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The Peierls Hamiltonian band matrix is developed to investigate magnetoelectronic properties of bilayer
Bernal graphene. A uniform perpendicular magnetic field creates many dispersionless Landau levels �LLs� at
low and high energies and some oscillatory LLs at moderate energy. State degeneracy of the low LLs is two
times as much as that of the high LLs. Wave functions and state energies are dominated by the interlayer
atomic interactions and field strength �B0�. The former induce two groups of LLs, more low LLs, the asym-
metric energy spectrum about the Fermi level, and the change of level spacing. Two sets of effective quantum
numbers, n1

ef f’s and n2
ef f’s, are required to characterize all the wave functions. They are determined by the

strongest oscillation modes of the dominant carrier densities; furthermore, they rely on the specific interlayer
atomic hoppings. The dependence of the quite low Landau-level energies on B0 and n1

ef f is approximately
linear. An energy gap is produced by the magnetic field and interlayer atomic hoppings. Eg grows with
increasing field strength, while it is reduced by the Zeeman effect. The main features of magnetoelectronic
structures are directly reflected in the density of states. The predicted electronic properties could be verified by
the experimental measurements on absorption spectra and transport properties.
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I. INTRODUCTION

Bulk graphite is one of the most extensively studied ma-
terials in both experimental1–5 and theoretical6–11 aspects. In
general, the hexagonal graphite layers are periodically
stacked in the AB sequence �the Bernal form, Fig. 1�a��.1
Bulk graphite is an exotic semimetal, mainly owing to the
hexagonal symmetry and the weak interlayer van der Waals
interactions. Recently, the stable few-layer graphenes �mono-
layer, bilayer, and trilayer� have been produced by mechani-
cal friction12,13 and by thermal decomposition.14,15 Such
systems are very suitable for studying two-dimensional
physical phenomena. They have aroused a lot of researches,
e.g., band structures,16–31 transport properties,32–39 optical
spectra,40–45 and Coulomb excitations.46–54 Monolayer and
bilayer graphenes are, respectively, identified to display
room-temperature33 and unconventional quantum Hall
effects.34 This work is focused on the magnetoelectronic
properties of a bilayer Bernal graphene in a uniform
perpendicular magnetic field �B=B0ẑ�. The main character-
istics of the Landau levels �LLs� are investigated in de-
tail. Comparison with previous theoretical studies is also
made.

The geometric symmetry configurations have a huge in-
fluence on the electronic properties of few-layer graphenes.
The honeycomb structure causes a monolayer graphene to
exhibit two linear bands intersecting at the Fermi level EF
=0 �Fig. 1�b��. A monolayer graphene is a zero-gap semicon-
ductor, and its low-energy bands could be described by the
fermion Dirac equation.16 The AB stacking sequence in bi-
layer graphene induces the interlayer atomic interactions
and, thus, drastically modifies the low-energy bands. There
exist two pairs of parabolic conduction and valence bands
�Fig. 1�c��. Furthermore, the lowest conduction band and the
highest valence band have a weak overlap near the corners of
the first Brillouin zone �Fig. 1�e��. An AB-stacked bilayer

graphene is a semimetal with a low free carrier density. A
perpendicular electric field could be applied for the modula-
tion of the electronic properties, such as the �anti�crossing
subbands, increasing band-edge states, changing subband
spacing, and producing energy gap.18 That energy gap varies
from zero to a finite value corresponds to the semimetal-
semiconductor transition.

Magnetoelectronic structures of monolayer and bilayer
graphenes at quite low energy ��0.1 eV� have been theo-
retically studied by the effective-mass approximation7,25,26

and the tight-binding model.27,28 A uniform perpendicular
magnetic field makes electronic states flock together and in-
duce many LLs. For a single-layer graphene, the Landau-
level energies near EF=0 can be described by a simple
square-root form En���n�B0 �n the integer quantum number
and B0 the field strength�.7,16 The dependence on B0 has been
confirmed by the magneto-optical experiments of cyclotron
resonance.42 The interlayer atomic interactions in a bilayer
Bernal graphene lead to more complicated LLs. When some
interlayer atomic interactions are neglected, energies of the
very low LLs are predicted to be approximately proportional
to �n�n−1�B0 �n�2�.25,26 Their wave functions are roughly
given within the effective-mass approximation. Another the-
oretical study utilized the Peierls tight-binding model and the
interlayer hopping integrals of multiwalled carbon nanotubes
to evaluate the Hofstadter-like butterfly spectra.27 However,
the minimal magnetic field �B0�300 T� in the calculations is
too large compared with the maximum experimental value
��50 T�. A different strategy will be developed with more
efficiency to diagonalize a very large Hamiltonian matrix at
B0=1–10 T. Effects of the interlayer atomic interactions on
state energies and wave functions can be thoroughly investi-
gated. Moreover, the LLs at moderate and high energies are
also discussed.

