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The emitted radiation from semiconductor nanostructures due to the excitation with intense ultrashort optical
laser pulses is analyzed. Semiconductor Bloch equations that consistently describe the coupled light-field-
induced interband and intraband dynamics are solved numerically. It is demonstrated that the intraband dy-
namics considerably influences the light emission in the regime of extreme nonlinear optics. In particular, the
intraband acceleration significantly modifies the dynamics of the interband polarization which results in a
strong enhancement of high-harmonic generation.
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I. INTRODUCTION

The study of light-matter interactions with intense ul-
trafast laser pulses is a rapidly advancing research field
yielding novel informations on fundamental light-matter in-
teraction processes with significant application potential.
Employing high-harmonic generation �HHG�1,2 it became
possible to initiate, observe, and control transient processes
in atomic and molecular systems on attosecond time scales,
see, e.g., Refs. 3–5. The fascinating regime of extreme non-
linear optics in which the Rabi frequency is comparable to or
larger than the transition frequency can also be reached in
semiconductors, see, e.g., Refs. 6. Interesting effects that
have been predicted and observed in semiconductors include
carrier-wave Rabi flopping,7–9 HHG,10–14 and the Mollow
triplet.15

Theoretically the nonlinear optical response of two-level
systems to intense ultrashort pulses has been studied by solv-
ing Bloch or Maxwell-Bloch equations.7,10,11,14,16–18 In Refs.
12 and 19 the extreme nonlinear optical response of semi-
conductors with a continuous band structure has been mod-
eled by an ensemble of inhomogeneously broadened two-
level systems. The influence of the many-body Coulomb
interaction among the photoexcited electrons and holes,
which strongly influences the linear and nonlinear optical
response of semiconductors in the regime where the light-
matter interaction is not the dominating energy scale,20,21 has
been analyzed in a few investigations.13,15,22 In Ref. 13 it has
been shown that in two-dimensional semiconductor quantum
wells and in one-dimensional semiconductor quantum wires
the Coulomb interaction affects the light emission only
weakly in the regime where the light-matter interaction
dominates the energy scale. However, characteristic differ-
ences between the emission of a two-level system and ex-
tended semiconductors with a continuous dispersion have
been demonstrated.13

Previous studies of the light emission of semiconductor
nanostructures after excitation with intense femtosecond la-
ser pulses have focused on light-field-induced interband tran-
sitions that give rise to carrier-wave Rabi flopping and HHG.
Here, we extend the theoretical approach by additionally
considering intraband excitations, i.e., the light-field-induced

carrier acceleration. Such terms are well known to be rel-
evant for descriptions of phototransport effects, e.g., opti-
cally detected Bloch oscillations23 and dynamic
localization24 and the coherent generation of photocurrents
by two-color excitation.25–27 Here, a theory that consistently
includes both interband and intraband excitations23,24,26–28 is
used to analyze the light emission of semiconductor nano-
structures in the extreme nonlinear optical regime. Numeri-
cal solutions of the extended semiconductor Bloch equations
�SBE� demonstrate that surprisingly the intraband accelera-
tion strongly enhances the HHG compared to the case when
only interband excitations are considered.

Our theoretical approach, i.e., SBE that describe the dy-
namics of the polarizations and the occupations due to inter-
band and intraband excitation, is introduced in Sec. II. Nu-
merical results on the emission in the regime of extreme
nonlinear optics are presented and discussed in Sec. III. The
intraband excitations lead to an additional radiation source
via the light-field-induced current and also significantly
modify the dynamics of the optical polarization. Altogether,
the emission spectra are strongly enhanced towards high fre-
quencies by the intraband acceleration. Furthermore, the in-
fluence of the band width and the effective mass on the emis-
sion is analyzed. Our most important results are summarized
in Sec. IV.

