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We use the density matrix formalism to analyze the interaction of interferometer-type superconducting
qubits with a high quality tank circuit, which frequency is well below the gap frequency of a qubit. We start
with the ground state characterization of the superconducting flux and charge qubits. Then, by making use of
a dressed state approach, we describe the qubits’ spectroscopy when the qubit is irradiated by a microwave
field which is tuned to the gap frequency. The last section of the paper is devoted to continuous monitoring of
qubit states by using a dc superconducting quantum interference device in the inductive mode.
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I. INTRODUCTION

The existence of a superposition between macroscopically
distinct quantum states has important implications, in par-
ticular, for the quantum measurement theory, since a single
macroscopic quantum system can be easily accessed by the
macroscopic measuring device. One of the most advanced
solid state quantum systems is a superconducting qubit
which is based on either the charge or phase degrees of
freedom.1,2 Several ways of reading out the qubit properties
have been proposed and implemented. In an initial research
stage, switching current measurements combined with the
excitation of a qubit by microwave pulses were used.3,4 Re-
cently, it turns out that in some cases, inductive �dispersive�
measurements can be more effective. In the frame of this
approach, the qubit is coupled with linear5,7–14 or nonlinear
oscillators.15–17

In this paper, we study two kinds of interferometer type
superconducting qubits �flux and charge qubits� which are
realized in practice as Josephson junctions embedded in a
superconducting �interferometric� loop.3,10,12

A distinct feature of our approach is that a qubit is induc-
tively coupled with a high quality tank circuit �a linear LTCT
oscillator, where LT is the inductance and CT is the capaci-
tance of the tank� which resonance frequency is well below
the gap frequency of the qubit. The essential information
about the qubit properties can be extracted from the voltage
across the tank. The method is found to be a reliable tech-
nique for the investigation of the properties of the flux qubit
systems18–21 �prior to 2004, see the review paper22 and ref-
erences therein�.

Our approach here is based on the rigorous quantum me-
chanical formulation of the problem, which allows us to ap-
ply it to the ground state characterization not only of the flux
qubit,5 but of the charge qubit as well. In addition, we show
in Sec. III that our method is extremely useful for the inves-
tigation of the spectroscopic properties of superconducting
qubits.

Since the qubit characteristic frequencies are well above
the tank resonance, we may consider the tank circuit as a
classical system, while the qubit is treated quantum mechani-
cally. This description was proposed in Refs. 5 and 6 and the

present work is its natural generalization and continuation.23

Therefore, the voltage V across the tank obeys

V̈ + �TV̇ + �T
2V = − M�T

2 d�Îq�
dt

+ �T
2LTİb, �1�

where �T=�T /QT, QT is the quality factor of the unloaded
tank, M is the mutual inductance between the tank and the
qubit loop, �T= �LTCT�−1/2 is the tank resonance frequency,
and Ib�t�= I0 cos �t is the tank bias current with bias fre-

quency �. Here, �Iq̂� is the quantum mechanical average of

the quantum operator of the current Iq̂ in the interferometer
loop.

Equation �1� in Fourier components reads

V�����T
2 − �2 + i��T� = − M�T

2�d�Îq�
dt

�
�

+ i��T
2LTI0.

�2�

In what follows, we assume that the interaction between the
qubit and the tank is weak. In this case, it would be reason-
able to assume �below, we prove this assumption by detailed
calculations� that

�d�Îq�
dt

�
�

= MIT���Z��� , �3�

where Z��� is a complex function �Z���=Z1���+ iZ2����
which depends on the qubit properties only. As is seen from

Eq. �3�, the quantity d�Îq� /dt is different from zero only due
to the interaction of the qubit with the tank.

By taking into account that IT���=−iV��� /�LT, we ob-
tain for the tank detuning � and friction �T,

� = �T
2 − �2 +

k2Lq�T
2

�
Z2��� , �4�

�T = �T −
k2Lq�T

2

�2 Z1��� , �5�

where Lq is the inductance of the qubit loop and k2

=M2 /LTLq is a coupling constant, which characterizes the
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inductive interaction between the qubit and the tank.
From Eqs. �4� and �5�, we obtain the voltage amplitude

VT and the phase �: VT=��T
2LTI0 /	�2+�2�T

2, and tan �
=� /��T.

Below, we calculate in a rigorous quantum mechanical
way the low frequency linear response of a qubit to a low-
frequency probe signal. It is necessary to say that our ap-
proach is valid if the interaction between the qubit and the
tank is weak which allows us to neglect all nonlinear terms
caused by the finite amplitude of the low-frequency signal.
Therefore, the main aim here is to calculate the quantity Z���
which transfers the qubit properties to the low-frequency
characteristics of the tank circuit: its detuning �Eq. �4�� and
friction �Eq. �5��.

The paper is organized as follows. In Sec. II, the general
approach to the ground state characterization of qubits is
considered. At the end of the section, we obtain the expres-
sions for detuning and friction both for the flux and charge
qubits. In Sec. III, we consider an interferometer-type qubit
which is inductively coupled to a low-frequency resonant
circuit and subjected simultaneously to microwave radiation.
By making use of the dressed state approach,24 we calculate
the low-frequency susceptibilities for charge and flux qubits.
The results obtained in this section are applied to explain the
recently found phenomenon of the damping and amplifica-
tion of the output signal by a superconducting flux qubit.25

The method developed in this paper is applied in Sec. IV to
a continuous readout of a superconducting qubit by a dc
superconducting quantum interference device �SQUID� in
the inductive mode.