We use the Peierls tight-binding model to research the
LLs in a bilayer Bernal graphene. The bandlike Hamiltonian
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matrix, which owns the nonvanishing elements that only lo-
cate near the diagonal line, can be obtained by choosing the
proper base functions. It is quite efficient in calculating state
energy, wave function, energy gap, and density of states
�DOS�. For example, a 64 000�64 000 Hamiltonian band
matrix at B0=10 T can be quickly diagonalized to get the
LLs. The electronic properties are primarily determined by
the interlayer atomic interactions and the field strength. This
work shows that they produce two groups of LLs, cause
more low LLs, alter the Landau-level spacing, induce the
asymmetric LLs about EF=0, and open an energy gap. As for
all the LLs, their quantum numbers, relationship with the
specific interlayer interactions, and dependence on energy
are analyzed in detail. The Zeeman splitting only reduces the
field-strength-dependent energy gap for a bilayer Bernal
graphene, while it creates an energy gap for a monolayer
graphene.

This paper is organized as follows. In Sec. II, the Peierls
tight-binding model is used to calculate the �-electronic
structure. The Hamiltonian band matrix is derived for a bi-
layer Bernal graphene in a uniform perpendicular magnetic
field. Magnetoelectronic properties, state energy, wave func-

tion, energy gap, and density of states are discussed in Sec.
III. The present results are compared with previous studies.
Concluding remarks are given in Sec. IV.

II. PEIERLS TIGHT-BINDING MODEL

The geometric structure of an AB-stacked bilayer
graphene is shown in Fig. 1�a�. The interlayer distance is
d=3.35 Å and the C-C bond length is b�=1.42 Å. One
layer could be obtained by shifting another layer along the
armchair direction �the x axis� with b�. A atoms on the two
layers have the same �x ,y� coordinates, while B atoms are
projected at the hexagonal centers of the adjacent layer.
There are four kinds of atom-atom interactions in the
calculations.9 �0=2.598 eV, �1=0.364 eV, �3=0.319 eV,
and �4=0.177 eV are the atomic hopping integrals, respec-
tively, from two nearest-neighbor atoms on the same layer,
between A1 and A2 atoms, between B1 and B2 atoms, and
between A1 and B2 atoms �A2 and B1 atoms�. The super-
scripts 1 and 2 represent the first and second layers. Since the
nearest-neighbor atoms have different chemical environ-
ments, the difference in the site energy is characterized by
�6=−0.026 eV. The interlayer atomic interactions �3 and �4
are neglected in Refs. 25 and 26, and site energy �6 is absent
in Refs. 25–27.

The Hamiltonian without an external field is H
= �p2 /2m�+V�r�. There are four carbon atoms in a primitive
unit cell. The tight-binding Bloch function could be ex-
pressed as

��k� = f1�Ak
1� + f2�Bk

1� + f3�Ak
2� + f4�Bk

2� , �1�

where �Ak
1� ��Bk

1�, �Ak
2�; �Bk

2�� is the linear superposition of the
2pz orbitals from the periodic A1 �B1, A2; B2� atoms. The
Hamiltonian built from the four tight-binding functions is a
4�4 Hermitian matrix. The independent nonvanishing ma-
trix elements are

	Bk
1�H�Ak

1� = 	Ak
2�H�Bk

2� 
 �0�
nn

1

N
exp�ik · �RA1 − RB1��

� �0t , �2�

	Ak
2�H�Ak

1� 
 �1, �3�

	Bk
2�H�Bk

1� 
 �3t , �4�

	Bk
1�H�Ak

2� = 	Ak
1�H�Bk

2� 
 �4t , �5�

	Ak
1�H�Ak

1� = 	Ak
2�H�Ak

2� 
 �6. �6�

The summation in Eq. �2� only takes into account the
nearest-neighbor atoms at RA1 and RB1. t=2 cos
���3b�ky /2�exp�−ib�kx /2�+exp�ib�kx� is the summation
of the phase terms due to three nearest-neighbor interac-
tions.

