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Quantitative calculation of the spatial extension of the Kondo cloud
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A recently developed compact solution for the singlet state of the Friedel-Anderson and the Kondo impurity

is applied to investigate the old question of a Kondo cloud in the Kondo ground state. Wilson’s states with an
exponentially decreasing frame of energy cells toward the Fermi level are used. The Wilson states are ex-
pressed as free electron waves with a linear dispersion and integrated over the width of their energy cells. For
the magnetic state of the Friedel-Anderson impurity, one finds essentially no spin polarization in the vicinity of
the d impurity. However, for the magnetic component of the singlet state, a spin polarization cloud is observed

which screens the spin (magnetic moment) of the d electron. The range &g of this polarization cloud is
investigated in detail for the Kondo impurity. The range is inversely proportional to the Kondo energy Ag. The
extent of the electron density in real space is a detector for a resonance in energy. The spatial extension & and
the resonance width A are reciprocal and given by the relation éA=~#vp.
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I. INTRODUCTION

The properties of magnetic impurities in a metal is one of
the most intensively studied problems in solid state physics.
The work of Friedel' and Anderson? laid the foundation to
understand why some transition-metal impurities form a lo-
cal magnetic moment while others do not. Kondo® showed
that multiple scattering of conduction electrons by a mag-
netic impurity yields a divergent contribution to the resis-
tance in perturbation theory. Kondo’s paper stimulated a
large body of theoretical and experimental work which
changed our understanding of d and f impurities completely
(see, for example, Refs. 4-13). A large number of sophisti-
cated methods were applied in the following three decades to
better understand and solve the Kondo and Friedel-Anderson
problems. In particular, it was shown that at zero tempera-
ture, the Friedel-Anderson impurity is in a nonmagnetic
state. To name a few of these methods: scaling,14
renormalization,'>~!8 Fermi-liquid theory,'??% slave bosons
(see, for example, Ref. 21), and large-spin limit.?>>3 After
decades of research, exact solutions of the Kondo and
Friedel-Anderson impurities were derived with help of Bethe
ansatz,”*~2% representing a magnificent theoretical achieve-
ment. The experimental and theoretical progress has been
collected in a large number of review articles.’!315-20.21.23-27

One of the most controversial aspects of the Kondo
ground state is the so-called Kondo cloud within the radius
&k, where &g is called the Kondo length,

hUF

&= (1)
(kgTx=eg=Kondo energy and vy=Fermi velocity of the s
electrons).

The idea is to divide the ground state Wy of a Kondo
impurity into two parts with opposite d spins. (By reversing
all spins, one can transform one component into the other
one.) The proponents of the Kondo cloud argue that in each
component, there is an s electron within the Kondo sphere
which compensates the d spin. This s electron forms a singlet
state with the d spin. An important assumption of the Kondo-
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cloud proponents is that, above the Kondo temperature, the
bond is broken and this screening cloud evaporates from the
Kondo sphere.

Already in the 1970s, there were a number of theoretical
papers with different predictions about the Kondo cloud
which stimulated several experimental investigations. In
most of the experiments, nuclear magnetic resonance (NMR)
was used, for example, in Cu samples with dilute Fe-Kondo
impurities. (For details, see Ref. 28 which contains also an
overview of the theoretical predictions at that time.) By ap-
plying a magnetic field (small enough so that it does not
destroy the Kondo singlet state), NMR was used to measure
the electron spin polarization at shells of Cu atoms around
the Fe impurity. The line shift (adjusted with the temperature
dependent susceptibility of the Fe impurity) did not show
any change when the temperature crossed the Kondo tem-
perature. This contradicted the concept that, in the Kondo
ground state, the d impurity was paired with and screened by
an s electron which evaporates above the Kondo tempera-
ture.

In recent theoretical papers, the argument is made that an
NMR experiment cannot possibly detect the screening elec-
tron because of the large volume of the Kondo sphere. With
a radius of the order of 0.1 um (or larger), the Kondo sphere
contains more than 2.0 X 10® atoms. Then, the Kondo cloud
is only a faint Kondo fog. It is spread so thinly that the
change of polarization felt by an individual Cu atom cannot
be detected in an NMR experiment.

Actually, the experimental side has not improved so far
but a number of theoretical suggestions have been published
since 2000 which propose to observe the Kondo cloud in
submicron structures, in particular, in connection with quan-
tum dots.>*=33 A number of these papers also contain numeri-
cal renormalization calculation to obtain the correlation func-
tions between the impurity spin and the spin of the
conduction electrons.

In this paper, I calculate quantitatively the screening cloud
of a Friedel-Anderson and a Kondo impurity in the magnetic
and the singlet state.

The paper is organized as follows. In Sec. II, the theoret-
ical background of this paper will be introduced, the Friedel
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artificially inserted resonance (FAIR) method (in combina-
tion with the use of Wilson states). In Sec. III, the numerical
results for the spatial density of the s electrons will be re-
ported and analyzed for several cases. First, the spatial extent
of the simple Friedel d resonance with spinless electrons is
discussed. Since the physics of the Friedel impurity is
simple, this consideration will give us confidence in the use
of the Wilson wave functions. In the next step, the electronic
environment of the Friedel-Anderson (FA) impurity is inves-
tigated. The calculation is first performed for its magnetic
state. The latter represents the magnetic building block of the
singlet ground state of the FA impurity which is investigated
next. Last but not the least, the ground state of the Kondo
Hamiltonian is analyzed. The subtle modification between
the magnetic and the singlet ground state is discussed. Sec-
tion IV contains the conclusion. Details of the FAIR states,
the numerical procedure and the Wilson states are presented
in the Appendix, including the wave functions of the Wilson
states and their density in real space.

II. THEORETICAL BACKGROUND
A. Friedel artificially inserted resonance method

To investigate the question of a Kondo cloud, I first con-
sider a Friedel-Anderson impurity with spin 1/2 in a metal
host. The underlying Hamiltonian consists of two Friedel
resonance Hamiltonians (one for each spin) and a Coulomb
term Und,Tnd,l’

N
HFA = 2 2 81/010-6'1/(7 + Eddjrd(r
o

v=1

E d(V)[dUCVO' + Cva'do] + Und,Tnd,L . (2)

Here, cI represent the creation operators of the Wilson

s- electron state (which are discussed in Appendix C), d, " rep-
resents the creation operator of the d state at the 1mpur1ty,
and n, , are the operators of the d occupation.