II. GROUND STATE CHARACTERIZATION OF QUBITS

In this section, we consider a qubit which is isolated from
microwave fields and inductively interacts with a high qual-
ity tank circuit. In what follows, we assume that the tank
frequency is well below the qubit gap frequency �E and, in
addition, the temperature is sufficiently low, so that kBT
	�E. Under these conditions, the signal detected at the out-
put of the tank circuit is mainly defined by the properties of
the qubit ground state.

A. Rate equation for two level system

In the basis of eigenstates 
1� and 
2�, the Hamiltonian of
a qubit reads

H0 =
�E

2

Z, �6�

where �E is the gap between two energy states. The eigen-
states are denoted in the following as 
1� �ground state� and

2� �excited state� with the properties: 
Z
1�=−
1�, 
Z
2�
= 
2�, 
X
1�= 
2�, 
X
2�= 
1�, 
Y
1�= i
2�, and 
Y
2�=−i
1�.

Next, we introduce the density matrix,

d


dt
= −

i

�
�H0,
� , �7�

and define its matrix elements as �11= �1


1�, �22= �2


2�,
�12= �1


2�, and �21= �2


1�=�12

+ . From Eq. �7�, we find the

equations for the elements of the density matrix,

d�11

dt
= 0, �8�

d�22

dt
= 0, �9�

d�12

dt
= − i
�12, �10�

where 
=�E /�. In the case of damping, the above equa-
tions should be changed to

d�11

dt
= − �↑�11 + �↓�22, �11�

d�22

dt
= �↑�11 − �↓�22, �12�

d�12

dt
= − i
�12 − ���12, �13�

where �↓ is the transition rate from state 
2� to state 
1� �re-
laxation rate�, �↑ is the transition rate from state 
1� to state

2� �excitation rate�, and the quantity �� is the rate of deco-
herence. For equilibrium conditions, the relaxation and exci-
tation rates are related by the detailed balance law,

�↑ = �↓ exp�−
�E

kBT
� . �14�

From Eq. �14�, we obtain

�−T1 � − ��eq� = − tanh� �E

2kBT
� , �15�

where we define �−=�↑−�↓ and the longitudinal relaxation
time T1

−1=�↑+�↓.
We rewrite Eqs. �11�–�13� in operator form,

d


dt
= −

i

�
�H0,
� + L̂ , �16�

where

L̂ = − �↑
1��1


1��1
 + �↓
1��2


2��1
 + �↑
2��1


1��2


− �↓
2��2


2��2
 − ��
1��1


2��2
 − ��
2��2


1��1
 .
�17�

As it is seen from Eqs. �11� and �12�, the total population is
constant: d

dt ��11+�22�=0. We take the normalization condi-
tion as �11+�22=1. The rate equations can be further simpli-
fied by introducing new variables: �=�11−�22, which is the
difference in populations between the lower and the higher
levels, and �+=�12+�21, �−=�12−�21,

d�

dt
= −

1

T1
� − �−, �18�
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d�−

dt
= − i
�+ − ���−, �19�

d�+

dt
= − i
�− − ���+. �20�

The quantity ��eq� in Eq. �15� is just a steady state solution of
Eq. �18� and is the difference in equilibrium populations be-
tween the lower and the higher levels.

B. Interaction between qubit and tank circuit

The Hamiltonian of a qubit which is coupled to the tank
in the eigenbasis reads

H =
�E��X�

2

Z + MITÎq, �21�

where IT is the current in the tank inductance and �X is a dc
bias flux through a qubit loop.

The current operator of the qubit Îq can generally be writ-
ten as

Îq = IX
X + IY
Y + IZ
Z, �22�

where the quantities IX, IY, and IZ, which will be specified
below, depend on the nature of the qubit.

The interaction with the tank also influences the � rates in
Eqs. �11� and �12�. Therefore, we may write in linear ap-
proximation,

�↑
��� = �↑ + �

d�↑
d�X

, �23�

�↓
��� = �↓ + �

d�↓
d�X

, �24�

where �=2�MIT /�0, �X=2��X /�0, and �0=h /2e is the
flux quantum.

As for ��, we assume this rate is sufficiently high which
allows us to neglect its modification by slow time dependent
external flux MIT.