FIG. 1. �a� The geometric structure of a bilayer Bernal graphene.
The primitive unit cell in a perpendicular uniform magnetic field
�B0� corresponds to the enclosed rectangles. �i’s are the atom-atom
interactions. The low-energy bands of the �b� monolayer and �c�
bilayer graphenes at B0=0. �d� The full �-electronic structure of a
bilayer system. �e� The first Brillouin zone with the special symme-
try points.
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The bilayer Bernal graphene is present in a uniform
perpendicular magnetic field B=B0ẑ. The Hamiltonian be-
comes HB= ��p−eA /c�2 /2m�+V�r�, and B will induce the
Peierls phase characterized by the vector potential A=B0xŷ
�Eq. �7��. The magnetic flux through a hexagon in the unit of
a flux quantum �	0=hc /e� is 	=3�3B0b�2 /2	0. Its inverse
is assumed to be a positive integer, i.e., 1 /	=RB. The
magnetic field makes the Peierls phases exhibit the per-
iodical oscillations along the x axis. Such phases have a
period 2 /	=2RB; therefore, the enlarged primitive unit cell
is a rectangle with 8RB carbon atoms �Fig. 1�a��. To obtain
the Hamiltonian band matrix, the base functions are arranged
in the specific sequence �A1k

1 � , �A1k
2 � , �B2RBk

2 � , �B2RBk
1 � ,

��B1k
1 � , �B1k

2 � , �A2RBk
2 � , �A2RBk

1 � , . . . , �ARB−1k
1 � , �ARb−1k

2 � , �BRBk
2 � ,

��BRBk
1 � , �BRB−1k

1 � , �BRB−1k
2 � , �ARBk

2 � ; �ARBk
1 ��. The dominant

Hamiltonian matrix elements include

	Bj�k
1 �HB�Ai�k

1 � 
 �0�
nn

1

N
exp�ik · �RA

i�
1 − RB

j�
1 ��

�exp�i� 2�

	0
�

RA
i�
1

RB
j�
1

A · dr��
� �0t1,i�
i�,j� + �0q
i�,j�+1, �7�

	Bj�k
1 �HB�Ai�k

2 � 
 �4t1,i�
i�,j� + �4q
i�,j�+1, �8�

	Aj�k
2 �HB�Ai�k

1 � 
 �1
i�,j�, �9�

	Bj�k
2 �HB�Bi�k

1 � 
 �3t2,i�
i�,j� + �3q
i�,j�+1, �10�

	Aj�k
2 �HB�Bi�k

2 � 
 �0t3,i�
i�,j�−1 + �0q
i�,j�, �11�

	Aj�k
1 �HB�Bi�k

2 � 
 �4t3,i�
i�,j�−1 + �4q
i�,j�, �12�

	Aj�k
1 �HB�Ai�k

1 � = 	Aj�k
2 �HB�Ai�k

2 � = �6
i�,j�, �13�

	Bj�k
1 �HB�Bi�k

1 � = 	Bj�k
2 �HB�Bi�k

2 � = 0. �14�

The integration in Eq. �7� is the extra position-dependent
Peierls phase on the hopping integral. The four independent
phase terms are

t1,i� = expi�− �kxb�/2� − ��3kyb�/2� + �	�i� − 1� + �1/6���

+ expi�− �kxb�/2� + ��3kyb�/2� − �	�i� − 1� + �1/6���,
t2,i� = expi�− �kxb�/2� − ��3kyb�/2� + �	�i� − 1� + �3/6���

+ expi�− �kxb�/2� + ��3kyb�/2� − �	�i� − 1� + �3/6���,
t3,i� = expi�− �kxb�/2� − ��3kyb�/2� + �	�i� − 1� + �5/6���

+ expi�− �kxb�/2� + ��3kyb�/2� − �	�i� − 1� + �5/6���,
and

q = exp�i�− kyb���.
After the detailed calculations, the 8RB�8RB Hermitian
Hamiltonian band matrix is given by