II. THEORETICAL APPROACH

The coupled interband and intraband dynamics of semi-
conductor nanostructures is described by the SBE within a
two-band model.23,24,28 Since Ref. 13 showed no strong in-
fluence of the dimensionality on the light emission in the
extreme nonlinear optical regime, we consider here a one-
dimensional quantum wire and linearly polarized light fields,
which allows us to ignore the vector character of the wave
vector, the electric field, etc. Furthermore, we omit here the
Coulomb interaction among the photoexcited carriers which
influences the emission in the regime of extreme nonlinear
optics only very weakly.13 To understand this issue, one has
to keep in mind that in semiconductors the Coulomb energy
is typically of the order of the exciton binding energy. Thus,
in extreme nonlinear optics, the energy scale describing the
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light-matter interaction dominates the system response and
the Coulomb interaction can in this case be regarded as a
small perturbation. The equations of motion of the interband
coherence �polarization� pk and the occupation nk

e�h� of elec-
trons �holes� read

i�
�

�t
pk = ��k

e + �k
h − i

�

T2
�pk − �1 − nk

e − nk
h�dkE�t�

+ ieE�t� · �kpk, �1�

�
�

�t
nk

e�h� = − 2 Im�dkE�t�pk
*� + eE�t� · �knk

e�h�. �2�

Here, �k
e�h� are the single particle energies of the electrons

�holes�, T2 is the dephasing time of the polarization, dk is the
�k-dependent� dipole matrix element, and E�t� denotes the
the electric field of the exciting laser pulse. While the terms
proportional to dkE�t� in Eqs. �1� and �2� represent optical
interband transitions, the intraband excitations are described
by the terms proportional to E�t� ·�k. These terms lead to a
time-dependent wave vector k which changes according to
the acceleration theorem at a rate that is proportional to
E�t�29–31

d

dt
k�t� = −

e

�
E�t� . �3�

In conventional optics, the rapidly oscillating changes of the
wave vector that are induced by the optical fields are very
small compared to typical wave vectors in a semiconductor.
Therefore, the intraband dynamics usually does not modify
the optical response significantly and consequently the intra-
band effects can often be neglected. In extreme nonlinear
optics, however, the exciting fields are strong enough to
cause very large transient shifts of the wave vector which can
exceed the width of the Brillouin zone.6 The results pre-
sented below demonstrate that in this regime the intraband
effects cannot be neglected but play a major role for the
optically-induced dynamics of the system and its emission.

Due to the motion of the carriers within the bands, a mac-
roscopic current J arises which contributes to the light emis-
sion of the nanostructure in addition to the macroscopic po-
larization P. In the time domain these quantities are given by

P�t� = �
k

�dkpk�t� + c.c.� �4�

and

J�t� = �
�,k

evk
�nk

��t� , �5�

where dk is the interband dipole matrix element, vk
� is the

group velocity, i.e., proportional to the derivative of the dis-
persion with respect to k, and �=e ,h is a band index. The
time-dependent occupations nk

��t� and polarizations pk�t�
which determine P and J are obtained by numerical solutions
of the SBE, Eqs. �1� and �2�.

The spectrum of the emitted radiation is given by

Irad��� � ��2P��� + i�J����2. �6�

Below, we distinguish between the total emission given
by Eq. �6�, the emission due to the interband polarization
Irad

pol= ��2P����2 and that due to the intraband current
Irad

curr= ��J����2. Eq. �6� shows that Irad is not just given by the
sum of the interband and intraband emission intensities, but
also depends on the interference of P��� and J���. In addi-
tion to the numerical results that are presented and discussed
in the following section, simplified analytical solutions of the
SBE and of the polarization and current dynamics are pro-
vided in the Appendix.

III. NUMERICAL RESULTS

In order to keep the numerics as simple as possible, we
consider a one-dimensional GaAs quantum wire in two-band
approximation. However, as shown by our earlier
comparisons,13 the results presented should be qualitatively
similar to those of quantum wells. The electron and heavy-
hole dispersions are modeled as tight-binding bands that are
proportional to −

��

2 cos�ka�, where a is the lattice constant
and �� is the width of band �. If the curvature of the disper-
sion is chosen to coincide with that of a parabolic effective
mass model, one has to use a band width that is inversely
proportional to the effective mass m�

15,22,28

�� =
2�2

m�a2 . �7�

Using �-point effective masses of me=0.069m0 and
mhh=0.5m0 for the electron and heavy-hole bands, respec-
tively, and the GaAs lattice constant of a=5.65 Å results in
band widths of �e=6.9 eV for the conduction and �h
=0.96 eV for the valence band. In all calculations we con-
sider an exciting laser pulse with Gaussian shape, a duration
of 	=10 fs, and a central frequency that is resonant with the
band gap, i.e., EG=��0=1.43 eV. The decay of the polariza-
tion is modeled by a dephasing time of T2=50 fs.