The equation for the density matrix is similar to Eq. �16�,

d


dt
= −

i

�
�H,
� + L̂ , �25�

where H is given in Eq. �21�.
From Eq. �25�, we get the following equations for the

elements of the density matrix:

d�

dt
=

2i�IX

�

�0

2�
�− −

2�IY

�

�0

2�
�+ −

1

T1
� − �− + �

1

T1

d��eq�

d�X
,

�26�

d�−

dt
= i
�+ − ���− +

2i�IZ

�

�0

2�
�+ +

2i�IX

�

�0

2�
� , �27�

d�+

dt
= i
�− − ���+ +

2i�IZ

�

�0

2�
�− +

2�IY

�

�0

2�
� . �28�

C. Linear susceptibilities for the qubit

We find the solution to Eqs. �26� and �27� by assuming the
coupling � is small. Therefore, the time dependent solution
for these equations can be obtained by the perturbation
method as the small time dependent corrections to the steady
state values: ��t�=��0�+��1��t�, �+�t�=�+

�0�+�+
�1��t�, and �−�t�

=�−
�0�+�−

�1��t�, where ��0�, �+
�0�, and �−

�0� are the steady state
solutions for Eqs. �26� and �27� with �=0. For these steady
state values, we readily obtain ��0�=��eq� and �+

�0�=0, �−
�0�=0.

Therefore, the fist order corrections ��1��t�, �+
�1��t�, and

�−
�1��t� satisfy the following equations �below, we omit super-

script 1�:

d�

dt
= −

1

T1
� + �

1

T1

d��eq�

d�X
, �29�

d�−

dt
= i
�+ − ���− +

2i�IX

�

�0

2�
��eq�, �30�

d�+

dt
= i
�− − ���+ +

2�IY

�

�0

2�
��eq�. �31�

From these equations, it is not difficult to find the linear
susceptibilities of the system ������=���� /����, etc., where
����=2�MIT��� /�0�. Therefore, we get

����� =
1

�i�T1 + 1�
d��eq�

d�X
, �32�

��−
��� =

2i�0��eq�

2��d���
��i� + ���IX + 
IY� , �33�

��+
��� =

2�0��eq�

2��d���
��i� + ���IY − 
IX� , �34�

where

d��� = �i� + ���2 + 
2. �35�

D. Calculation of Z1„�… and Z2„�…

First, we calculate the average current �Îq�. By using Eq.
�22�, we obtain

�Îq� = IX Tr�

X� + IY Tr�

Y� + IZ Tr�

Z� , �36�

where Tr�

Z�=−�, Tr�

X�=�+, and Tr�

Y�= i�−. There-
fore,

�Îq� = − IZ� + IX�+ + iIY�−. �37�

With the aid of Eqs. �26�–�28�, we obtain

d�Îq�
dt

=
IZ

T1
�� + �−T1 − �

d��eq�

d�X
�

+ i�IX
 − IY����− − �IX�� + IY
��+. �38�

If the interaction between the qubit and the tank is absent
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��=0�, then ��0�=��eq�, �+
�0�=0, and �−

�0�=0 and, as is seen
from Eqs. �37� and �38�, the average current is proportional
to the difference of equilibrium populations between the two

states: �Îq�=−IZ��eq�, but d�Îq� /dt=0. However, if the inter-
action is sufficiently weak, such that �	1, the first approxi-
mation for the latter quantity gives

d�Îq�
dt

=
IZ

T1
���1� − �

d��eq�

d�X
�

+ i�IX
 − IY����−
�1� − �IX�� + IY
��+

�1�, �39�

and for its Fourier component,

�d�Îq�
dt

�
�

=
IZ

T1
������ −

d��eq�

d�X
�2�M

�0
IT��� +

2�M

�0
IT���

��i�IX
 − IY�����−
��� − �IX�� + IY
���+

���� .

�40�

Therefore, we obtain for Z1��� and Z2��� defined in Eq. �3�,

Z1��� =
2�

�0

IZ

T1
������� −

d��eq�

d�X
� −

2�

�0
�IX
 − IY�����−

� ���

−
2�

�0
�IX�� + IY
���+

� ��� , �41�

Z2��� =
2�

�0

IZ

T1
������ +

2�

�0
�IX
 − IY�����−

� ���

−
2�

�0
�IX�� + IY
���+

� ��� , �42�

where ������, ��−
� ���, and ��+

� ��� and ������, ��−
� ���, and

��+
� ��� are, respectively, the real and imaginary parts of the

corresponding susceptibilities �Eqs. �32�–�34��.
If we account for the fact that the gap frequency is large,


��, ��, we can simplify the calculations of Z1��� and
Z2��� to obtain the tank detuning � and friction �T in the
following form:

� = �T
2 − �2 − IZ

k2�T
2Lq

�1 + �2T1
2�

d��eq�

d�X
−

2k2Lq�T
2

�E
��eq��IX

2 + IY
2� ,

�43�

�T = �T + IZ

k2�T
2LqT1

�1 + �2T1
2�

d��eq�

d�X
+

4k2Lq�2�T
2��

��E�3 ��eq��IX
2 + IY

2� .

�44�

Expressions �43� and �44� are applicable for any kind of
interferometer-type superconducting qubit once the compo-
nents IX, IY, and IZ of the current operator are known.

The terms in right hand sides of Eqs. �43� and �44� which
are proportional to d��eq� /d�X reflect the effect of thermali-
zation which value depends on the interplay between the
relaxation rate T1

−1 and the tank frequency �.
The quantity d��eq� /d�X can be expressed as

d��eq�

d�X
= −

cosh−2� �E

2kBT
�

kBT
IZ,

where we used the fact that IZ can be written as the deriva-
tive of the ground state energy EG over the magnetic flux:
IZ=dEG /d�X, where EG=−�E /2. Since for a proper qubit
operation the condition �E�kBT is necessary, the quantity
d��eq� /d�X scales as exp�− �E

kBT �. Therefore, no matter what
the value �T1 is, the contribution to the tank response of the
terms in Eqs. �43� and �44� which are proportional to
d��eq� /d�X can be neglected as compared with the contribu-
tion of the last terms in these expressions.