�
H1 Ha,i�=1 0 0 . . . 0

Ha,i�=1
† Hs,i�=1 Ha,i�=2 0 . . . 0

0 Ha,i�=2
† Hs,i�=2 Ha,i�=3 � 0

0 0 Ha,i�=3
† Hs,i�=3 � 0

] ] � � � Ha,i�=RB−1

0 0 0 0 Ha,i�=RB−1
† HRB

� ,

�15�

where the four independent

8�8 block matrices are expressed

H1 =�
�6 �1 �4t2,2RB

�0q* �0t1,1
* �4q 0 0

�1 �6 �0t2,2RB
�4q* �4t1,1

* �0q 0 0

�4t2,2RB

* �0t2,2RB

*
0 �3t3,2RB

*
�3q 0 �0q* �4q*

�0q �4q �3t3,2RB
0 0 0 �4t1,2RB

�0t1,2RB

�0t1,1 �4t1,1 �3q* 0 0 �3t3,1 0 0

�4q* �0q* 0 0 �3t3,1
* 0 0 0

0 0 �0q �4t1,2RB

*
0 0 �6 �1

0 0 �4q �0t1,2RB

*
0 0 �1 �6

� ,
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HRB
=�

�6 �1 0 0 �0t1,RB

*
�4q 0 0

�1 �6 0 0 �4t1,RB

*
�0q 0 0

0 0 0 �3t3,RB

*
0 0 �0q* �4q*

0 0 �3t3,RB
0 0 �3q* �4t1,RB+1 �0t1,RB+1

�0t1,RB
�4t1,RB

0 0 0 �3t3,RB
�4q − �0q

�4q* �0q* 0 �3q �3t3,RB

*
0 �0t2,RB

* �4t2,RB

*

0 0 �0q �4t1,RB+1
*

�4q* �0t2,RB
�6 �1

0 0 �4q �0t1,RB+1
*

�0q* �4t2,RB
�1 �6

� ,

Ha,i� =�
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 �3q* 0 0 0 0 0

�0q �4q 0 0 0 0 0 0

�4t
1,i�
* �0t

1,i�
*

0 0 �3q 0 0 0

0 0 �0t1,2RB−i� �4q* 0 0 0 0

0 0 �4t1,2RB−i� �0q* 0 0 0 0

� ,

Hs,i� =�
�6 �1 0 0 �0t

1,i�+1
*

�4q 0 0

�1 �6 0 0 �4t
1,i�+1
*

�0q 0 0

0 0 0 �3t
3,2RB−i�
*

0 0 �0q* �4q*

0 0 �3t3,2RB−i� 0 0 �3q* �4t1,2RB−i� �0t1,2RB−i�

�0t1,i�+1 �4t1,i�+1 0 0 0 �3t3,i�+1 0 0

�4q* �0q* 0 0 �3t
3,i�+1
*

0 0 0

0 0 �0q �4t
1,2RB−i�
*

0 0 �6 �1

0 0 �4q �0t
1,2RB−i�
*

0 0 �1 �6

� .

The Hamiltonian band matrix in Eq. �15� could be used to
solve eigenvalues �Ec,v’s� and eigenfunctions ��c,v’s� effi-
ciently even for a very small magnetic flux or a huge RB
�RB�79 000 for B0�1 T�. They will be useful in studying
other physical properties. c and v, respectively, represent the
unoccupied conduction states and occupied valence states.

III. MAGNETOELECTRONIC PROPERTIES

The �-electronic structures of monolayer and bilayer Ber-
nal graphenes without B0 are simply reviewed. The low-
energy bands of a monolayer graphene exhibit two linear
dispersions intersecting at EF=0 because of the hexagonal
symmetry �Fig. 1�b��. The interlayer atomic interactions in
the bilayer system induce two pairs of parabolic bands and

asymmetry of energy spectrum about the Fermi level �Fig.
1�c��. The first pair near EF=0 has a very weak overlap. The
band-edge states of the second pair occur at Ec
�1+�6 and
Ev
−�1+�6. Such state energies depend on the A1-A2

atomic interaction and site energy, but not on the B1-B2 and
A1-B2 �B1-A2� atomic interactions. Both �3 and �4 display
remarkable effects on the energy dispersions of parabolic
bands �or DOS� and the band overlap. DOS of parabolic
bands is higher than that of linear ones; that is, the low DOS
is enhanced by the interlayer atomic interactions. The
�-electronic structures at moderate and high energies are,
respectively, determined by the symmetry points M and , as
shown in Fig. 1�d�. The point M corresponds to state ener-
gies

Ec 
 ��4��0
2 − 2�0�4� − �1 − �3 + �6�/2,
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Ec 
 ��4��0
2 + 2�0�4� + �1 + �3 + �6�/2,

Ev 
 �− �4��0
2 − 2�0�4� − �1 − �3 + �6�/2,

and

Ev 
 �− �4��0
2 + 2�0�4� + �1 + �3 + �6�/2.

It belongs to a saddle point in the energy-wave-vector space
and, thus, exhibits the highest DOS.18 The point , which is
associated with the � bandwidth, has state energies