Figure 1�a� shows the excitation dependent spectra if as in
previous studies intraband excitations, i.e., the terms propor-
tional to �k in Eqs. �1� and �2� are neglected. In this case, the
current J and thus Irad

curr��� vanish and the total emission is
due to the optical polarization, i.e., Irad���= Irad

pol��� and one
obtains significant emission for frequencies �
��R with
�	2. Incorporating the intraband acceleration into the
theory strongly increases the width of the emission spectra,
see Fig. 1�d�, and the region of significant emission corre-
sponds to �	10. Surprisingly, Figs. 1�b� and 1�c� show that
the interband polarization Irad

pol and not the current Irad
curr is

mainly responsible for the strong broadening of the emission
spectra. It is thus the modification of the dynamics of the
optical polarization P�t� via the intraband acceleration that
largely increases the HHG compared to calculations that con-
sider only interband excitations. In the Appendix, this effect
is analyzed qualitatively on the basis of simplified analytic
investigations.

To analyze the different terms more precisely, the emis-
sion spectra for �R=3�0 of the contour plot Fig. 1 are shown
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as lines in Fig. 2�a�. For pure interband dynamics the emis-
sion intensity falls off rapidly with increasing frequency.
When the coupled interband and intraband dynamics is con-
sidered, significant emission appears over a broader range
and the decrease for large frequencies becomes much slower.
The total emission intensity Irad is basically given by the
current-induced emission Irad

curr for �
60�0, whereas the
polarization-induced emission Irad

pol dominates for ��80�0.
Figure 2�b� shows Irad, Irad

curr, and Irad
pol in the transition region

where the polarization- and the current-induced emission in-
tensities are of comparable strength and interference effects
are significant.

Clearly, the width of the conduction band �e=6.9 eV is
unrealistic since such a wide conduction band would extend
into the vacuum region where only unbound states exist. If
one, however, reduces the bandwidth within the tight-binding
model one, according to Eq. �7�, simultaneously increases
the effective mass. The total emission for a conduction band
of width �e=2.5 eV which corresponds to a concomitant in-
crease of the electron effective mass to me=0.19m0 is shown
in Fig. 3�a�. Comparing to Fig. 1�d� demonstrates that the

region of strong emission is smaller when the bandwidth is
decreased.

To be able to vary bandwidth and effective mass sepa-
rately, we use a model that includes nearest and second near-
est neighbor interactions. In this case, the dispersion is pro-
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FIG. 1. �Color online� Excitation dependent emission of a GaAs
quantum wire with a tight-binding band structure. � is the spec-
trometer frequency, �R the peak Rabi frequency, and �0 the excita-
tion frequency. The logarithmic color encoding covers seven orders
of magnitude, see �a�. In �a�, the emission for pure interband dy-
namics is shown, i.e., Irad���= Irad

pol���. �b�, �c�, and �d� show the
spectra for coupled interband and intraband dynamics due to the
polarization Irad

pol���, the current Irad
curr���, and the total emission

Irad���, respectively.
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FIG. 2. Cross section through Fig. 1 at �R=3�0 for pure inter-
band dynamics �dashed curve� and the coupled interband and intra-
band dynamics showing Irad

pol��� �light gray curve�, Irad
curr��� �dark

gray curve�, and Irad��� �solid black curve�. �a� The emission spec-
tra on a logarithmic scale for a wide � range, whereas in �b� the
emission in the transition region, where Irad