E. Low-frequency response of the flux qubit

For the flux qubit, the energy gap is

�E � �� = 	�2 + �2, �45�

where � /2 is the tunneling amplitude between degenerate
flux states. The bias � is controlled by an external dc flux �X:
�=2�0IqfX, where Iq is the critical current of the flux qubit
and fX= ��X /�0−1 /2�.

The current operator of the flux qubit in the eigenstate
basis is

Îq =
Iq

��

��
Z − �
X� . �46�

Therefore, the components of the current operator for a
flux qubit are as follows:

IX = − Iq�/��, IZ = Iq�/��, IY = 0. �47�

From Eqs. �43� and �44�, we obtain the following expres-
sions for the frequency detuning and the friction of the flux
qubit:

� = �T
2 − �2 −

2k2�T
2LqIq

2�2

��
3 ��eq�, �48�

�T = �T +
4k2LqIq

2�2

��
3 ���T

��
�2

����eq�, �49�

where we neglected the terms which are proportional to
d��eq� /d�X.

The last term in right hand side of Eq. �48�, which gives
the main contribution of the flux qubit to the tank detuning,
coincides with the result obtained earlier theoretically5 and
confirmed by experiment.7

The last term in Eq. �48� can be expressed in terms of the
curvature of the ground state.5,7

−
2k2�T

2LqIq
2�2

��
3 ��eq� = k2�T

2Lq
d2EG

d�X
2 ��eq�. �50�

This property is a direct consequence of the relation between
current components �Eq. �47��,
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dIZ

d�X
= 2IX

2 ,

which seems to be peculiar for the flux qubit only. For other
types of superconducting qubits, there is no simple relation
between the tank detuning and the curvature of the ground
state.

As is seen from Eq. �49�, our theory predicts the modifi-
cation of the tank quality factor due to the interaction with
the qubit. In principle, this effect allows us to measure the
dephasing rate ��. However, for the parameters of the flux
qubit used in Ref. 7, this effect was rather weak to be experi-
mentally detected.

F. Low-frequency response of the charge qubit

For a charge qubit with different critical currents, IC1 and
IC2 of its Josephson junctions the energy gap is

�E = 	�J
2 + C2, �51�

where �J
2=EJ1

2 +EJ2
2 +2EJ1EJ2 cos �X, EJ1=�0IC1 /2�, EJ2

=�0IC2 /2�, and C=4EC�1−ng�. Here, the polarization
charge on the island ng is controlled by the gate voltage Vg
via the capacitance Cg, namely, ng=CgVg /e.

The components of the current operator are as follows:26

IZ =
2�

�0

EJ1EJ2

2�E
sin �X, �52�

IX =
2�

�0

EJ1 + EJ2

4�J
2 sin

�X

2
��EJ1 − EJ2�2 −

4CEJ1EJ2

�E
cos2 �X

2

 ,

�53�

IY =
2�

�0

EJ1 − EJ2

4�J
2 cos

�X

2
��EJ1 + EJ2�2 +

4CEJ1EJ2

�E
sin2 �X

2

 .

�54�

In the case of symmetrical junctions �EJ1=EJ2=EJ�, we have
IY =0,

IZ =
�EJ

�0�E
sin �X, �55�

IX = −
�EJC

�0�E
sin

�X

2
, �56�

where

�E =	4EJ
2 cos2 �X

2
+ C2. �57�

For the tank detuning and friction, we obtain from Eqs. �43�
and �44�, neglecting the terms which are proportional to
d��eq� /d�X,

� = �T
2 − �2 −

2k2Lq�T
2

�E
��eq��IX

2 + IY
2� , �58�

�T = �T +
4k2Lq�2�T

2��

��E�3 ��eq��IX
2 + IY

2� . �59�

As distinct from the flux qubit, the tank detuning caused by
the charge qubit cannot, in general, be expressed in terms of
the ground state curvature. It can be done only for the sym-
metrical case �EJ1=EJ2� at the point �X=�.

From expression �58�, we calculate the dependence of the
phase shift � of the output signal on the gate charge param-
eter ng for different values of magnetic flux �X /�0 applied
to the qubit loop �see Fig. 1�. For the calculations, we take
the following values for the tank, QT=1000, k2=0.01, and
�T=2��50 MHz and for the charge qubit, Lq=1.5 nH,
EJ1 /h=25 GHz, EJ2 /h=29 GHz, and EC /h=3.5 GHz.

In conclusion to this section, it is worth noting that the

average current in the qubit loop �Îq� is proportional to the
difference of equilibrium populations between the two qubit
states only in the absence of interaction between the qubit

and the tank circuit: �Îq�=−IZ��eq�. The other components of
the currents, IX and IY, which give the main contribution to
the tank response �the last terms in Eq. �43� and �44��, appear
in the average current only due to the interaction of the qubit
with the tank.