Ec 
 ��36�0
2 + 48�0�4 + 12�1

2 + �1 + 3�3 + �6�/2,

Ec 
 ��36�0
2 − 48�0�4 + 12�1

2 − �1 − 3�3 + �6�/2,

Ev 
 �− �36�0
2 + 48�0�4 + 12�1

2 + �1 + 3�3 + �6�/2,
and

Ev 
 �− �36�0
2 − 48�0�4 + 12�1

2 − �1 − 3�3 + �6�/2.
A uniform perpendicular magnetic field in a monolayer

graphene creates many dispersionless LLs at low energy, as
shown in Fig. 2�a�. The LLs are fourfold degenerate for each
k and symmetric about EF=0. Their energies obey a simple
power-law relation En���n �B0.7,16 The energy spacing �Es�
between two adjacent LLs declines quickly with the increas-
ing Landau-level energy. The fourfold degeneracy remains
unchanged in a bilayer Bernal graphene, as shown in Fig.
2�b�. On the other hand, the interlayer atomic interactions
could lead to the asymmetric LLs about EF=0, more low
LLs, two groups of LLs, the drastic change of the Landau-
level spacing, and an energy gap. The higher the DOS at
B0=0 is, the denser LLs will be. The first three results prin-
cipally come from the interlayer atomic interactions, which
can be seen from the above-mentioned results at B0=0. The
other effects are also related to the field strength. The first
group of LLs appears at �Ec,v��0 and the second one begins

at Ec��1+�6 and Ev�−�1+�6. The latter just corresponds
to the second pair of parabolic bands at B0=0 �Fig. 1�c��.
Apparently, the occurrence of two groups of LLs is governed
by the A1-A2 atomic interaction and site energy. It is also
accompanied by the disorder of the Landau-level spacing.

The number, state degeneracy, energy dispersion, and en-
ergy spacing of the LLs strongly rely on the energy regimes.
The LLs rapidly grow as energy increases from zero. There
exist the densest LLs at moderate energy ��4��0

2−2�0�4�
−�1−�3+�6� /2�Ec� ��4��0

2+2�0�4�+�1+�3+�6� /2, as
shown in Fig. 3�a�. This result reflects the fact that the high-
est DOS of a graphene system is dominated by the saddle
point M. State degeneracies of the moderate LLs are mixed
up within the range ��4��0

2−2�0�4�−�1−�3+�6� /2�Ec

� ��4��0
2+2�0�4�+�1+�3+�6� /2. These LLs might be dou-

bly or fourfold degenerate. Furthermore, some of them ex-
hibit oscillatory energy dispersions. The Landau-level den-
sity decreases with the further increase of energy �Figs. 3�b�
and 3�c��. The high LLs are twofold degenerate at Ec

� ��4��0
2+2�0�4�+�1+�3+�6� /2. The first group of LLs

vanishes at Ec� ��36�0
2−48�0�4+12�1

2−�1−3�3+�6� /2.
Only the second group of LLs survives there �Fig. 3�c�� so
that the Landau-level spacing can change in order.

The effects of the interlayer atomic interactions and the
field strength on the LLs deserve a closer examination. When
the B1-B2 and A1-B2 �B1-A2� atomic interactions are ne-
glected, the calculated results, as shown in Fig. 2�c�, are
almost the same with those obtained in Refs. 25 and 26.
The Landau-level energy lower than 0.2 eV could be
approximately characterized by a simple relation Ec

FIG. 2. The low Landau-level energies for �a� a monolayer
graphene at B0=10 T, �b� a bilayer graphene at B0=10 T, �c� a
bilayer graphene only with the specific atom-atom interactions
��0 ,�1 ,�6� at B0=10 T, and �d� a bilayer graphene at B0=1 T. FIG. 3. The �a� moderate- and ��b� and �c�� high-energy LLs of

a bilayer graphene at B0=10 T.
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��n1
ef f�n1

ef f −1�B0 �n1
ef f will be defined later�, and the energy

gap Eg�1.7 meV is fairly small at B0=10 T. Both �3 and �4
significantly affect the Landau-level energy and the band
gap, as seen from a comparison between Figs. 2�b� and 2�c�.
The fact that they can alter the parabolic energy dispersion
and band overlap in the B0=0 case accounts for this result.
More LLs take shape with decreasing field strength, as
shown in Fig. 2�d� at B0=1 T. Moreover, the Landau-level
spacing, state degeneracy associated with kx, and energy gap
are reduced.

The main characteristics of wave functions can be pro-
posed to define the quantum number of each LL. In a primi-
tive unit cell, 8RB carbon atoms are categorized into eight
groups Ao

1, Ae
1, Bo

1, Be
1, Ao

2, Ae
2, Bo

2, and Be
2, where o and e are

odd and even integers, respectively. The wave function is
expressed as eight groups of subenvelope functions:

��c,v� = �
o

fAo
1

c,v�Ao
1� + �

e

fAe
1

c,v�Ae
1� + �

o

fBo
1

c,v�Bo
1� + �

e

fBe
1

c,v�Be
1�

+ �
o

fAo
2

c,v�Ao
2� + �

e

fAe
2

c,v�Ae
2� + �

o

fBo
2

c,v�Bo
2� + �

e

fBe
2

c,v�Be
2� .

