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I. INTRODUCTION

Recent experimental studies of PbSe colloidal nanocrys-
tals �NCs� have revealed an unexpectedly fast intraband re-
laxation in semiconductor quantum dots �QDs� with energy
separation between adjacent electron �or hole� levels exceed-
ing by far the optical phonon energies.1,2 A pronounced tem-
perature dependence of the observed relaxation rates2 sug-
gests that the underlying mechanism should involve
multiphonon transitions, while Auger-like relaxation
processes3 are ruled out due to a nearly symmetric energy
spectra in the conduction and valence bands of PbSe.

The multiphonon transitions between otherwise orthogo-
nal quantized electronic states in a QD may occur due to the
nonadiabaticity of the electron-phonon system.4–7 A model
study performed in conjunction with the experiments on
PbSe NCs revealed that, in order for this mechanism to be
responsible for the experimentally observed temperature de-
pendence of the relaxation rate, the electron-phonon cou-
pling should be stronger than one would expect.7 However,
the study of detailed models of electron-phonon interaction
in quantum dots �upon which the judgement about the cou-
pling strength is based� has always been a weak point in
approaches to energy relaxation8 and Raman9 processes. In
the case of PbSe NCs, the situation is further obscured by the
fact that the widely accepted model of their electronic
structure10 which would be natural to pick for an estimate of
electron-phonon coupling strength fails to describe absorp-
tion spectra of PbSe NCs1 and is therefore not quite reliable.
Thus, instead of seeking to either confirm or rule out this
mechanism, we will concentrate on examining other possi-
bilities for the fast energy relaxation.

As it has been proposed for epitaxially grown QDs,11 such
possibilities can be provided by a localized state of an impu-
rity or defect close to the QD surface. In the case of the
experiment of Ref. 1, such states can correspond to deep
impurities in the silica host surrounding PbSe NCs occurring
in an appreciable proximity to the NC surface. Otherwise,
they can be due to surface states. An electron trapped to the
impurity is strongly localized �as compared to the states of
size quantization in the QD potential�, which assures its
strong coupling to local lattice vibrations. One can then con-
sider a relaxation process involving the levels of size quan-
tization in the QD potential as the initial �2� and final �0�

states and the localized state at the impurity as an interme-
diate state �1�. The energy diagram for such a system is
sketched in Fig. 1, where it is assumed that an electron
trapped to the impurity strongly couples to a single local
vibrational mode of frequency �0 and normal coordinate q.

Although carrier relaxation in QDs involving energy
levels depicted in Fig. 1 has been theoretically
investigated,8,11,12 all these studies considered the relaxation
as a two step process. At the first stage of such a process, the
subsystem “electron plus local lattice vibrations” undergoes
an energy conserving transition 2→1 from the state, where
the electron is in the excited state of size quantization in the
QD potential �2� and the lattice is at equilibrium, into the
state, where the electron is bound to the impurity �1� and the
local lattice vibrations are excited. The lattice distortion lo-
calized at the impurity site then spreads out through the en-
tire heterogeneous system, and the lattice regains equilib-
rium, so that the energy of the subsystem electron plus local
vibrations is lower than it had been before the transition 2
→1 took place. At the second stage, the subsystem electron
plus local vibrations undergoes another energy conserving
transition �1→0� to the state where the local vibrations are
excited and the electron is found in the low-energy state of
size quantization in the QD potential �0�. This transition is
again followed by the lattice relaxation.

The two-step process described above implies instant lat-
tice relaxation or negligible lifetime of the local vibrational
mode excitations.6 This is a legitimate assumption for epi-
taxially grown QDs, where, despite the lattice constant mis-

FIG. 1. Energy diagram representing adiabatic potentials for the
quantum dot states �0 and 2� and the impurity level �1�.
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matches between different constituents of a heterostructure,
one has a crystalline system. The colloidal QDs and their
environment, on the other hand, represent a much more in-
homogeneous system and one should expect local vibrational
excitations to have longer lifetimes. Thus, for colloidal QDs,
the lifetime of the local vibrational excitations is a relevant
time scale which can be longer than the time of the transition
1→0 in the two-step process described above. However, in
this case, the transition 2→0 must be treated as a coherent
quantum mechanical process. Such process represents a new
mechanism of phonon-assisted carrier relaxation in QDs and
its study is the scope of the present work. Similar processes
have been considered for the capture or generation of
electron-hole pairs by impurities in bulk semiconductors.13,14

As we will show, the lifetime of a state where several
phonons are excited is inversely proportional to the number
of phonons. Thus, our mechanism is most efficient when the
intermediate state has on average just a few phonons associ-
ated with it, while the final state has a lot of phonons. The
first condition assures that the lifetime of the intermediate
state of the subsystem electron plus local vibrations is long
enough for the proposed mechanism to be possible. The sec-
ond condition allows one to neglect the time of the lattice
relaxation, once the electron is in the state “0.” This means
that the final state of the subsystem electron plus local vibra-
tions has a large energy uncertainty and enables one to relax
the requirement imposed on the frequency of local vibrations
by the energy conservation.6,8,11,12 In the meantime, the en-
ergy of the intermediate state of the subsystem ‘‘electron plus
local vibrations’’ should be close to that of the initial state in
order to ensure the large value of the transition matrix ele-
ment.

