoring tun-
neling above the gap. Of course, such mechanism is more
effective for small temperatures. In such a case [ie., T
=0.03A/ kg, Fig. 2(b)], indeed, static and quasistatic curves
present an activationlike behavior, with a switching voltage
of V,=09Ay/e and V,=1.0Aq/e, respectively, and

thereby increasing almost linearly. Photon-assisted Qg in-
creases more smoothly as compared with the quasistatic
case, which is approached by decreasing vy,

We now consider the heat current extracted from the N

electrode Qﬁf‘t, which differs from Qg by the ac power P,,
(for U=0) absorbed by the NIS contact [see Egs. (31) and

(32)]. In Figs. 3(a) and 3(b) we plot Ql‘i}" as a function of V,,
for several frequencies for large and small temperatures, re-
spectively. The effect of P,. on the behavior of the heat
current is very strong, giving rise to a maximum located
around V,=A,/e, and to a sign change. By increasing V,

ac
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FIG. 4. (Color online) The same as for Fig. 3(b) for frequencies
in a smaller range. At low temperature the quasistatic limit is a good
approximation for frequencies as low as 0.1 GHz.

the heat flow out of N increases up to the maximum and
thereafter rapidly decreases to negative values (heat current
enters the N electrode). For reasons given above, the maxi-
mum quasistatic heat current is always smaller than the
maximum of the static one. Another effect of P, is that, in
this case, the photon-assisted heat current is smaller than the
quasistatic characteristic. In particular, the heat current
monotonically increases by decreasing frequency, eventually

reaching the quasistatic limit for small enough »,. Moreover,

by increasing the frequency the maximum of Q%" moves

toward smaller values of V,.. While at large temperatures

O remains positive (implying heat extraction from the N
electrode) also for frequencies slightly above 40 GHz [see
Fig. 3(a)], at low temperatures the minimum frequency for

positive Q;”t is drastically reduced (by about 1 order of mag-
nitude) [see Fig. 3(b)]. This clearly proves that photon-
assisted tunneling is detrimental as far as heat extraction
from the N electrode is concerned. Analogously to what hap-
pens for the charge current,'* the approach to the quasistatic
limit depends on temperature. Indeed, as already mentioned
in Sec. IT A, the quasistatic regime occurs at Awy<<kgT. The
curve relative to 1 GHz differs, with respect to the quasi-
static one at its maximum, by less than 0.1% at T
=0.3Ay/ kg, and by about 50% at T=0.03A,/ kg, where kgT

~fiw,. Figure 4 shows the time-average Q%" versus V,, at
low temperature calculated for frequencies in a smaller
range. As it can be clearly seen, the quasistatic curve appears
to be a good approximation for v,=0.1 GHz.

It is now interesting to analyze the behavior of dynamic
heat transport in the NIS junction for fixed amplitude of the
ac voltage by plotting the heat currents as a function of the
period of oscillations 7y=1/w,. This is shown in Figs. 5 and

6 for Qg and OX", respectively. Here we set U=0. Both for
large [T=0.3A,/kg, see Fig. 5(a)] and small [T=0.03A,/kg,
see Fig. 5(b)] temperatures the heat current Qg presents an
overall decrease with 7, for all values of V.. At small tem-
peratures, however, the heat current shows an additional
structure consisting of superimposed oscillations due to
photon-assisted processes, which tend to disappear for large
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FIG. 5. (Color online) Normalized time-average heat current
into the S electrode QS as a function of the period of the oscillations
79=1/y, for various values of V,. at (a) T=0.3Ay/kg and (b) T
=0.03A(/kg. The distance between the relative maxima at low tem-
perature [panel (b)] is Ta=h/A,.

values of 7, (small frequencies), i.e., approaching the quasi-
static limit. Notably, the relative maxima turn out to be
equally spaced by the time scale related to the superconduct-
ing gap, Ta=h/A,. In addition we found that, at even lower
temperatures, also the relative maxima are equally spaced by
TA-

Though presenting an overall enhancement with 7, the
behavior of the time-average heat current extracted from the

N electrode Q%" is qualitatively similar to that of Qg (see
Fig. 6; note that the vertical axis is linear in this case). Note

that for large temperatures Q%' remains positive for most of
the frequency range considered, even for V,,=A/e [see Fig.
6(a)]. For small temperatures [see Fig. 6(b)], however, the
heat current is negative over nearly the whole time range.
The additional structure, in this case, shows equal spacing
(of magnitude 7,) between the relative minima, since these
correspond to maximum heat absorption by S [maxima in
Fig. 5(b)].

We now turn to the effect of a finite dc voltage U com-

bined with an ac modulation on the heat current exiting the N
out

electrode. In Figs. 7(a) and 7(b), the time-average QN at
large temperatures (T=0.3A,/kg) is plotted as a function of
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FIG. 6. (Color online) Normalized time-average heat current out
of the N electrode Q" as a function of the period of the oscillations
T9=1/1, for several values of V,. at (a) T=0.3Ay/kg and (b) T
=0.03Ay/kg. At low temperature [panel (b)] the distance between
relative minima turn-out to be 7a=h/A. In (b) the curve relative to
V,.=0.2Ay/ e is consistent, in the scale of the figure, with zero.