In the Appendixes, I briefly describe the development of a
very compact solution for the magnetic state and the singlet
state. It uses two localized s states ag . and ag_ as artificial
Friedel resonance states or FAIR states. The ground-state so-
lutions in terms of the FAIR basis have been studied in re-
cent years for the Friedel Hamiltonian,*3> the magnetic and
the singlet states of the Friedel-Anderson Hamiltonian,36-37
and the Kondo Hamiltonian.’® The compact and explicit
form makes these solutions ideal for calculation of spatial
properties. The compact ground states which are used in this
paper are given for the Friedel impurity by Eq. (5), the mag-
netic state by Eq. (3), the singlet state of the FA impurity by
Eq. (4), and the Kondo ground state by Eq. (6).

From the two FAIR states, one can construct uniquely to
full bases {a .} and {a _}. The potentially magnetic state W,
of the Friedel-Anderson Hamiltonian (which is the building
block for the singlet state Wgg) can be expressed in terms of
these new bases,
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Wys= [As,saSHaS_ 1t As,da(deI + Ad,sd¥a(§—i
n—1 n—1

+Agadid 1] af, I1 af_ @, (3)
i=1 i=1

The magnetic state W, has the same structure as the
mean-field solution W, The only difference is that the
state W'y opens a Wide playing field for optimization. (i) The
FAIR states a;, and af,_ can be individually optimized, each
one defining a whole basis {a], } [which yields a Hamiltonian
of the form in Fig. 10(a) in the Appendixes]. (ii) The coeffi-
cients A, g can be optlmlzed as well, fulﬁlhng only the nor-
malization condition A +A +As d+Ad 4=1. This yields a
good treatment of the correlatlon effects. The optimization
procedure is described in detail in Ref. 36 and in Appendix
B. The state is denoted as the (potentially) magnetic state
W s It is expected to be a good solution above the Kondo
temperature.

The Coulomb interaction in the Friedel-Anderson impu-
rity destroys the symmetry between the occupation of spin
up and down electrons and generates a magnetic moment (if
U is large enough). However, this state with broken symme-
try is degenerate. Its counterpart with reversed spins has the
same energy, and at zero temperature, the two form a new
symmetric state which has a different symmetry than the
original one. This is somewhat analogous to an atom in a
harmonic potential. If some process transforms the harmonic
potential into a double well potential, then the atom has an
energy minimum on either the left or the right side. Each
state breaks the symmetry. However, the new ground state is
a symmetric superposition of left and right occupations,
yielding a new symmetric state.

In a similar way, I use the magnetic state as a building
block for the singlet ground state. W, together with its
counterpart where all spins are reversed yield two states

W,,s(11) and W,,5(] ). The singlet ground state is then
given by

Veo=Wys(T]) * ‘?Ms(lT),

— — o s
V5= [As,saS+Ta§)— Lt A.r,dag+Td |+ A, ap_
n—1 n-1

+ Ad,ddMI]H aZ+TH aj @y = [Aal, af

i=1 i=1
n—1 n-1

+ A gty di + Agdag g+ Agdid 1T afy TT al 100
i=1 i=1
(4)

(If all spin up states are moved to the left the plus sign
applies). The bars on top of ¥, are supposed to point out
that all the parameters such as agi and A, g have to be newly

optimized. One can set the coefficients A, , and A, , as pair-
wise equal or treat them as independent parameters. The re-
sulting ground states and their energies are identical. (For
independent coefficients, one also obtains the triplet state).
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At this point, a short summary of the constrain of the state
[Eq. (4)] and its numerical solution would be in place. Since
the details have been discussed in previous publications, I
summarize the construction of the bases {ajt}, the different
states W, and Wy, and their numerical optimization in Ap-
pendix B.

The resulting ground state is a very good approximation
for the exact ground state. Its ground-state energy and the d
occupations for zero, one, and two d electrons at the impurity
are of the same quality as the best numerical calculations in
the field.*

III. NUMERICAL RESULTS
A. Friedel impurity

I start the analysis with the Friedel resonance of a spinless
d impurity. Since the Friedel Hamiltonian is a single particle
Hamiltonian which can be solved exactly, one is here on
familiar ground and the interpretation of the results will
guide us in the less known territory of the Friedel-Anderson
and the Kondo impurity.

We consider a half occupied Wilson band of s electrons
with n=N/2 electrons, where N is the number of Wilson
states. In the absence of the impurity, the n-particle ground
state W is given by

n—1

W= H Ci‘bo’
=0

where ¢! are the creation operators of the Wilson states.

A (spinless) Friedel d impurity is introduced at the posi-
tion x=0. This impurity has an s-d interaction with the states
,(x)=(ci®g| x). Due to the impurity, the n-electron state W,
is modified. As discussed in the Appendixes, the exact
ground state of the Friedel impurity can be written as

n—1

V= (Aa)+ BdH][] ald,. (5)

i=1

The composition of the FAIR state a;, and the coefficients A
and B are obtained by an iteration process in which the FAIR
state is rotated in Hilbert space into its optimal orientation.
Details of this iteration process and the construction of the
full ground state have been described in previous papers3*3’
and are summerized in Appendix B.

In the next step, we have to calculate the integrated elec-
tron density in the presence of the Friedel d impurity at the
origin. This calculation is discussed in Appendix C. The den-

sity of the state #,(x) is given by
1
sin2<77x2V+2)

mX

o) = [0} =2+

for v<<N/2. In the evaluation, we use N=50 Wilson states.
From the above equation, one recognizes that the main con-
tribution to the density pg of the state ¢, lies roughly in the
region |x| <2"*? (in units of N;/2). Since for negative ener-
gies v takes the values from 0 to (N/2-1), the different
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FIG. 1. The net integrated density [(p(x)dx is plotted versus the
logarithm of the distance /=log,(r) from the impurity for the com-
ponents W4, Wy and the full wave function W. For the dotted line,
the additional one d electron has been added.

wave functions ¢,(x) have very different spatial ranges and
therefore very different densities, the lowest being of the
order of 272<3 X 1073, Therefore, one has to be careful in
the summation of the different contributions.

