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We have performed ab initio calculations of the spin relaxation time of conduction electrons in Cu contain-
ing different types of substitutional non-magnetic impurities. The results obtained with the treatment of the
spin-flip transition matrix in the Born approximation are in good agreement with conduction electron spin
resonance experiments. The distribution of the spin relaxation time over the Fermi surface is strongly related
to the electronic properties of the impurity atom. The important role of charge relaxation around the impurity
is discussed.
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Spintronics is a rapidly emerging field that exploits the
spin degree of freedom of the electrons to store, transfer, and
process information.1–4 In this respect, it is highly desirable
to know how long the electron spin can be conserved without
significant changes. To answer this question, one may use
either the spin relaxation time measuring the temporal dis-
tance of two scattering events or the spin diffusion length
characterizing the spatial separation of two spin-flip events.
Recent spintronics experiments5–7 are able to estimate the
spin diffusion length because this quantity is closely related
to the spatial distribution of observables. However, the criti-
cal point for a theoretical prediction of the spin diffusion
length is the calculation of the spin relaxation time.8,9 More-
over, the latter can also be determined experimentally. For
instance, in the first observation of the spin Hall effect,10 the
spin relaxation time was estimated by the decay of the Kerr
signal in an external magnetic field. As discussed in Ref. 11,
the characteristic behavior of the spin relaxation time ob-
served experimentally points to the dominant role of the
Elliott–Yafet12,13 spin-flip scattering mechanism in metals. In
this Brief Report, we examine this spin relaxation mecha-
nism caused by the spin-orbit interaction at the impurity site,
and we restrict our considerations to bulk Cu at zero tem-
perature. The considered processes are particularly important
for the understanding of the extrinsic spin Hall effect.14–16

Originally, the spin or magnetization relaxation time was
introduced by Bloch17 to describe the relaxation of magneti-
zation in nuclear magnetic resonance experiments. Dyson18

gave a definition of the spin relaxation time in the case of
conduction electrons. Since the discovery of conduction
electron spin resonance �CESR�,19 such experiments were
widely used to determine the spin relaxation time in metals.
The full width at half amplitude of the absorption resonance
with respect to the magnetic field �H shows a linear increase
with impurity concentration.20 The spin relaxation time T1,
characterizing the finite lifetime of the spin state, is directly
related to the linewidth of the CESR signal by �H=2 /�T1.20

Here, � is the gyromagnetic factor.
Our present work is based on the determination of the

spin-flip scattering time by means of the probability of a
transition between electronic states with opposite spin
orientations.21,22 The spin-flip scattering cross section related

to this time will be compared to the results of a simple model
based on the scattering phase shift approach.23,24 A very good
agreement with experimental CESR data is obtained. The
shortcomings of a non-self-consistent treatment of the impu-
rity problem are discussed.

The electronic structure of bulk Cu was self-consistently
calculated in the framework of the nonrelativistic screened
Korringa–Kohn–Rostoker multiple scattering Green’s func-
tion method.25–27 Spherical potentials in the atomic sphere
approximation �ASA� were used. Exchange and correlation
effects were included within the local-density approximation
in the parametrization of Vosko et al.28 The impurity problem
was self-consistently solved in real space on a cluster of 55
atoms, including four nearest neighbor shells around the sub-
stitutional impurity to account for charge relaxation.

In the case of a non-magnetic system, the spin relaxation
time T1 is connected with the spin-flip scattering time �sf

=�↑↓=�↓↑ by using the relation T1= �1 /�↑↓+1 /�↓↑�−1=�sf /2.9

The k-dependent spin-flip scattering time �k
sf �where k is a

shorthand notation for the Bloch wave vector k and band
index n�

1

�k
sf =

1

�k
↑↓ = �

k�

Pkk�
↑↓ �1�

can be calculated by applying Fermi’s golden rule

Pkk�
↑↓ = 2�c0N�Tkk�

↑↓ �2��Ek − Ek�� . �2�

Here, c0 is the concentration of impurities and c0N is the
number of impurity atoms in the system. The linear depen-
dence on the concentration holds for the case of dilute alloys
and is based on the assumption that the impurity atoms are
noninteracting. The elastic scattering probability Pkk�

↑↓ of the
transition of an electron from the “spin-up” state ��k

↑� into
the “spin-down” state ��k�

↓ � is determined by the spin-flip
transition matrix for one defect,

Tkk�
↑↓ = �

�ASA
imp

dr �k
↑†�r�� 2

c2r

dV�r�
dr

L̂ · Ŝ��k�
↓ �r� . �3�
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The integration is performed over the impurity ASA
sphere. In this Brief Report, Rydberg units are used with the
speed of light c=274.074. The nonrelativistic spinors �k

↑�r�
and �k�

↓ �r� are the perturbed Bloch waves of the dilute alloy
related to the corresponding Bloch functions of the ideal host
by a Lippmann–Schwinger equation.29 For a non-magnetic
system, they are

�k
↑�r� = �k�r� 	 	1

0

 and �k�

↓ �r� = �k��r� 	 	0

1

 .

Thus, Eq. �3� is a Born approximation for the spin-flip tran-
sition matrix where the nonvanishing contributions are given

by the L̂−Ŝ+ component only by applying the expansion of

L̂ · Ŝ= �L̂+Ŝ−+ L̂−Ŝ+� /2+ L̂zŜz.
With the usual angular momentum expansion of the wave

function in the case of spherical atomic potentials,

�k�r� = �
lm

Clm�k�Rl�r�Ylm�r̂� , �4�

we can write

1

�k
sf =

2�c0

�BZ
�
lm

�
l�m�


l
l�Clm
� �k�Cl�m��k�

	 �l�l + 1� − m�m + 1��l��l� + 1� − m��m� + 1�

	 �
Ek�=EF

dSk�

�vk��
Cl,m+1�k��Cl�,m�+1

� �k�� . �5�

Here, �BZ is the volume of the Brillouin zone and vk denotes
the group velocity vector of state k at the Fermi level EF. The
functions Ylm�r̂� are the complex spherical harmonics, and
the coefficients 
l are given by the following expression:


l = �
0

RASA
imp

dr�Rl�r��2
r

c2

dV�r�
dr

, �6�

where the radial functions Rl�r� are normalized to unity:

drr2�Rl�r��2=1. Thus, 
l corresponds to half of the spin-orbit
constants introduced in Ref. 13. To compare with the experi-
ment, we use the spin-flip scattering time averaged over the
Fermi surface by using the following procedure:21,22 1 /�sf

= �1 /�k
sf�k. This average can be related to the spin-flip scatter-

ing cross section20

�sf = �ws/vF�sfc0, �7�

where vF is the Fermi surface average of the Fermi velocity
and �ws denotes the volume of the bulk Wigner–Seitz cell,
which gives the inverse density of atoms in the host.

The spin-flip scattering cross section �sf can also be ex-
pressed in terms of differences of the phase shifts � j for the
levels j= l�1 /2,23,24

�sf =
2

3

4�

EF
�
l
0

l�l + 1�
2l + 1

sin2��l+1/2�EF� − �l−1/2�EF�� . �8�

Let us now assume a weak scattering and replace the sine
in Eq. �8� by the difference of the phase shifts. To first order
in the spin-orbit interaction, it can be written as23

�l+1/2�EF�−�l−1/2�EF���nl�EF�
l /2, where nl�EF� is the an-
gular momentum resolved impurity local density of states at
the Fermi level. As a result, we obtain

�sf = �
l
0

�sf�l� =
2

3

�3

EF
�
l
0

l�l + 1�
2l + 1


l
2nl

2�EF� . �9�

Similar approximations were made in Ref. 24, and it was
demonstrated that a good agreement with experiment can be
reached for a Mg host.30 Equation �9� provides a possibility
for a simplified analysis of the results discussed below.