�16�

The two LLs nearest to EF=0 are the lowest unoccupied LLs
�LULLs� and the highest occupied LLs �HOLLs�. Their en-
ergies are Ec=Eg /2 and Ev=−Eg /2, respectively. The wave
functions of the LULLs exhibit the special probability distri-
butions in a primitive unit cell, as shown in Fig. 4�a� for
��LULLs�2 at �kx=0, ky =0�. Carbon atoms with odd indices
and those with even indices make equal contributions to
wave functions. The subenvelope functions associated with
them on the same plane might have opposite amplitudes,
e.g., fAo

1
c =−fAe

1
c and fBo

1
c =−fBe

1
c . All the subenvelope functions

mainly come from the 2pz orbitals centering at one-sixth of a
primitive unit cell �AN /4RB=BN /4RB=1 /6; N represents the
Nth A or B atom�. They exhibit the oscillatory behavior. The
number of zero point �n�, which stands for the spatial sym-
metry, is chosen to characterize a subenvelope function. This
quantum number depends on the graphene position and the
basis atoms �the A or B atoms�. For example, the probability
distributions of four subenvelope functions ��fAo

1
c �2, �fBo

1
c �2,

�fAo
2

c �2, �fBo
2

c �2� have the quantum numbers n=2, n=1, n=2, and

n=0, respectively. Among them, the carrier density due to
the B atoms on the second layer is much higher than the
others; therefore, n1

ef f =0 is regarded as the effective quantum
number of the LULLs. In addition, the fourfold degenerate
LULLs have similar wave functions, and their differences
only lie in the interchange of two graphene layers or the sign
changes of the subenvelope functions. Similar results could
also be found in the HOLLs, as shown in Fig. 4�b�. The B
atoms on the second layer, with the largest carrier density,
exhibit the oscillation of one zero point. The HOLLs are,
thus, defined as the n1

ef f =1 states.
The effective quantum number is identical for the m1th

unoccupied and occupied LLs away from EF=0 �m1�2�,
while the opposite is true for the LULLs and HOLLs. Ac-
cordingly, it is sufficient to discuss the m1th unoccupied LLs

only. The second unoccupied LLs are mainly determined by
the B atoms on the first and second layers, as shown in Fig.
4�c�. Their subenvelope functions, respectively, belong to the
n=0 and n=2 modes. The total carrier distributions on two
layers are almost the same �the approximately equal areas in
Fig. 4�c��; that is, the two modes are of equal importance.
The third and fourth unoccupied LLs exhibit similar suben-
velope functions, as shown in Figs. 4�d� and 4�e�. The two
subenvelope functions of n=m1−2 and n=m1 dominate the
carrier distributions. n corresponding to the strongest oscil-
lation mode is chosen as the effective quantum number. That
n1

ef f is just equal to m1 is very convenient in defining the
other LLs �Fig. 4�f��. Such choice might have some deficien-
cies, because the importance of the A atoms is gradually

FIG. 4. The carrier densities on two graphene layers at �kx

=0,ky =0� and B0=10 T for �a� the lowest unoccupied LLs, �b� the
highest occupied LLs, and �c� the second, �d� the third, and �e� the
fourth unoccupied LLs. They are due to the Ao

1, Bo
1, Ao

2, and Bo
2

atoms. �f� The quite low Landau-level energy versus the effective
quantum number n1

ef f.
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enhanced with the increase of energy �the following para-
graph�.

The interlayer atomic interactions govern the �-electronic
structure at B0=0 and, thus, enrich the wave functions of the
LLs. When the unoccupied LLs gradually move away from
EF=0, the A atoms would play an important role in the car-
rier density. The unoccupied LLs of m1=33 �m1=34� have
energies close to �1. The subenvelope functions from the A
atoms exhibit the strong oscillations of n=32 �n=33� on two
layers, as shown in Fig. 5�a� �Fig. 5�c��. Their amplitudes are
comparable to those from the B atoms, which is in sharp
contrast with the case at energy Ec�0.1 eV �Fig. 4�. The
contributions due to the A atoms are not negligible. How-
ever, the highest oscillation mode of the B atoms on the
second layer is taken to define the effective quantum number.
n1

ef f =m1 remains unaltered at other energy regimes.
In addition to the rich subenvelope functions, the inter-

layer atomic hoppings also cause another group of LLs for
Ec��1+�6 and Ev�−�1+�6, as shown in Figs. 5�b� and
5�g� for the LULLs and HOLLs, respectively. The LULLs
�HOLLs� of the second group, as plotted in Fig. 5�h�, locate

between the unoccupied �occupied� LLs of m1=33 �m1
=28� and m1=34 �m1=29�. They are mostly determined by
the A atoms, but not by the B atoms. The subenvelope func-
tions of the former belong to the n=0 mode, and they have
an equal carrier density on two layers ��fAo