In the numerical evaluation, we calculate (i) the s-electron
density in the presence and absence of the d impurity, (ii)
form the net s-electron density p(x) as the difference, and
(iii) integrate the net s-electron density from x=0 to r, where
r is increased on an exponential scale, =2/, and plot the net
integrated s-electron density versus /=1og,(r).

For the numerical calculation, I use the parameters of
[V?[2=0.1 and E,=-0.135. The resulting net integrated den-
sity g(r)=[pp(x)dx is plotted in Fig. 1 as a function of the
(logarithm of the) distance log,(r) from the impurity. The
full triangles, circles, and squares give the integrated net
s-electron density for the two components \IfA=H;’=‘01aj<D0
and ‘I’B=d+H;:llaj<I>o of the ground state, and for the full
ground state Wp. The curve for W, increases from 0 to 0.75
roughly between /=-2 and +3. Around /=23, it drops back
to zero. It has to return to zero because the total number of
occupied states in W, is the same as before in the state ¥,
=H?:_01CI(I30, i.e., equal to n=N/2. The equivalent distance r
=223 corresponds roughly to the maximum range of the wave
functions. In a way, it can be considered as the border or
surface of the theoretical sample. Therefore, the interpreta-
tion of this curve in Fig. 1 is that in the state Wy, a fraction
of 0.75 electrons has moved from the surface toward the d
impurity. There it surrounds the empty d state in the spatial
region between =272 and 23. (The component ¥, has no d
electron.) The behavior of the integrated net density beyond
about /~20 is a surface effect and of no interest for the
present investigation. If one increases the number of Wilson
states from N to N’, then this part of the curve moves by
(N'=N)/2 to the right, while the left part of the curve re-
mains unchanged.

The full circles in Fig. 1 give the change of the net inte-
grated density of s electrons for the state W as a function of
distance. At large distances (r=~2%%), it approaches the value
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FIG. 2. The net integrated density [(p(x)dx for the state W,
=177 a] ®, for different values of [V |> and E;=0. The width of the

wave function increases proportional to 1/7|V?,[2.

of —1 because this state has only (N/2—1) s electrons. Be-
tween the distances /=—2 and +3, the curve for W assumes
the value of —0.25. If one adds to the integrated s-electron
density the one d electron at the origin, then one obtains the
dotted curve which starts on the left at one and approaches
zero at large distances. It is interesting to notice that in the
range 5 <</<<20, the total integrated density of d and s elec-
trons is equal to 0.75 for both wave functions W, and W.
This means that both components have accumulated the
same charge close to the impurity.

The Friedel resonance is also ideal testing ground for the
spatial extension of the wave function. For that purpose, the
d state is moved to the Fermi level (E;=0). The half width of
the resonance is given by A=V’ [>p, (py=density of
states). This resonance width introduces an additional length
scale into the problem. In the resonance, the d state hybrid-
izes with the s electrons in this energy range of 2A. This
corresponds to a wave number range of ky =~ 2] V§d|2p0 and
therefore a smearing of the wave function over a range xj
o« 1/(2m V2 |>py) (V2 is measured in unit of &y and x in
units of \p/2).

In the numerical evaluation, I change the value of [V?,|? in
steps of two from 0.005 to 0.16. Indeed, one recognizes in
Fig. 2 that with decreasing |ng 2, the increase of the inte-
grated net density is stretched over an increasing length
scale. Since the horizontal separation of the points by 1 cor-
responds to a factor of 2 in the length scale, each curve is
broader by a factor of 2 than the previous one.

The extent of the net integrated density is only visible
when the d-state energy E,; lies at the Fermi level. For E,;=
—0.5, the electron cloud in real space is hidden. Here, the
resolution of the Wilson states is of the order of 0.25-0.5
which is larger than the Friedel resonance. One has to sub-
divide the Wilson states close the resonance to make the
latter visible.

B. Magnetic state

The magnetic state W),q is the building block of the sin-
glet state. Its multielectron state is built from four Slater
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FIG. 3. (Color online) The net integrated density [p(x)dx of the
s electron within a distance r from the impurity for spins up and
down, as well as total density and spin polarization. The magnetic
moment of the impurity is 0.93up.

states and shown in Eq. (3). I calculate the net integrated
density of spins up and down, as well as total density and
spin polarization in the vicinity of the impurity when it is in
the magnetic state. For the present purpose, I choose the
parameters E,=-0.5, |V |>=0.04, U=1, and N=50. This
yields a well developed magnetic moment of ©=0.93 up. The
occupation of the different components is Ais=0.0294, Ai d
=0.0057, A7,=0.9355, and A} ,;=0.0294.

In Fig. 3, the net densities are plotted. As discussed above,
the range beyond 22° corresponds to the rim or surface of the
sample and is of no interest for the density distribution
around the impurity. One recognizes that there is only a neg-
ligible polarization of the electron gas in the vicinity of the
impurity. The important result of Fig. 3 is that there is no
polarization cloud around the magnetic state of the impurity.

C. Singlet state of the Friedel-Anderson impurity

The author derived the compact singlet ground state in
Ref. 37. Its form is given in Eq. (4). The singlet state does
not have a net spin polarization because of the symmetry
between spins up and down. However, the individual com-
ponents may possess a spin polarization cloud. To investigate
this question, one has first to decide how one subdivides the
symmetric state of the impurity.