III. CHARACTERIZATION OF IRRADIATED QUBIT
BY RABI SPECTROSCOPY

The essence of the Rabi spectroscopy method is the fol-
lowing. Under microwave irradiation, which frequency is
close to the gap frequency, the level structure of the global
system �qubit, radiation field, and their interaction� is a lad-
der of pairs of states where the spacing between two levels in
the pair is equal to the Rabi frequency, the value of which is
controlled by the power of microwaves.24 Normally, Rabi
oscillations are damped out with a rate, which depends on
how strongly the system is coupled to the environment.
However, if a second low-frequency source �in our case, this
source is a low-frequency excitation from the tank� is simul-

FIG. 1. The dependence of the phase shift � on the gate param-
eter ng for different values of magnetic flux �X /�0 applied to the
qubit loop.
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taneously applied to the qubit, it responds with persistent
low-frequency oscillations. The amplitude of these low-
frequency oscillations has a resonance at the Rabi frequency
and its width is dependent on the damping rates of the
system.27,28 Therefore, the interaction of the qubit with the
tank induces the transitions between the Rabi levels which
result in low-frequency oscillations of the current in a qubit
loop which, in turn, result in the measurable response of the
tank.29 In particular, the signature of a high-frequency reso-
nance can be read out from the low-frequency voltage-flux
characteristic of the tank circuit.

Below, we assume that the interaction between the qubit
and microwave field does not influence the dephasing and
the relaxation rates. As was shown in Refs. 30 and 31, this
assumption is valid for relative weak driving, sufficient short
correlation time of the heat bath �c, and in the large tempera-
ture limit: F	��, � /�c, and kBT.32

A. Low-frequency linear susceptibility of an irradiated qubit
coupled to a tank circuit

In this section, we summarize in a concise form the main
results from Ref. 29, which are relevant for specific qubit
applications.

The Hamiltonian for an irradiated qubit which interacts
with a low-frequency tank circuit is as follows:

H =
�E

2

Z + ��0a+a + Hint + Hint

LF, �60�

where the second term in Eq. �60� describes a microwave
field. The third term describes the interaction of the qubit
with this microwave field,

Hint = −
1

2
ÎqF�a+ + a� , �61�

where Îq is the current operator of the qubit as given in Eq.
�22� and F is the amplitude of the microwave field with the
dimension of a magnetic flux. The last term in Eq. �60� de-
scribes the interaction of the qubit with a tank circuit,

Hint
LF = MITÎq = MIT�IZ
Z + IX
X + IY
Y� . �62�

We denote the eigenfunctions of the photon field as 
N�:
a+
N�=	N+1
N+1� and a
N�=	N
N−1�. The eigenfunctions
of the noninteracting qubit and associated photon system we
take in the form of a tensor product 
1,N��
1� � 
N� and

2,N��
2� � 
N�.

If the photon frequency �0 is close to the qubit gap fre-
quency �E /� and the high-frequency detuning � is small,
�=�0−�E /�	�0, �E /�, where for definitiveness we as-
sume ��0, then the energies of the states 
1,N+1� and

2,N� are close to each other: E1,N+1−E2,N=��. The same is
true for the pairs of states 
1,N� and 
2,N−1�, 
1,N+2� and

2,N+1�, and so on. Therefore, the energy levels of the sys-
tem under consideration are a ladder of pairs of states which
are specified by the photon number N. The spacing between
two levels in the pair is equal to ��, and the distance be-
tween neighboring pairs is equal to the photon energy ��0.24

These levels of uncoupled qubit-photon system are modified

due to interaction �61�. This interaction results in an increase
of the energy gap between two levels in the pair. The spacing
between the states 
1,N� and 
2,N−1� becomes equal to
�
R, where 
R is the Rabi frequency,33


R = 	�2 + 
1
2, �63�

where �
1=F	IX
2 + IY

2.
From now on, we will call these two nearby dressed states

Rabi levels.
As was shown in Ref. 29, interaction �62� between the

qubit and the tank results in the transitions between Rabi
levels. It is just these transitions which result in the low-
frequency response of a qubit detected by the tank.

In Ref. 29, we obtained the evolution equations for the
elements of the density matrix which describe the transitions
between these Rabi levels: �, �+, and �−, where � is the
difference of the populations between higher and lower Rabi
levels. �Note that here the definition of � is different from
that given in Sec. II.� These elements of the density matrix
are usually accounted for by a so called rotating wave ap-
proximation �RWA�. The equations for the elements of the
density matrix which describe in RWA the interaction of an
irradiated qubit with the tank are as follows:

d�

dt
= − A1� + B�+ +

2i��0

2��
IZ sin 2��− + �− cos 2� ,

�64�

d�+

dt
= − i
R�− + B� − A2�+ −

2i��0

2��
IZ cos 2��− + �− sin 2� ,

�65�

d�−

dt
= − i
R�+ − ���− −

2i��0

2��
IZ��+ cos 2� − � sin 2�� ,

�66�

A1 = � 1

T1
cos2 2� + �� sin2 2�
 , �67�

A2 = � 1

T1
sin2 2� + �� cos2 2�
 , �68�

B = ��� −
1

T1

sin 2� cos 2� . �69�

The angle � is given by tan 2�=−
1 /�, where 0�2���,
so that cos 2�=−� /
R, cos �= 1