1
c �2= �fAo

2
c �2 ; �fAo

1
v �2

= �fAo
2

v �2�. The effective quantum number of the LULLs

�HOLLs� is n2
ef f =0, as defined earlier for the first group of

LLs. These fairly similar results are obtained for the LULLs
and HOLLs of the second group, e.g., n2

ef f =0 and the domi-
nant contribution of the A atoms. However, for the LULLs
and HOLLs of the first group, the effective quantum number
is different �n1

ef f =0 and n1
ef f =1 for the LULLs and HOLLs,

respectively�, and the main contribution is due to the B atoms
on the second layer. The weak overlap between the very low
valence and conduction bands at B0=0 �Fig. 1�c�� might be
responsible for the important differences between two groups
of LLs. That the A atoms on two layers dominate the carrier
distribution keeps being unchanged with the increase of en-
ergy, e.g., the second unoccupied LLs shown at Fig. 5�e�.
Their oscillation modes are employed to characterize the ef-
fective quantum number n2

ef f. The second unoccupied LLs,
which are between m1=37 and m1=38 �Figs. 5�d� and 5�f��,
have n2

ef f =1. The effective quantum numbers of the other
unoccupied LLs are given by n2

ef f =2,3 ,4 , . . .. The occupied
LLs exhibit the same n2

ef f’s �Fig. 5�h��. In short, two sets of
effective quantum number are required to characterize all the
wave functions. They depend on the specific interlayer
atomic interactions. �n1

ef f, n2
ef f� represent the spatial symmetry

configurations; therefore, they are expected to satisfy the
special selection rule during the excitation processes.

The pretty low LLs of the first group deserve a closer
investigation on the n1

ef f and B0 dependence. The dependence
of the Landau-level energy on n1

ef f, as shown in Fig. 6�a�, is
approximately linear at the energy regime �Ec,v��50 meV.
There are sufficient LLs ��50 LLs; solid circles� to observe
such dependence when the magnetic field is smaller than
1 T. It is noted that the very low Landau-level energies can
also be approximated by �Ec,v�� �n1

ef f�n1
ef f −1��1/2 �inset in

Fig. 6�a� at B0=0.5 T�.25,26 Two kinds of n1
ef f dependence are

supported by the transport measurements on the surface of
the bulk graphite.5 On the other hand, at �Ec,v��50 meV, the
nonlinear behavior is highlighted by the gradual decrease of
the Landau-level spacing. Concerning the magnetic-field de-
pendence, �Ec,v��50 meV is also suitable for the identifica-
tion of the linear behavior, as shown in Fig. 6�b�. The B0
dependence is getting weak at another energy regime. From
the second LLs of n1

ef f =2 �open circles�, the maximal mag-
netic field applied to test the linear dependence is deduced to
be about 20 T. The first unoccupied and occupied LLs domi-
nate the energy gap; that is, Eg=Ec�n1

ef f =1�−Ev�n1
ef f =0�. En-

ergy gap grows with increasing field strength �open squares
in Fig. 6�c��. However, a monolayer graphene has Eg=0 for
any magnetic field.7 This result means that the energy gap of
a bilayer graphene is zero, while the interlayer atomic inter-
actions are neglected. Eg is also vanishing for a zero mag-
netic field �Fig. 1�c��. As a result, the nonvanishing energy
gap of a bilayer graphene is created by the cooperation of the
interlayer atomic interactions and the magnetic field. It is
reduced by the Zeeman effect �crosses�. The Zeeman split-

FIG. 5. Similar plot as Fig. 4, but shown at the energy range
with two groups of LLs. The carrier densities for �a� the 33rd, �c�
the 34th, �d� the 37th, and �f� the 38th unoccupied LLs of the first
group. Those for �b� the lowest unoccupied LLs, �e� the second
unoccupied LLs, and �g� the highest occupied LLs of the second
group. �h� The relation between the low Landau-level energy and
�n1

ef f ,n2
ef f�.
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ting energy is Ez=g�B0� /m*	0,55 where g=2, �= �1 /2,
and m* is the bare electron mass. Particularly, the energy gap
of a monolayer graphene is purely caused by the Zeeman
effect �solid triangles�.