Table I summarizes the spin relaxation time T1 for bulk
Cu with different types of impurities calculated by our ab
initio method. Our calculation is compared with CESR ex-
periments of Monod and Schultz20 and with the calculation
of Holzwarth and Lee.22 A good agreement between our re-
sults and the experimental data is found. The values obtained
in Ref. 22 show a significant deviation from the experimental
data, except in the case of Ga and Ge impurities. Holzwarth
and Lee22 neglected spin-orbit interactions in the Cu host and
performed a relativistic treatment of impurity scattering
based on the solution of the Dirac equation for the muffin-tin
model. Nevertheless, approximate muffin-tin potentials were
constructed for substitutional impurities in Cu by superposi-
tion of atomic potentials. Thus, the lack of a self-consistent
solution for the impurity problem, including charge relax-
ation around the impurity, seems to be the main reason for
this discrepancy. In addition, we present our results for the
momentum relaxation time � �Table I� to make a comparison
with T1. In the case of Au impurities, both relaxation times
are already of the same order of magnitude. The reason is
that the momentum scattering is quite weak since Au and Cu
are isovalent. At the same time, the spin-flip scattering is
much stronger for Au with respect to other impurities be-
cause of the large atomic number of Au.

Monod and Schultz20 made estimations based on the vir-
tual bound state �VBS� model, including the spin-orbit inter-
action. The obtained values for the spin-flip scattering cross
section are reasonable but do not quantitatively reproduce

TABLE I. Spin relaxation time T1 and momentum relaxation
time � in bulk Cu with an impurity concentration of 1 at. %. The
experimental results for T1 were derived from the data for �H of
Tables III and IV of Ref. 20. For the calculation of �, the scheme
described in Ref. 29 was applied. All values are given in
picoseconds.

Impurity
Other calculationa

T1

CESRb

T1

Our results

T1 �

Ni 4.0 2.2�0.2 1.9 0.057

Zn 125 64�9 58 0.078

Ga 33 30�4 26 0.017

Ge 14 14�2 12 0.0072

As 8.6�0.7 6.7 0.0043

Au 2.0�0.4 0.62�0.21 0.67 0.48

aReference 22.
bReference 20.
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the experimental situation.20 We performed calculations of
�sf by using Eq. �7�, with the values of �sf=2T1 taken from
Table I, and by using Eq. �9� for comparison. Figure 1
shows �sf for bulk Cu with different types of impurities ob-
tained by our calculations. For comparison, the values de-
rived from the experimental data20 and the estimations based
on the VBS model20 are shown. We emphasize that the
spin-flip scattering cross section used in Ref. 20 is
actually twice the �sf. To follow the calculation of Ref. 20,
we use for Eq. �7� the same value of the averaged Fermi
velocity vF=1.57	108 cm /s taken from Ref. 31, while
vF=1.1	108 cm /s was obtained in our calculation. The
corresponding scaling procedure was also applied to Eq. �9�
to ensure a correct comparison of �sf values.

It is obvious from Fig. 1 that Eq. �9� provides a good
agreement with the results obtained by applying Eq. �7� as
well as with the experimental data. Moreover, as shown in
Table II, the experiment can be well reproduced by restrict-
ing the sum of Eq. �9� to the l=2 �d electrons� term only for
Ni impurities and to the l=1 �p electrons� term only for the
sp impurities considered. For Au impurities, the l=1 and the
l=2 terms are of comparable orders due to the large atomic
number. Thus, the assumption made in Ref. 20, taking into
account merely one type of scattered electron �p or d�, is
quite reasonable. The main reason for the deviation of the
VBS model from experiment is the lack of charge relaxation
around the impurity. The atomic parameters for the spin-orbit
constant and the phase shifts for an impurity atom differ
remarkably from those for an isolated atom. In particular, the
spin-orbit constant for p electrons at Zn impurities used in

Ref. 20 was assumed to be 48 meV, whereas our self-
consistent calculation gives 180 meV.