pol��� and Irad
curr��� are

comparable, is shown on a linear scale.
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FIG. 3. �Color online� Total emission spectra Irad��� for coupled
interband and intraband dynamics. In �a� a tight-binding model with
a bandwidth of �e=2.5 eV and an effective mass of me=0.19m0 is
used. �b� is for a dispersion that includes also second-nearest neigh-
bor interactions with �e=2.5 eV and me=0.069m0.
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portional to A cos�ka�+B cos�2ka� and the two parameters A
and B can be chosen to obtain the desired bandwidth and
effective mass. In Fig. 3�b� we have evaluated such a model
which has the same band width as in Fig. 3�a� of �e
=2.5 eV and the GaAs effective masses of me=0.069m0.
Comparing Figs. 3�a� and 3�b� demonstrates that for constant
bandwidth the emission depends significantly on the effec-
tive mass or one could say on the details of the dispersion. In
fact, the range of emission seen in Fig. 3�b� is not very dif-
ferent from that of Fig. 1�d�, i.e., the width of the emission
spectra depends much more strongly on the effective mass
than on the band width. Alternatively, one can conclude that
the maximum steepness of the band dispersion and not the
bandwidth determines the broadness of the emission. This is
understandable since for a steeper dispersion the intraband
acceleration leads to a more rapid variation of the electron
and hole energies �k

e/h through the time-dependent wave vec-
tor. In order to obtain an improved physical understanding of
this phenomenon, analytical solutions of Eqs. �1� and �2� for
realistic excitation conditions are required which are pres-
ently not available.

IV. SUMMARY

The radiation emitted from a semiconductor quantum
wire after extreme nonlinear optical excitation has been com-
puted. Whereas most previous studies concentrate on inter-
band excitations, we present and evaluate a theory that con-
sistently describes the coupled light-field-induced interband
and intraband dynamics. It is demonstrated that in the regime
of extreme nonlinear optics the intraband acceleration sig-
nificantly influences the light-field-induced dynamics and the
emission. In particular, the intraband acceleration modifies
the dynamics of the interband polarization. This results in a
strongly enhanced generation of high harmonics as compared
to the case when only interband excitations are considered.
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APPENDIX: SIMPLIFIED QUALITATIVE ANALYSIS

Already in the regime of ordinary nonlinear optics, i.e.,
for a Rabi frequency that is much smaller than the band gap,
analytical solutions of the SBE, Eqs. �1� and �2�, are only
available for certain pulse shapes, e.g., ultrashort  pulses or
pulses with a constant envelope, for the cases of resonant
or near-resonant excitation, which allows one to use
the rotating-wave approximation to simplify the
calculations.20,21,28 When analyzing the generation of higher-
harmonics in the regime of extreme nonlinear optics such
simplifications are not possible6,11,13 and consequently no
analytical solutions for realistic pulse shapes are available.

In order to support our numerical findings, we therefore
present in the following a number of simplified analytical

results. We start with a two-level system whose polarization
is given by

P�t� = d�p�t� + c.c.� , �A1�

which corresponds to Eq. �4� without the k summation. For
excitation with an ultrashort pulse of the form

E�t� = Ê�t��ei�0t + e−i�0t� , �A2�

where Ê�t� is the envelope, we write the the time-dependent
polarization as

P�t� = H�t���t� = H�t�ei��t�. �A3�

Its Fourier transform is thus given by the convolution

P��� =
 d��H������� − ��� . �A4�

During the excitation, H�t� and ��t� are oscillating rapidly
and due to coherent nonlinear dynamics of the two-level sys-
tem, in particular, carrier-envelope Rabi flopping, this dy-
namics leads to the generation of higher harmonics
n�0 which are visible in the emission spectrum
Irad

pol���= ��2P����2.6,11

For the analysis of a two-band semiconductor, we incor-
porate the band dispersion into the equations given above
and write

P�t� = �
k

Pk�t� = �
k

Hk�t�ei�k�t� �A5�

and

P��� = �
k

Pk��� = �
k

 d��Hk�����k�� − ��� .