In the following analysis of the singlet state W, I use the
same parameters as for the magnetic state: E;=—0.5, V(S)d|2
=0.04, and U=1. This yields the following occupations:
A,2=0.0146, A 2=0.0028, A,>=0.4629, and A,;>=0.0146.
(The double bar occupations are identical). These occupa-
tions are very close to half the values of the magnetic state
(A7,=0.0294, A7 ,=0.0057, A},=0.9355, and A3 ,=0.0294).
Therefore, it appears that W~ (1/V2)[Ws(T])
+W,5(1 7)]. This means that the magnetic state is a robust
building blocks of the singlet state. (However, there are
subtle changes as we will see below.) Therefore, the spin
polarization of one of the magnetic components, for ex-
ample, of ¥),4(7 ), would be of interest.
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FIG. 4. (Color online) The net integrated density [yp(x)dx
within a distance r=2' from the d-spin up component of the impu-
rity. Shown are the spin up and spin down components as well as
the total density and the polarization. The d spin of 0.93/2 is
screened by 0.46 s electrons within the range of r=~2'19,

In Fig. 4, the integrated densities of spin up and down
electrons, their sum, and difference (the polarization) are
plotted versus the distance from the magnetic impurity (on a
logarithmic scale). One recognizes that now one has consid-
erable contributions to the integrated net densities of both
spins. The polarization of the two contributions is no longer
zero but reaches a value of —0.46 at a distance of r~2!1°,
Since the magnetic state with net d-spin up has only a weight
of about 1/2, it contributes an effective cﬂ moment of
0.93/2=0.46. Therefore, this d spin is well compensated by
the polarization of the s-electron background. The difference
with the pure magnetic state is particularly striking. We ob-
serve a screening polarization cloud of s electrons about the
impurity within the range of r=~2'10=3.1x 103,

The range of the screening cloud depends on the strength
of [V? 2. In Fig. 5, a similar plot as in Fig. 4 is performed for
an s-d coupling of |V§)d|2 0.1. This time, the polarization
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FIG. 5. (Color online) The net integrated density [(p(x)dx
within a distance r=2' form the d-spin up component of the impu-
rity. Shown are the spin up and spin down components as well as
the total den51ty and the polarization. The d;-spin polarization cloud
extends for |V |>=0.1 over a range of r=~2%4,
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FIG. 6. (a) The coefficients o/, of the FAIR states a;, and a;_
are plotted in terms of the states cfj for the magnetic state W,s. The
full and the dashed curves represent ag . and ag_, respectively. (b)

The density distribution of the p,,=|a(')’i|2/ A, as a function of v.

cloud extends only over a distance of r=~26%~84.

D. Friedel artifically inserted resonance states

It is remarkable how different the polarizations of the s
electrons in the magnetic state W),¢ and the magnetic com-
ponent of the singlet state W, are. This is particularly sur-

prising since the amplitudes Aa,B:AT,B in the singlet state are
roughly equal to A, 5/ V2. However, in the the singlet state, one

has a finite coupling between \I’MS and ‘IfMS This affects the
composition of the FAIR states a;, and a;_. The two states
a}, and aj_ contain the whole information about the many
electron states \I'MS or V. When a0+ are known, the whole
bases {a .} and {a _} and the coefficients A, 5 can be recon-
structed. Therefore, it is worthwhile to compare the two
FAIR states for the magnetic and the singlet states.

For the magnetlc state, the coefficients a;.. of the states
a0+—2 ay+c), are plotted in Fig. 6 versus the cell number v,
which is a measure of the energy. While a0 . 1s essentially
concentrated at positive energies, the coefficients of ag_ have
their main weight at negative energies. The two are mirror
images with respect to the energy zero.

In Fig. 6(b), the quantity p,=|aj|?/A, is plotted as a func-
tion v, where A,=({,,;—¢,) is the width of the energy cell €,
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FIG. 7. (Color online) (a) The coefficients a;. of the FAIR
states ag . and_ag;_ in terms of the Wilson states cz of the magnetic
component W, of the singlet state. (b) The density distribution of
the p,=|e).|*/A, as a function of the cell number v.

of the Wilson state ,(x). The quantity p,, is a function of the
energy p,=p({), and p({)d{ represents the weight of the
original basis states ¢;(x) in the energy window (£, {+d{) to
the FAIR state a}. This weight is plotted in Fig. 6(b) for the
magnetic state as a function of v. It would be more natural to
plot p({) as a function of the energy. However, for v close to
N/2, the width of the energy cells ¢, is less than 107 and
any dependence of p({) on the energy cannot be resolved on
a linear scale. The probability p, increases close to the Fermi
energy. Again, the contributions of a;,, and a;_ resemble mir-
ror images.

In Figs. 7(a) and 7(b), the corresponding plots are shown
for the magnetic component of the singlet state. While the
overall shape of the coefficients in Fig. 7(a) resembles that in
Fig. 6(a), the weight p,.=|ag.[>/A, close to the Fermi level
is very different for the singlet state and the magnetic state.
While the two probabilities are mirror images for the mag-
netic case and reach a maximum value of about 10, one
observes in the singlet state a maximum of about 400 and the
weights p,+ in ag . and ag;_ are essentially identical and not
mirror images. The magnetic component of the singlet state
is in a subtle way different from the magnetic state.

It is interesting to note that the spatial densities of the two
FAIR states a/,, and a;_ (after averaging over Friedel oscil-
lations) are identical with an accuracy of four digits. This
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FIG. 8. (Color online) The net integrated density [p(x)dx
within a distance r=2! from the d-spin up component of the impu-
rity. Shown are the spin up and spin down components as well as
the total density and the polarization.

applies for the magnetic and the singlet states. However,
their energy expectation values are essentially opposite
equal. The values for (a],®o|H|a),®,) are rather similar in
the magnetic state (=+0.288) and the singlet ground state
(+0.2865) of the FA impurity.

E. Kondo impurity

If one increases the Coulomb potential in the Friedel-
Anderson impurity (and lowers the d-state energy E,), then
the coefficients A, and A, , converge toward zero. This is
the limit of the Kondo impurity. By means of the Schrieffer-
Wolff transformation,*® one can express the s-d interaction as
an exchange interaction of the form 2Js-S. In this limit, the
compact ground state Wy takes the form

n—1 n—1

\I,K = [Ax,da(')ﬁdl + Ad’sd}-ag_l]n CIL_TH a;_lq)() + [Ad,saS_TdI
i=1 j=1

n—1 n-1

+AS—,dd$a(Jg+l]H a;—TH a;'r+1q)0- (6)
i=1 J=1

Since Eq. (6) is a reduced form of Eq. (4), the calculation
of the integrated net density is analogous to the previous
calculation. The Kondo singlet state is composed of two
magnetic components represented by the first and the second
terms. Note that the effective moment of these magnetic
building blocks is less than 1 up.