	2
�1− �


R
�1/2, and sin �

= 1
	2

�1+ �

R

�1/2.
The steady state solution for the elements of the density

matrix and the low-frequency linear susceptibility of a qubit
are as follows:29

��0� =
���

2 + 
R
2�

��
2

T1
+ A1
R

2

�− cos 2� , �70�

YA. S. GREENBERG AND E. IL’ICHEV PHYSICAL REVIEW B 77, 094513 �2008�

094513-6



�+
�0� =

��
2

��
2

T1
+ A1
R

2

�− sin 2� , �71�

�−
�0� = − i


R

��

�+
�0�, �72�

����� =
2�0
R

D���2����

IZ�+
�0��sin 2���i� + ����i� +

1

T1
�

+ 
R
2
 +


R
2

��

B cos 2�
 , �73�

��+
��� = −

2�0
R

D���2����

IZ�+
�0� cos 2���i� + ����i� +

1

T1
�

− �i� + A1�

R

2

��

 , �74�

��−
��� = i

2�0
R
2

D���2����
2 IZ�+

�0� cos 2��i� +
1

T1
��i� + 2��� ,

�75�

where

D��� = �i� + ���2�i� +
1

T1
� + �i� + A1�
R

2 . �76�

It is interesting to note that under high-frequency irradia-
tion, the population of the Rabi levels becomes inverted. It is
seen from Eq. �70�, where the quantity ��0�, which is, by
definition, the difference of the populations between higher
and lower Rabi levels, is positive, since for ��0, we have
cos 2�=−� /
R�0, and always �−�0. In addition, as �
tends to zero, ��0�→0 which causes the equalization of the
population of the two levels ��11=�22= 1

2
� when the high-

frequency irradiation is in exact resonance with the energy
gap of the qubit.

B. Calculation of Z1„�… and Z2„�… for irradiated qubit

Since the matrix elements of 
X and 
Y between the Rabi
levels are zero, the average current is

�Îq� = IZ Tr�

Z� = IZ���t�cos 2� + �+�t�sin 2�� . �77�

By using Eqs. �64�–�66�, we obtain

d�Îq�
dt

= −
IZ

T1
���t�cos 2� + �+�t�sin 2� + i
RT1 sin 2��−�t��

+ IZ�−. �78�

This equation can be rewritten as follows:

d�Îq�
dt

= −
1

T1
�Îq� − iIZ
R sin 2��−�t� + IZ�−. �79�

With the aid of the steady state solutions �Eqs. �70�–�72��,
we find the stationary current when the interaction between
the qubit and the tank is absent,

�Îq�st = − IZ��eq� 1 + �2T2
2

1 + �2T2
2 + T1T2
1

2 , �80�

where T2=1 /��.
It is not unexpected that this expression is quite similar to

the one for the longitudinal magnetization in NMR.34 How-
ever, the important difference is that the frequency 
1 de-
pends essentially on the current components of the qubit
�
1=F	IX

2 + IY
2�.

For the Fourier component of Eq. �78�, we obtain

�d�Îq�
dt

�
�

= −
2�M

�0
IT���

IZ

T1
������cos 2� + ��+

���sin 2�

+ i
RT1 sin 2���−
���� . �81�

Therefore, for irradiated qubit, the quantities Z1��� and
Z2��� are as follows:

Z1��� = −
2�

�0

IZ

T1
�������cos 2� + ��+

� ���sin 2�

− 
RT1��−
� ���sin 2�� , �82�

Z2��� = −
2�

�0

IZ

T1
�������cos 2� + ��+

� ���sin 2�

+ 
RT1��−
� ���sin 2�� . �83�

In this case, the tank detuning � and the friction �T can
readily be obtained from Eqs. �4� and �5� by using expres-
sions �83� and �82� for Z2��� and Z1���, respectively.

� = �T
2 − �2 + ��eq�2k2LqIZ

2�T
2

��
RT1

���
1

��
2 + �2 + T1��
1

2�− f�����

+

1


R
f�+
� ��� −


RT1
1

��

f�−
� ���
 , �84�

�T = �T − ��eq�2k2LqIZ
2�T

2

�2�
RT1

���
1

��
2 + �2 + T1��
1

2�− f�����

+

1


R
f�+
� ��� +


RT1
1

��

f�−
� ���
 , �85�

where

f���� =
1

D����sin 2���i� + ����i� +
1

T1
� + 
R

2

+


R
2

��

B cos 2�� , �86�

f�+
��� =

1

D�����i� + ����i� +
1

T1
� − �i� + A1�


R
2

��

 ,

�87�

f�−
��� =

i

D���
�i� +

1

T1
��i� + 2��� . �88�
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Expressions �84� and �85� can equally be used for the flux
and the charge qubit with due account for the different cur-
rent components �Eq. �47� for the flux qubit and Eqs.
�52�–�54� for the charge qubit�, and the different structure of
the energy gap �Eq. �45� for the flux qubit and Eq. �51� for
the charge qubit�.