Density of states, which is closely related to the main
characteristics of the LLs, is defined as

D��� = �
�,h=c,�

�
1stBZ

dkxdky

4�3



�� − Eh�kx,ky��2 + 2 , �17�

where the phenomenological broadening parameter is 
=0.5 meV. D��� exhibits a lot of delta-function-like sym-
metric peaks at low energy, as shown in Fig. 7�a�. These
pronounced peaks originate from the first group of the dis-
persionless LLs, and their heights correspond to the fourfold
degeneracy. The interlayer atomic interactions make them
asymmetric about the Fermi level. The distribution of peaks
is nonuniform owing to the unequally spaced Landau levels.
The nonuniformity is strengthened by the advent of the sec-
ond group of LLs at Ec��1+�6 or Ev�−�1+�6. The height
and the number of peaks become largest at moderate energy,
as shown in Fig. 7�b�. This result directly reflects the highest
density of states at B0=0.18 D��� will decrease with the fur-
ther increase of frequency. The lowest peak height occurs at
Ec� ��36�0

2−48�0�4+12�1
2−�1−3�3+�6� /2 �Fig. 7�c��,

since there are only the second group of the doubly degen-

erate LLs. Density of states is associated with the available
channels of optical excitations. The predicted features could
be verified by the magneto-optical absorption spectroscopy.

The calculated results are similar to those done by the
effective-mass approximation 25,26 only at very low energy
�Ec,v��50 meV. The similarities include the dominant con-
tributions from the B atoms on two layers, the oscillation
modes of the carrier distributions, and the dependence of the
Landau-level energy on quantum number and field strength.
However, the tight-binding model and effective-mass ap-
proximation obtain different Landau-level energies even for
�Ec,v��50 meV. The latter, which neglects some interlayer
atomic interactions ��3 ,�4 ,�6�, might not account for the
energy gap and the quite low Landau-level energies. The A
atoms make important contributions to the LLs of the first
group for �Ec,v��0.1 eV. The LLs of the second group
emerge at Ec��1+�6 and Ev�−�1+�6. Their wave func-
tions are dominated by the A atoms, but not by the B atoms.
Eg is significantly affected by ��3 ,�4�, as discussed earlier.
The wave functions solved with great efficiency by diagonal-
izing the Hamiltonian band matrix are expected to be useful
in studying other physical properties, e.g., optical and trans-
port properties.

IV. CONCLUDING REMARKS

The �-electronic structure of a bilayer Bernal graphene is
calculated by the Peierls tight-binding model. A different

FIG. 6. The dependence of the very low Landau-level energy on
�a� n1

ef f at different B0’s; �b� B0 at different n1
ef f’s. The inset of �a�

shows the dependence on �n1
ef f�n1

ef f −1�. �c� The B0-dependent en-
ergy gap with or without the Zeeman splitting. Those of a mono-
layer graphene are also shown for comparison.

FIG. 7. Density of states of a bilayer graphene for B0=10 T at
�a� low, �b� moderate, and �c� high energies.
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strategy, which derives the Hamiltonian band matrix by re-
arranging the base functions, is developed to investigate the
magnetoelectronic properties at magnetic field B0�50 T.
Wave functions and state energies are obtained quite effi-
ciently; therefore, they could be further utilized to study
other physical properties. The interlayer atomic interactions
and field strength dominate the main characteristics of LLs.
The predicted Landau-level energies and effective quantum
numbers can be examined by the experimental measurements
on optical excitations and transport properties.

A uniform perpendicular magnetic field produces many
dispersionless LLs at low and high energies, and some oscil-
latory LLs at moderate energy. State degeneracy of the low
LLs is two times as much as that of the high LLs. The inter-
layer atomic interactions lead to two groups of LLs, more
low LLs, the asymmetric LLs about the Fermi level, and
change of level spacing. Two sets of effective quantum num-
bers are required to characterize the first and second groups

of LLs. n1
ef f and n2

ef f are, respectively, associated with the B
and A atoms. Which range of energy they emerge at depends
on the specific interlayer atomic hoppings. Since �n1

ef f, n2
ef f�

are determined by the strongest oscillation modes of the
dominant carrier densities, they stand for the spatial symme-
try configuration. Whether �n1

ef f, n2
ef f� satisfy the specific se-

lection rule during the excitation processes is worthy of de-
tailed research. The magneto-optical absorption spectra are
under current investigations. The dependence of the quite
low Landau-level energies on B0 and n1

ef f is approximately
linear. Energy gap is opened by the interlayer atomic inter-
action and magnetic field. Eg grows with the increase of field
strength, while it is reduced by the Zeeman effect. In addi-
tion, the energy gap of a monolayer graphene purely comes
from the Zeeman splitting. The main features of magneto-
electronic structures are directly reflected in the density of
states.
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