We investigate the Kondo ground state for the exchange
parameter J=0.1 and J=0.08. In a recent investigation,*® we
obtained for the coupling of J=0.1 a relaxed singlet-triplet
excitation (Kondo) energy of ex(0.1)=2.35X 107> and for
J=0.08 an £4(0.08)=1.37 X 1075. In Fig. 8, the net integrated
density is plotted versus the logarithm of the distance r=2'
for the magnetic component with the d-spin up for J=0.1
(e¢=2.35X107%). One recognizes that a spin polarized
“cloud” (stars) extends up to a distance of r=2'*7 from the
Kondo impurity.
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FIG. 9. (Color online) The net integrated density [(p(x)dx
within a distance r=2' from the magnetic component of the impu-
rity. Shown are the spin up and spin down components as well as
the total density and the polarization. The polarization extends over
a distance of r=288~4.6X 10°(\/2).

Next, we want to study the extent of the Kondo cloud as
a function of the Kondo energy. By reducing the coupling to
J=0.08, we observed an £x(0.08)=1.37 X 1075, The ratio of
the two energies €x(0.1)/&x(0.08) is equal to 17.1.

Figure 9 shows the integrated net s-electron density for a
Kondo impurity with J=0.08. The two polarization curves
(stars) in Figs. 8 and 9 are very nicely parallel. Therefore, the
relative shift of the two curves can be determined very accu-
rately. It is equal to 4.1 in terms of the log, scale, which
corresponds to a length ratio of 2*'=17.1. This is a very
good agreement with the ratio of 17.1 of the two Kondo
energies. Therefore, we can confirm that the extent of the
screening cloud scales with the Kondo energy. Kondo energy
and extension in real space are reciprocal.

If in Fig. 9 we extrapolate the range of the Kondo cloud
as the intersection between the linear decrease and the satu-
ration at the right, then we obtain an intersection of /=18.8
or a range of 2'%% (in units of N;/2). In the reduced length
units of Az/2 and the energy units of e, the Kondo length
[Eq. (1)] has the values &x=2/(meg), where g is the Kondo
energy in units of ep. For the parameters of Fig. 9
(J=0.08), the Kondo energy has the value ex=AE,=1.37
X 1070, This yields &x=4.6 X 10°~2'88 The perfect agree-
ment with the numerical extrapolation is probably lucky be-
cause Eq. (1) for the Kondo length is intended as an order of
magnitude.

In the analysis of the Kondo impurity, one is often inter-
ested in the spin-spin correlation function. This means one
subdivides the solution into two parts with impurity spins up
and down. One normalizes the part of the wave function with
impurity spin up and determines the density of the conduc-
tion electrons with parallel and antiparallel spins. If one
wants to calculate these densities for the impurity spin up in
Eq. (6), then one has to add a rather extensive calculation
because one has to include the interference of the charge
density between the two terms d?ag_ ll'[;lz_llajﬁﬂ;’;lla}'_ | Po and
d;ag . iH?;fa}_TH;:faL ®o. However, for the two examples in
Figs. 8 and 9, the occupation of the second term is less than
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FIG. 10. The spin-spin correlation function (impurity spin is up)
for for a Kondo impurity with the same parameters as in Fig. 8.

1/100th of the first term and the interference is further re-
duced by the fact that the multiscalar product between the
two states is of the order of 1072 Therefore, neglecting the
interference introduces only an error of less than 1072.

In Fig. 10, the spin-spin correlation function is plotted for
same the Kondo impurity which is shown in Fig. 8. In this
plot the interference is neglected.

IV. CONCLUSION

A recently developed compact solution for the singlet
state of the Friedel-Anderson and the Kondo impurity is used
to investigate the old question of a Kondo cloud in the
Kondo ground state. Wilson’s states with an exponentially
decreasing frame of energy cells toward the Fermi level and
a linear dispersion relation are expressed in free electron
waves integrated over the width of their energy cells. A ro-
tational iteration process (which has been described in pre-
vious papers) is used to obtain the optimal ground state. The
singlet state of the Friedel-Anderson impurity consists of
eight Slater states. They are divided into two groups of four,
where each group represents one magnetic component of the
singlet state.

After identifying the magnetic components, the real space
wave function is evaluated. Since the spatial range of the
Wilson states varies in the range between a Fermi wave
length A and 2V2\ - (N=50 is the number of Wilson states
used in the evaluation), one has to deal with electron densi-
ties which vary be a factor of 22°~3 X 107. Therefore, it is
favorable to integrate over the net s-electron density from the
impurity outward. The resulting curves yield the spatial
range over which the spin densities of the s electrons con-
tribute to the polarization about the impurity.

If one wants to obtain the polarization about the impurity,
then one has to calculate the difference of spin up and down
s-electron densities with and without the impurity. The
simple and exact solution of the Friedel resonance for spin-
less electrons is used to test the method and interpret the
results. It turns out that the behavior of the (integrated) spin
densities and polarization can be divided into two regions.
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For r>2N2_ the system follows the sum rule which is im-
posed by the number of s and d states in the multielectron
Slater state. For »<<2V2, one obtains the physical densities
and polarizations. The behavior in this range does not change
when N is increased.

For a Friedel resonance at the Fermi level, one observes
in real space an s-electron cloud whose range is proportional
to 1/[V0 .

For the magnetic state W, of the Friedel-Anderson im-
purity, one observes essentially no magnetic s polarization in
the vicinity of the d impurity.

For the magnetic component W,,s of the singlet state in
the Friedel-Anderson impurity, one observes an
s-polarization cloud which screens the spin (magnetic mo-
ment) of the d electron. The range of this polarization cloud
is investigated in detail for the Kondo impurity. The range is
inversely proportional to the Kondo energy. The latter was
obtained in a previous investigation as the energy difference
between the singlet state and the relaxed triplet state ener-
gies. The absolute value of the range of the polarization
cloud agrees surprisingly well with the Kondo length.

The different screening behaviors in the magnetic state
W,,s and the singlet state W are due to subtle differences in
the composition of the FAIR states g, and a;_. In the singlet
state, the FAIR states have a much larger weight very close
to the Fermi energy. It is remarkable that the two FAIR states
a}, and af_, which are far apart in their energy, have essen-
tially an identical density in real space (after averaging over
the Friedel oscillations).