U for several values of frequency at V,.=0.6A,/e and V,,.
out

=0.9A/ e, respectively. Figure 7(a) shows that QN is nearly
constant having a weak maximum around U=0.3A,/¢ al-
most independently of the frequency, and rapidly decreasing
thereafter. By inspecting Fig. 3(a) it clearly appears that, at
T=0.3Ag/ kg, OX" is maximized around V,.~0.9Ay/e, so it
seems that a finite value of U just adds to the ac voltage
making the heat current to move along the voltage character-
istic similarly to the pure ac case. Furthermore, we note that
the addition of a static dc potential to an ac modulation is not
able to recover the maximum value the heat current can
achieve with only the ac voltage biasing. A confirmation of
this is given in the plots displayed in Fig. 7(b) which are
relative to a value of V,.=0.9A/e. For such an ac voltage

biasing Ql‘i}“ does not present a constant part, and the addition

of U turns out to only suppress the time-average heat current.

Moreover, an increase of frequency v, causes a reduction of

X", even to negative values.

out

We finally plot in Fig. 8 the maximum value of QN ,

obtained by spanning over V., as a function of T for several

values of frequency. For every v, the time-average Q%" is a
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FIG. 7. (Color online) Normalized time-average heat current

exiting the N electrode Q%‘“ as a function of the dc voltage U for

various values of vy at (a) V,.=0.6Ay/e and (b) V,.=0.9Ay/e. In (a)
and (b) the calculations were performed by setting the temperature
at T=03A0/kB

bell-shaped function presenting a maximum around 7T
=0.25A,/kg (similarly to what happens in the static'® as
well as in the quasistatic limit), which is gradually sup-
pressed upon enhancing the frequency. By increasing the fre-
quency the curves slightly shrink, thus reducing the tempera-
ture interval of positive heat current. Moreover, the position
of the maxima tends to move to higher temperatures for in-
termediate frequencies (i.e., for v, below =20 GHZ), while
they tend to move to lower temperatures in the higher range

of frequencies (see, for example, the curve corresponding to
vy=40 GHz in Fig. 8).

IV. CONCLUSIONS

In this paper we have calculated the heat currents in a
normal and/or superconductor tunnel junction driven by an
oscillating bias voltage in the photon-assisted tunneling re-
gime. We have found that the maximum heat extracted from
the normal electrode decreases with increasing driving fre-
quency. We checked that for small frequencies (fw,<<kgT)
the photon-assisted heat current approaches the quasistatic
limit, the latter being obtained by averaging the static heat
current over a sinusoidal voltage cycle (relevant for subgiga-
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FIG. 8. (Color online) Normalized time-average heat current out
of the N electrode QY", maximized with respect to V., as a func-
tion of temperature 7 at U=0 for different values of frequency v,.
The static case and the quasistatic limit are plotted for comparison.

hertz frequencies). The suppression of the heat current by
photon-assisted processes can be imputed to the ac power,
dissipated at the tunnel contact, which is enhanced in the
quantum regime with respect to the quasistatic limit. On the
contrary, the heat current entering the superconducting elec-
trode slightly increases with increasing frequency. We also
found that, for small temperatures, the heat current as a func-
tion of the inverse of frequency presents an additional struc-
ture consisting of superimposed oscillations with a period
corresponding to the time scale derived from the supercon-
ducting gap, Ta=h/A,.

We want finally to briefly comment onto some implica-
tions of the above results for practically realizable systems.
We refer, for instance, to ac-driven NIS electron refrigerators
operating in the regime of Coulomb blockade which were
theoretically investigated in Ref. 30, and experimentally
demonstrated in Ref. 31. Moreover, in particular, it was
shown in Ref. 30 that both the heat current flowing out the N
island and the minimum achievable electron temperature de-
pend on the frequency of the gate voltage as well as on the
bath temperature. Our results may thus suggest the proper
operating conditions in terms of frequencies and bath tem-
peratures in order for photon-assisted tunneling not to sup-
press the heat current in these systems. In other words, they
allow us to predict a suitable range of parameters which keep
the system in the quasistatic limit.
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APPENDIX: STATIC LIMIT

To prove Eq. (10) we use ®(x), which is analytic; there-
fore,
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_inw0t= (D<6— ihi>e‘_inw0t.
ot

We next perform the inverse Fourier transform of the right-hand side of Eq. (10),

e+ (1) = 2 Jo(@) ], (@) D(e = nhwg)e 0 = ) J ()D€ - nhrag)e 0o Vac cos wor'd’

nk

. 1 1o 19 i . t . 1o
— ez/hfoe\/ac cos wyt’ dt 2 CI)(e— lﬁ;)]n(a)e inwyt — e:/ﬁfoevaf cos wyt'dt
t

n

X(I)(E_ iﬁi)e—i/hfgevw cos wyt'dt’
ot ’

which indeed is ®(e—eV,. cos wyt). Here we use the expansion equation (6) twice.
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