The distributions of the momentum relaxation time � and
the spin relaxation time T1 on the Fermi surface of Cu are
represented in Fig. 2 for Ni, Zn, and Ga impurities. The color
scale indicates the increase in relaxation times going from
magenta to red. With respect to the Fermi surface of Cu, it is
known that the lack of s electrons is largest at the necks, the
lack of p electrons is between the necks, and the lack of d
electrons is mostly located around the van Hove singularities
in the �100� direction.29 First, let us consider the distribution
of �. The electronic configuration of the impurity atom de-
termines the scattering properties. For example, a Ni impu-
rity is a typical d scatterer.29 It is important to keep in mind

TABLE II. The l-decomposed spin-flip scattering cross section
�sf�l� for impurities in Cu according to Eq. �9�. All values are given
in cm2.

Impurity �sf�l=1� �sf�l=2� �sf�l=3�

Ni 3.2	10−20 2.2	10−18 3.1	10−29

Zn 8.1	10−20 4.6	10−21 4.4	10−29

Ga 2.0	10−19 8.1	10−22 7.0	10−29

Ge 5.0	10−19 3.8	10−22 1.1	10−28

As 9.8	10−19 2.8	10−22 1.5	10−28

Au 5.3	10−18 2.2	10−18 2.8	10−25

Ni Zn Ga Ge As Au
10

-21

10
-20

10
-19

10
-18

10
-17

10
-16

sf
(c

m
2 )

Eq. (7)
Eq. (9)
CESR [20]
VBS [20]

FIG. 1. �Color online� Spin-flip scattering cross section for im-
purities in bulk Cu �the ordinate is a logarithmic scale�. The lines
are to guide the eyes.

FIG. 2. �Color online� Anisotropic � �left� and T1 �right� on the
Fermi surface of Cu for �a� Ni, �b� Zn, and �c� Ga impurities with a
defect concentration of 1 at. %. All values on the logarithmic scale
are given in femtoseconds.
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that the maximal values correspond to the red areas and in-
dicate weak scattering, while the magenta areas indicate
strong scattering. In the case of Ni impurity, the weakest
scattering occurs exactly where a d character is missing. Zn
and Ga impurities are typical sp scatterers.29 However, the
scattering of s electrons dominates for Zn, and the scattering
of p electrons is dominant for Ga. In the case of the spin-flip
scattering, according to Eq. �5�, s-like electrons do not give
any contributions since the spin-orbit interaction vanishes. It
is obvious from the top row of Fig. 2 that the momentum and
the spin relaxation time show practically the same distribu-
tion of scattering strength for Ni impurities. For Zn impuri-
ties, the difference is much more pronounced because s elec-
trons dominating the momentum relaxation time do not
contribute to the spin relaxation. Spin-flip scattering is weak
where a p character is missing, while scattering is strong for
the states with a dominant p character. The distributions of
the two relaxation times for Ga are quite similar to each
other. The picture is determined by p electrons. The corre-
sponding pictures for Ge, As, and Au impurities are qualita-
tively the same as those for Ga impurities. Actually, as can
be seen in Table II, Au impurities cause significant spin-flip

scattering contributions in both p and d channels. In general,
p electrons dominate for the considered sp scatterers.

In summary, we have performed ab initio calculations of
the spin relaxation time and the corresponding scattering
cross section of the conduction electrons in bulk Cu contain-
ing different types of impurities within the Born approxima-
tion for the spin-flip transition matrix. The obtained results
are in good agreement with CESR experiments.20 Generally,
the spin relaxation time is smaller by several orders of mag-
nitude in comparison to the momentum relaxation time, ex-
cept for heavy impurities such as Au where spin and momen-
tum relaxation times are of the same order of magnitude. As
in the case of the momentum relaxation time, there is a
strong relation between the distribution of the spin relaxation
time over the Fermi surface and the electronic properties of
the impurity atom. The spin-flip scattering is dominated by d
electrons for Ni impurities, by p electrons for Zn, Ga, Ge,
and As impurities, and by electrons of both characters for Au
impurities. It is shown that the self-consistent solution of the
impurity problem, including charge relaxation, is essential in
properly describing the spin relaxation time.
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