In the present paper, a very simple energy band and dis-
persion relation is used in analogy to Wilson’s work. This
simplifies the numerical evaluation dramatically. However,
the spatial dependence can be evaluated for an arbitrary s
band with an energy-dependent density of states and s-d in-
teraction. The author generalized the definition of the Wilson
states?! for this case. The numerical work would, however,
be much more extensive.

It should be emphasized that the extent of the Kondo
cloud calculated here applies only when the mean free path
of the conduction electrons is larger than the Kondo length.
Also, the surface of the host should be at least this distance
away from the impurity. This does, however, not mean that
for smaller sample size the Kondo effect is suppressed. One
obtains the full Kondo effect*? as long as there are suffi-
ciently many electron states within the Kondo resonance
which couple to the impurity.

Finally, it should be noted that the extent of the electron
density in real space is a detector for a resonance in energy.
The spatial extension £ and the resonance width A are recip-
rocal and given by the relation éA=fvy. The Wilson states
act here as a magnifying glass close to the Fermi energy
because their energy width A, decreases as 27" toward the
Fermi level. This is particularly demonstrated for the Friedel
impurity in Fig. 2. The extent of the net integrated density is
only observed when the d-state energy E,; lies at the Fermi
level. For E;=-0.5, the electron cloud in real space cannot
be detected. Here, the resolution of the Wilson states is of the
order of 0.25-0.5 which is not sufficient to detect the Friedel
resonance. One has to subdivide the Wilson states close the
resonance to make the latter visible. Therefore, the Wilson
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FIG. 11. (a) The matrix of the Friedel Hamiltonian in the basis
{al} d'. (b) The two basis vectors aj),d" are rotated into x"=(Aa
+Bd") and yT=(Ba$—Ad+). For the optimal ag, the matrix is block
diagonal.

states can be used as a quasiexperimental spectroscope.

APPENDIX A: THE FRIEDEL ARTIFICIALLY INSERTED
RESONANCE METHOD

The Hamiltonian of the Friedel-Anderson impurity is
given in Eq. (2). One obtains the mean-field Hamiltonian
from Eq. (2) by replacing ngng =>ng(n,_)+{nzn,_
—(ng.)n,_). After adjusting (n,,) and (n,_) self-consistently,
one obtains two Friedel resonance Hamiltonians with a spin-
dependent energy of the d,, state: E; ,=E +Ul{n,_,),

N
Hm = 2 2 SVC,T,UCW + Eda'd:frd(r

o v=1

N
+ 2 VoWl o+ Chody]
r=1

The mean-field wave function is a product of two Friedel
ground states for spins up and down ¥, =W Wg,.

It has been shown*3> that the “exact” n-particle ground
state of the Friedel Hamiltonian can be expressed as the sum
of two Slater states, in which either the d' state or a state ag
is multiplied with the same (n—1)-s-electron state [T/~ a/®,.

=
n-1

V.= (Aa)+Bd)]] a]®,.

i=1

The state a?):EVaO,,,cfj is a localized state whose components
ap, can be obtained analytically® or by variation.**

In Fig. 11(a), the matrix of the Friedel Hamiltonian in the
basis {a,} d' is shown. Only the diagonal elements and the
elements along the edges are nonzero. The inner (N-1)
X (N—1) submatrix is diagonalized. This way the state a
determines uniquely the full basis {a/}. One recognizes that
the state ag represents a Friedel artificially inserted resonance
state, with similar properties as the state d'. Therefore, T call
a} a FAIR state. The use of the FAIR states is at the heart of
my approach to the FA and Kondo impurity problems. There-
fore, I call this approach the FAIR method.

The structure of the Hamiltonian in Fig. 11(a) can be ob-
tained for an arbitrary state ag. There is, however, one opti-

104401-8



QUANTITATIVE CALCULATION OF THE SPATIAL...

mal state ag which yields the exact n-electron eigenstate W
and for which the energy expectation value (W ;|H V) has
a minimum. For this state, the two basis vectors a'(l; and d'
can be rotated within their plane into the orthogonal states
xl=(Aa8+Bdl) and yl=(Ba$—Adl). For the optimized ag,
the resulting Hamiltonian is block diagonal. This is shown in
Fig. 11(b). The upper left block contains the occupied states.
Since there is no matrix element between the occupied and
the empty blocks the product state x'a la2 CIDO (Aao
+Bd")IT 1alCIDO is an eigenstate.

For the two Friedel states in the mean-field wave function,
I use the form of Eq. (5) and obtain for the mean-field solu-
tion,

n—1
\me: [ (A+aS+T + B+d$)H aLT] |:(A_a(-§_l
i=1

n—1
+B.d)I1 aj—¢:|q)0, (A1)
i=1

where {a .} and {a "} are two (different) bases of the
N-dimensional Hilbert space. This solution can be rewritten
as Eq. (3).

In the mean-field solution \l’mf the coefficients A, 5 are
restricted by two conditions A +B%=1 (here, A =AAL,
etc.). Therefore, this state does not describe well the correla-
tion effects.

In contrast, state (3) opens a wide playing ﬁeld for im-
proving the solution. (i) The FAIR states a;, and a;, can be
individually optimized, each one defining a whole basis {a]. }
[which yields a Hamiltonian of the form in Fig. 11(a)] and
(ii) the coefficients A, 5z can be optimized as well fulﬁlhng
only the normalization condition A? +A[”+A2 d+Ad =L
This yields a much better treatment of the correlation effects.
The resulting state is denoted as the (potentially) magnetic
state W),¢. The magnetic state W), has the same structure as
the mean field solution W, the only difference is that its
components are optimized for the Friedel-Anderson Hamil-
tonian. The optimization procedure is described in detail in
Ref. 36 and below in Appendix B.

The magnetic state W, is used as the building block for
the singlet state. Its form is given in Eq. (4).

APPENDIX B: NUMERICAL PROCEDURE

1. Construction of the bases {a .} and {a "}

The construction of the two bases {aL} and {all_} are com-
pletely equivalent. Therefore, I skip the plus or minus sub-
script and discuss the construction of a basis {ail}. One starts
with the s band which consists of a basis of N states {c'} (for
example, Wilson’s states). The d' state is ignored for the
moment.