C. Damping and amplification by a
superconducting flux qubit

A remarkable property of the irradiated flux qubit coupled
to a low-frequency LC circuit is that the effective quality
factor of the tank can be made several times higher �lower�
than that for an unloaded tank. A clear phenomenological
explanation of this effect, which has been found experimen-
tally, has been given in Ref. 25, where the effect has also
been explained by a rigorous quantum treatment of the prob-
lem followed by a numerical solution of the corresponding
equations for the global density matrix of the qubit-tank sys-
tem.

Here, we show analytically that in the frame of our ap-
proach, the effect results from the frequency dependent qual-
ity factor of the tank coupled to an irradiated qubit. The
analytical expression we obtain for the quality factor is valid
for small high-frequency detuning, �	�0, �E /�, which al-
lows us to account only for the transitions between the Rabi
levels. As is seen from Eq. �85�, the amplification occurs if
the high-frequency detuning � is positive. It means that on
the energy diagram of the qubit, the working point of the
driving current from the tank is located to the left from the
point of the high-frequency resonance �see Fig. 1 in Ref. 25�.
Positive values of � correspond to the inverted population of
the Rabi levels �see Eq. �70��. It is just the emission of these
Rabi photons which pumps the energy into the tank. For
negative values of �, the working point of the driving current
from the tank is located to the right from the point of the
high-frequency resonance. For this case, the lower Rabi level
is more populated than the higher level, and the tank trans-
fers the energy to the Rabi levels.

From Eq. �85�, the quality factor of the tank coupled to
the qubit can be written as 1

Q = 1
QT

+ 1
Qqb

, where

1

Qqb
= − ��eq�2k2LqIq

2�2�T

��
2�2�
RT1

���
1

��
2 + �2 + T1��
1

2�− f�����

+

1


R
f�+
� ��� +


RT1
1

��

f�−
� ���
 . �89�

As is seen from Eq. �89�, Q=QT at the point fX=0 ��
=2�0IqfX�. The reason for this is the vanishing of the current
component IZ at this point �see Eq. �47��.

We calculate from expression �85� the frequency depen-
dence of the tank quality factor Q and the voltage-frequency
curve for the tank coupled to the irradiated qubit. We take the
following parameters of the tank, QT=300, k2=0.001, and
�T=2��50 MHz, and of the qubit, Lq=25 pH, Iq=300 nA,
��=4�107 c−1, T1=1.25�10−8 c, and � /h=3.78 GHz. For
the microwave frequency we take �0=2��3.81 GHz, and
the microwave power in the frequency units is F /h=2�
�45 MHz.

The dependence of the tank quality factor on the low fre-
quency is shown in Fig. 2.

The dependence of the normalized tank voltage on the
low frequency �bias frequency of the tank� calculated for the
same data as those for Fig. 2 is shown in Fig. 3. For the same
data, we also show in Fig. 4 the dependence of the voltage
and the tank quality on the bias dc flux fX. The curves are
plotted for a tank resonance �=�T. The blue �short� arrows
at this figure show two points where the microwave fre-
quency matches exactly the gap frequency �0=�� /�. Be-

FIG. 2. �Color online� The dependence of the quality factor of
the tank coupled to an irradiated qubit. The quality of unloaded tank
QT=300. The upper curve �fX=0.0027, ��0� shows the effect of
the amplification. The lower curve �fX=0.004, ��0� demonstrates
the effect of the damping.

FIG. 3. �Color online� The dependence of the normalized tank
voltage on the low frequency. The quality factor of the unloaded
tank QT=300. The upper curve �fX=0.0027, ��0� shows the effect
of the amplification. The lower curve �fX=0.004, ��0� is the effect
of the damping. The curve, which is in between, is the voltage curve
for the unloaded tank.
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tween these points, the high-frequency detuning � is positive,
and the Rabi photons pump the energy into the tank. Beyond
them, the high-frequency detuning � is negative, and the en-
ergy is drained off the tank.

The analysis of Eqs. �84� and �85� shows that the detuning
of the tank due to the interaction with the qubit is rather
small; therefore, the resonance frequency of the coupled tank
is practically equal to the unloaded value �T. However, the
quality factor of the coupled tank has a strong dependence on
the frequency. Generally, the position of the peak value of
the quality factor does not coincide with the resonance fre-
quency of the tank �see Fig. 2�. Therefore, the tank voltage
curve can be appreciably differed from the Lorentzian line.

IV. CONTINUOUS READOUT OF A SUPERCONDUCTING
QUBIT USING A dc SUPERCONDUCTING QUANTUM

INTERFERENCE DEVICE IN THE INDUCTIVE MODE

This method has been realized in Refs. 15 and 38. In these
works, a dc SQUID operating in the inductive mode �the bias
current through the SQUID is less than its critical current�
was inductively coupled to a flux qubit. To enhance the mea-
surement sensitivity, dc SQUID was incorporated in a reso-
nant LC circuit �see Fig. 5�. The spectroscopic measurements
in Refs. 15 and 38 have been performed by measuring the
switching currents of the dc SQUID after the microwave
pulse had been applied to the qubit.