�A6�

Due to interferences among the complex Pk���’s which in-
clude resonantly and off-resonantly excited transitions, this
inhomogeneous broadening modifies Irad

pol��� compared to a
two-level system.13

As discussed in Sec. II, the intraband acceleration that is
described via the terms proportional to ieE�t� ·�k in Eqs. �1�
and �2�, leads to a time-dependence of the wave vector k�t�
which varies with a rate that is proportional to the field
amplitude E�t�. This means that the transition frequency
�k

eh= ��k
e+�k

h� /� becomes a function that through k�t� ac-
quires a rapid time dependence. For tight-binding dispersions
we have

�k
eh�t� = �gap +

�e + �h

2�
�1 − cos�k�t�a�� . �A7�

The time dependence of the wave vector is given by k�t�
=k0− e

�−�
t dt�E�t��, i.e., for a constant field envelope Ê, it

oscillates as sin��0t�. Thus, in this case the explicit time
evolution of the transition frequencies follows from
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�k0

eh�t� = ��gap + ��� − �� cos�k0a +
�B

�0
sin��0t��

= ��gap + ��� − �� cos�k0a�cos��B

�0
sin��0t��

− �� sin�k0a�sin��B

�0
sin��0t�� �A8�

with ��=
�e+�h

2� and the Bloch frequency �B= eaÊ
� . In order to

gain more insight into the actual temporal behavior of the
transition frequencies, we rewrite the nontrivial contributions
of Eq. �A8� as:

cos��B

�0
sin��0t�� = J0��B

�0
� + 2�

N=0

�

J2N��B

�0
�cos�2N�0t�

�A9�

and

sin��B

�0
sin��0t�� = 2�

N=0

�

J2N+1��B

�0
�cos��2N + 1��0t� ,

�A10�

where JN is the Nth order Bessel function of first kind. Ob-
viously, the transition frequencies oscillate with multiple in-
tegers of the exciting field frequency �0. The intraband dy-
namics leads therefore, in particular, to an additional rapid
oscillatory behavior of the phase �k�t� that causes a broad-
ening of �k��� and thus a broadening of P��� as compared
to considering only interband excitations. This reasoning
qualitatively explains the difference between Figs. 1�a� and
1�b�, i.e., that the intraband excitations modify the interband
dynamics and emission.

So far, we have dealt with the emission due to the polar-
ization only. However, similar arguments explain the genera-
tion of higher harmonics in the emission due to the current

Irad
curr���. Surely, the current would vanish without intraband

contributions since pure interband excitations create carrier
occupations nk

� that are symmetric in k while the group ve-
locity vk

� in Eq. �5� is an odd function of k.
The intraband motion leads to unsymmetric distribution

functions and thus, to a finite current. For tight-binding
bands, the group velocity is given by vk

�=
ea��

2� sin�ka�. Insert-
ing this into Eq. �5� and taking into account the time depen-
dence of the wave vector for constant field envelopes yields

J�t� = − ea�� sin��B

�0
sin��0t���

k0

nk0
�t�cos�k0a� .

�A11�

Again, this expression can be expanded in terms of Bessel
functions which unravels the high-harmonic oscillations

J�t� = − ea��2�
N=0

�

J2N+1��B

�0
�sin��2N + 1��0t�

��
k0

nk0
�t�cos�k0a� . �A12�

The interband dynamics leads to a time dependence of nk0
�t�

via carrier-wave Rabi flopping and thus, modifies the current
in addition to the intraband contributions. Hence, the actual
dynamics of the current, similarly to the polarization dynam-
ics, results from a nontrivial coupling of interband and intra-
band excitations each producing high Fourier components
that leads to the broad emission spectrum of Fig. 1�c�.

The simplified analysis presented in this appendix quali-
tatively explains the high harmonic generation due to
coupled interband and intraband dynamics. However, if one
wants to obtain quantitative analytical results, e.g., unravel
the relative importance of both contributions, see, e.g., Figs.
1 and 2, it is required to solve Eqs. �1� and �2� analytically
for realistic pulse shapes and excitation conditions. Unfortu-
nately, such solutions are not available.
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