(1) One forms a normalized state a(l; out of the s states
with
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N
ay=2, dic,
v=1

The coefficients a can be arbitrary at first. Some reasonable
choices are (i) « _1/\N or (ii) « —\Z/n for v<m and a
=0 for v=n.

(2) (N—=1) new basis states a:f (1<isN-1) are formed
which are normalized and orthogonal to each other and to az;.

(3) The s band Hamiltonian matrix H,, is constructed in
this new basis. One puts the state a(l) at the top. Its matrix
elements are Hy; and H.

(4) The (N-1) sub-Hamiltonian which does not contain
the state a(l) is diagonalized. The resulting Hamilton matrix
for the s band then has the form

V() E1) 0 ... 0
H=| v, 0o E2 .. 0
ViN-1) 0 0 ... EN-1)

(B1)

The creation operators of the new basis are given by a new
set of {al} (0<isN- 1) Again the a can be expressed in
terms of the s states; a] =" /¢! The state g, determines
uniquely the other ba51s states a The additional s-d hopping
Hamiltonian can be expressed in the terms of the new basis.
The state W),5 or Wy can be formed. Their general form is

\PFAIR = E Ax‘l'x,
X

where Ay are the coefficients such as A, and Wy the corre-
sponding Slater states such as a0+ a1, 1ajﬁl_l” 'al 1 Do
(5) The energy expectation value of the full Ham1lton1an
is calculated. It has the form
3 AyAx(Wy|H[Wy)
XX’
S AxAx (x| Wy

XX’

(E)y=

The coefficients Ay are varied so that (E) takes to lowest
value for the bases pair {a,li}. This is a standard mathemati-
cal problem which can be solved by a (nonorthogonal) trans-
formation of the vector (Ay) and the diagonalization of the
new Hamiltonian matrix

(6) The state ao (for each basis {a .} and {a "}) is rotated
in the N-dimensional Hilbert space. In each cycle the state a(l)
is rotated in the (ag,afo) plane by an angle 6; for 1<ij
<N-1. Each rotation by 0,»0 yields a new a,’,

;

ay = a(l) cos 0; + a;, sin 0;,-

For each rotation plane (ao, ) the optimal @) is deter-
mined (which yields with the lowest energy expectation
value (E)). This cycle is repeated until one reaches the abso-
lute minimum of the energy expectation value. The proce-
dure is stopped when the expectation value changes by less
than 107'° during a full cycle.

104401-9



GERD BERGMANN

The procedure searches for the minimum of the energy
(E) in a 2(N-1)-dimensional space. [The number of rotation
planes is equal to 2(N—1) as are the independent compo-
nents of @), and a;) .]

APPENDIX C: WILSON’S STATES

Wilson considered an s band with constant density of
states and the Fermi energy in the center of the band. By
measuring the energy from the Fermi level and dividing all
energies by the Fermi energy Wilson obtained a band ranging
from —1 to +1. To treat the electrons close to the Fermi level
at {=0 as accurately as possible, he divided the energy in-
terval (—1:0) at energies of —1/2,-1/4,-1/8,..., i.e., {,=
—1/2". This yield energy cells €, with the range {-1/2":
—1/2"*1} and the width A,=¢,,,—,=1/2"".

Wilson rearranged the quasicontinuous original electron
states ¢,(x) in such a way that only one state within each cell
¢, had a finite interaction with the impurity. Assuming that
the interaction of the original electron states ¢, (x) with the
impurity is k independent, this interacting state in €, had the
form

U0 = 2 eNZ,,
Q"V

where Z, is the total number of states @(x) in the cell €, [
Z,=7({,,1—¢,)/2, Z is the total number of states in the
band]. There are (Z,—1) additional linear combinations of
the states ¢y in the cell €, but they have zero interaction with
the impurity and were ignored by Wilson as they will be
within this paper.

The interaction strength of the original basis states ¢;(x)
with the d impurity is assumed to be a constant v,,. Then, the
interaction between the d state and the Wilson states i,(x) is
giVCH by Vsd(V):V(s)d\ (gwl_gv)/z’ where |ng|2zzk|vxd|2
=EV|Vsd(V)|2'

1. Wave function of Wilson’s states in real space

For the discussion of the wave functions in real space, one
has to look a bit closer. We assume a linear dispersion rela-
tion between energy and momentum, a constant density of
states, and a constant amplitude at x=0. Then, the interaction
between the original basis states ¢ (x) and the d impurity
will be constant for all k states. These assumptions are the
same as in Wilson’s treatment of the Kondo impurity. We
define the wave functions ¢(x) in such a way that the results
apply for the impurity problem in one, two, and three dimen-
sions.

a. One-dimensional case

Let us start with the one-dimensional problem. Here, we
have the impurity at the position zero and the conduction
electrons are located in the range between O and L. The wave
functions ¢;(x) have the form <pk(x)=_\s"2/ L cos(kx). There is
another set of eigenstates ¢(x)=2/L sin(kx). These states
do not interact with the impurity at the origin. Therefore,
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they do not have any bearing on the impurity problem.

b. Three-dimensional case

In three dimensions, the free electron states can be ex-
pressed as ¢ (x)=Y7"(0, ¢)j,(kx), where Y}" is a spherical har-
monics and [/ and m are the angular momentum and magnetic
quantum numbers. j;,(kx) is a spherical Bessel function. Its
long range behavior is given by (1/r\2#L)sin(kx—I/2).
Only the states with the same [ as the impurity couple to the
impurity. All the other states for different / belong to the
group of inert states @(x).

If one calculates the density of the wave function, inte-
grates in the three-dimensional case over the spherical sur-
face 47, and averages over short range (Friedel) oscilla-
tions, then one obtains the following result.

(a) One-dimensional case: (2/L)cos?(kx)=1/L.

(b) Three-dimensional case: p;(x)=(2/L)sin*(kx—1I/2)
=1/L.

In both cases, one obtains essentially the same density.
Therefore, it is sufficient to use the one-dimensional ap-
proach for calculating the density of a Kondo cloud. It is
equivalent to the three-dimensional case integrated over the
spherical surface.

c. Wave functions in one dimension

While the energy is measured in units of the Fermi en-
ergy, the momentum will be measured in units of the Fermi
wave number. We assume a linear dispersion relation for 0
<k=2 with

£=(k-1).