Here, we propose the modification of the method which
does not require a measurement of the switching currents.
Our method is based on the detection of the response of the
resonant LC circuit in which a dc SQUID is incorporated. It

is assumed that in the process of the measurement the qubit
is irradiated by microwaves continuously. We show that the
dc SQUID in the inductive mode directly measures the IZ
component of the current in a qubit loop. Our approach can
be applied both for flux and charge qubits.

First, we write the well known expression for the current
across the dc SQUID,

IL = IC cos�fsq�sin � , �90�

where IL is the current in the inductor LT, which is connected
in series with the SQUID loop, IC is the critical current of the
SQUID, and � is the Josephson phase, which is related to the
voltage across a SQUID by the Josephson expression Vsq

=
�0

2�
d�
dt . The quantity fsq is the normalized total flux in the

SQUID loop �sq, which is the sum of the external control

flux �X and the flux M�Îq� from the qubit,

fsq �
��sq

�0
=

��X

�0
+

�M�Îq�
�0

. �91�

In this expression, we neglected the flux MIcirc, which is
generated in the SQUID loop by a circulating current Icirc.
Below, we assume IL	 IC, which implies �	1. From Eq.
�90�, we get �= IL / IC cos fsq, and for the voltage across the
tank, we have

V = �LT + LJ�
dIL

dt
, �92�

where

LJ =
�0

2�IC cos fsq
�93�

is the Josephson inductance of the dc SQUID. The equation
for the voltage across the tank is similar to Eq. �1�,

FIG. 4. �Color online� The dependence of the normalized tank
voltage �black curve� and the tank quality factor �red dashed-dot
curve� on the bias flux fX, plotted for �=�T. The quality factor of
the unloaded tank �QT=300� is shown by the green straight line.
The black �long� arrows show the points which correspond to the
voltage at the tank resonance in Fig. 3. The blue �short� arrows
show the points where the microwave frequency matches exactly
the gap frequency �0=�� /�.

FIG. 5. Flux qubit coupled to the inductive dc SQUID, which is
incorporated in a resonant tank circuit.
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V̈ + �TV̇ +
�T

2

1 +
LJ

LT

V = �T
2LTİb. �94�

We assume that the coupling of the qubit to the tank is weak:
�M�Îq�

�0
	1. For this case, Eq. �94� can be written in the fol-

lowing form:

V̈ + �TV̇ + �T
2 cos fX

cos fX +
LJ

�0�

LT

V

− �T
2 k

2
�Lq

LT
�1/2 sin fX

�cos fX +
LJ

�0�

LT
�2

�Îq�
IC

V = �T
2LTİb,

�95�

where fX=
��X

�0
and LJ

�0�=
�0

2�IC
.

As it is seen from this expression, the tank response is
proportional to the averaged qubit current, but not to its time

derivative. Therefore, we may take for the quantity �Îq� in

Eq. �95� its stationary time independent part �Îq�st. By doing
this, we may neglect the off-diagonal components of the den-
sity matrix �+, and �− since their stationary parts are propor-
tional to the coupling constant k, and their contribution to the
tank response scales as k2.

Therefore, the influence of the qubit results in the tank
detuning,

� = �T
2 − �2 − �T

2 k
	2

�Lq

LT
�1/2 �Îq�st

IC
, �96�

where we take fX=� /4 and assume LJ
�0�	LT. The detuning

can be detected from the phase of the output signal at reso-
nance,

tan � = −
kQT

	2
�Lq

LT
�1/2 �Îq�st

IC
. �97�

Expressions �96� and �97� can equally be applied both for
ground state and spectroscopic measurements. For the

ground state measurements �the microwaves are absent�, we

have from Eq. �37� �Îq�st=−IZ��eq�. For spectroscopic mea-

surements of an irradiated qubit, �Îq�st is given in Eq. �80�.
In fact, dc SQUID measures not an absolute value of the

flux threading its loop, but the change of the flux. Therefore,
we may subtract the ground state measurements from those
for an irradiated qubit to obtain a pure Lorentzian line,

�tan ��gr − �tan ��irr =
kQT

	2
�Lq

LT
�1/2 IZ

IC
��eq� T1T2
1

2

1 + �2T2
2 + T1T2
1

2 ,

�98�

which allows for the direct measurement from its width of
the dephasing time T2.39

This technique is similar to that used in low field NMR,
where a longitudinal magnetization can be directly measured
with the aid of SQUID �see Ref. 40 and references therein�.

In conclusion, we developed here a quantum theory for
the calculation of the low-frequency linear susceptibility of
the interferometer-type superconducting qubits. The obtained
general results are applied for the calculation of the tank
detuning and friction both for flux and charge qubit. For
irradiated flux qubit, we obtained explicit expression for the
tank quality factor which allows us to calculate the recently
found effect of the amplification and the damping of the
tank. We have also shown the application of the theory to the
continuous radio-frequency monitoring of the qubit with the
aid of dc SQUID in the inductive mode. Our theory shows
that radio-frequency method can also be applied for the in-
vestigation of other types of quantum two level structures
provided the interaction between the tank and quantum sys-
tem is weak.
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