The (almost) continuous states ¢, are given as

@rlx) = \/% cos(kx),

where L is the length of the one-dimensional box. Since k is
measured in units of kg, the coordinate x gives the position in
units of Np/2, where Ay is the Fermi wave number. The
boundary condition cos(7kL)=0 yields k=(\+1/2)/L. (The
maximal value of \ is 2L since k is dimensionless then L is
also dimensionless.) Therefore, we have Z=2L states in the
full band of width 2.

To obtain the Wilson state, we have to sum the states
¢ (mkx) over all states within an energy cell. If the cell
ranges from ({,:{,,;) corresponding to a k range (1+¢,)
<k<(1+¢,,), then we represent all the states in this energy
interval by

1 2
— cos(mkx).

lﬁv(x) =

V(&1 = L)L 14, <k<144,,,

From Z,=L({,,,-{,) states, we have (according to Wilson)
constructed one state i,(x) which couples to the impurity.
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The same procedure yields (Z,—1) additional linear combi-
nations of ¢;(x) which do not couple with the impurity at the

origin. We denote these states as m They are as inert to
the impurity as the states ¢(x) and will be included in the
quasivacuum.

The wave function of the state ¢! has the form for v
<N/2,

(%)
Sm( (L1 = §V))
2\5 2 <7Tx(2+§,,+§,,+1)
=— cos
\‘”(gv+l - gv) X 2

For the exponential energy scale, this yields for v<<N/2-1

sinz ( Wx( §V+1 - gv)
8
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1
sin(wx2V+2> 3
o (x) = N . — cos{ 7Tx<1 - ):| .

X 2V+2

(C1)

Similarly, one obtains for in the positive energy range,

1
Sin(ﬁﬂx 3
Un_1_p(x) = 21272 ————— Cos Wx(l + ) .

X 2 v+2

The two wave functions ¢,,_; and ¢y, are special be-
cause their k range is the same as their neighbors iy,,_, and
Unns1- All four states close to the Fermi level have the same
k range of 27271, One has to pay special attention to this
complication.

2. Density of the Wilson states in real space

The density of the wave function ,(x) is given by

2 —
ol =)

The density of a single state #,(x) is given by the square
of the function ¢,(x) in Eq. (C1). This density has a fast
oscillating contribution which yields the Friedel oscillations.
We are here interested in the density on a much larger scale
and average over the fast oscillation (which has a period of
the order of 1 in units of N;/2). Then, we obtain for the
Wilson states for v<<N/2, where ({,,,-{,)=—

Tl

. 5 1
sin®\ mx 7
(mx)?

In the numerical calculation, we will use (most of the time)
N=50 Wilson states. The different wave functions #,(x) have
very different spatial ranges and therefore very different den-
sities, the lowest being of the order of 272> <3 X 1073, This
means that it is not useful to calculate the density as a func-
tion of x because this density varies over a range of 2%,
Instead, we use the integrated density, integrated from O to r,

px) = i, (x)|? =273 (C2)

dx

. 1
fr S WXW

0 (7mx)?

qy(r) =f |4, (x)[Pdx = 2+
0
_ 2J’/2"+2 sinz('n'u)d

. (77'],[)2 u.

One realizes that a single integral yields the integrated den-
sity for (almost) all wave function ,(x). The state )(mx)

(mx)®

> COSZ< ’7T)C(2 + ZV+ §V+l))

lies roughly in the range r<22, i.e., the integrated density
q,(r)=[}|ho(x)|*dx increases in this range to 90%. Therefore,
the states ¢,(x) and ¢y_,_,(x) essentially lie in the range r
<2"*2 (in units of \;/2). For a total of N=50, Wilson states
the maximum range of the wave functions is roughly 2V?!
:226.

We may define as a ruler a linear array I(s), where s is an
integer (-N/2<s<N), as

I(s) = ZJZS Sinzﬂdu.

0 (7ru)?

Then, the integrated density of the state ¢, in the range from
0 to 2! is given by

Wdu=l(l— v—2),
0

2! 292" sin®(7ru)
0= [ weopac=2|
0

where I(I-v-2) gives the integrated density of the wave
function ¢, within the radius 2'.

a. Interference terms in the density

The Wilson states ,(x) or C-L represent the free electron
states in the impurity, problem. With the impurity, we ex-
press the ground state in terms of new states aj:E[,Y:_OI ajc).

Their integrated density is given by

2[
ﬁi(zl) = f
0

2
dx.

N-1
2 o (x)
=0
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The quadratic terms can be evaluated with the same ruler
I(s) as before. However, this time, one has in addition inter-
ference terms ¢, (x) i, (x). These terms depend on two pa-
rameters, v and A. So, one needs for each \ a different ruler.
Furthermore, the interference terms depend on the subbands
of ,(x) and i,,,(x). If both states lie either in the negative
energy subband (v,v+\N<<N/2) or in the positive subband
(v,y=N\=N/2), then one obtains one set of rulers I,(v,\),
and if they lie in opposite subbands, then one obtains another
set of rulers I;(v,\). As an example, one obtains

oy sin(ﬂ'u)sin( w%) |
Io(s,\) = 2\"2"f —_— 005[37714(1 - ;)}du

0 (7ru)?

For I;(v,\), one has to replace the minus sign in the cosine
function by a plus sign. Furthermore, one has to treat the
terms where v+A=N/2-1 separately because one state lies
at the Fermi level and has a different cell width.
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b. Net integrated density

If we occupy all Wilson states below the Fermi level, then
we obtain [1"_}¢!®,, with n=N/2 and ®, the vacuum state.
This state is not really the free electron ground state. To
obtain the latter, we have also to occupy the states ¢, (x) and

m. They do not interact with the impurity but they are
occupied. Therefore, we define as quasivacuum P the state
in which all states m and m with k<kp=1 are occu-
pied. Then, the ground state is W=I1"_jc!®;. This state has
a constant electron density in real space.

In the presence of the impurity, the new ground state must
also contain this quasivacuum, i.e., the noninteracting states
must be occupied up to the Fermi level. Since the inert states
are occupied in ¥, and WV,,,, they cancel out when one
calculates the change in the electron density. Since the inert
states cancel out, one can ignore their existence during this
calculation.

*bergmann @usc.edu
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