Another system where the proposed mechanism can play
the key role is provided by CdSe colloidal nanocrystals. In
the recent experiments on such quantum dots, the fast intra-
band relaxation of electrons has been observed in the ab-
sence of the holes.15 The electrons were injected into the
quantum dots instead of being optically generated and the
pump-probe measurements were subsequently carried out.15

These experiments showed that intraband relaxation times
vary significantly with surface modification suggesting the
involvement of a surface state such as the empty s state of
the surface Cd2+ atoms.15 A faster relaxation rate was ob-
served for lower temperatures,15 though more thorough stud-
ies of the temperature dependences of the relaxation rate in
CdSe colloidal nanocrystals are desirable.

It has been noticed7 that multiphonon relaxation processes
are analogous to tunneling problems in electron transport
utilizing the tunneling Hamiltonian. It turns out that the re-
laxation mechanism proposed in this paper is analogous to
the problem of electron tunneling through a potential barrier
placed between two leads and containing localized electronic
states coupled to phonons and resonant with the energy of
the tunneling electron. The latter problem was studied by
Glazman and Shekhter.16 There is, however, a substantial
difference between the two problems due to the discrete en-
ergy spectrum for carriers confined in a QD. Indeed, in the
problem of electron tunneling, there is a continuum of both
initial and final states in the leads. Thus, this problem has a
characteristic time related to the elastic tunneling of the elec-

tron from the localized state to either of the leads and deter-
mining the width of the resonance. The rate of the phonon-
assisted tunneling can then be calculated using some
generalization of the Fermi golden rule with the � function
accounting for the energy conservation being integrated out
while summing over the continuum of final electronic states.
In our problem, the initial and final electronic states are dis-
crete. However, the spectrum of the entire system “electron
plus phonons” is continuous and the scheme of calculation of
the transition rate proposed in Ref. 16 can still be applied,
although some changes should be introduced. First, the width
of the resonance will be determined by the lifetime of
phonons in the intermediate state. Second, the phonon den-
sity of states will enter the expression for the transition rate.
It turns out that these changes can be more naturally incor-
porated using a more traditional approach based on the cal-
culation of overlap integrals of eigenfunctions belonging to
shifted parabolic potentials �see, e.g., Ref. 12�. Another ad-
vantage of this method is that it allows one to make some
qualitative conclusions without having done actual calcula-
tions.

In this paper, the proposed mechanism of carrier relax-
ation will be studied in detail for a model QD system, while
discussions of its relevance to particular realizations of QDs
are left for future studies. The rest of the paper is organized
as follows. In Sec. II, we formulate the problem in a form
most convenient for comparison with the work by Glazman
and Shekhter16 and with the case of nonadiabaticity-induced
phonon-assisted transitions between intrinsic QD states.7 The
relaxation rate is expressed through a correlation function
which should be calculated taking into account phonon de-
cay. In Sec. III, we devise an approximation allowing one to
avoid evaluation of this correlation function. The lifetime of
the intermediate state in the relaxation process is derived in a
consistent way. In Sec. IV, results of Sec. III are imple-
mented into the calculation of the relaxation rate using direct
evaluation of the overlap integrals. Dependences of the re-
laxation rate on temperature and electron-phonon coupling
strength are discussed in Sec. V. Our results are summarized
in Sec. VI.

II. MODEL

The Hamiltonian describing multiphonon nonradiative
transitions between electronic levels of size quantization in
the QD potential with energies �2, �0 ��2��0� and the level
of electron localized at the impurity with the unperturbed
energy �1 can be represented as H=H0+V, where H0 is the
phonon Hamiltonian describing free local vibrations,

H0 = �0b†b

and

V = �0a†a + ��1 + ��b† + b��c†c + �2d†d + �B01a
†c + H.c.�

+ �A12c
†d + H.c.� . �1�

Here, a, c, d are the electronic annihilation operators of the
electronic states with the energies �0, �1, �2, respectively, and
b is the phonon annihilation operator. We will first neglect
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the phonon decay and introduce it later on. Parameter � mea-
sures the coupling strength of a carrier bound to the impurity
to local vibrations. It determines the shift between the
minima of the vibrational potentials �corresponding to local
vibrations and associated with different electronic states�
whose dependence on the configuration coordinate is
sketched in Fig. 1. It is assumed that for an electron localized
at the impurity, coupling with local vibrations is strong,
while for the electron states of size quantization in the QD
potential, it is negligible. A similar assumption is valid for an
electron localized at a deep-level impurity, as opposed to free
carriers in bulk semiconductors.5,6 The matrix elements A12
and B01 describe the electronic tunneling between the QD
states and impurity level �see Ref. 11 for details�.

We write the electronic wave function as

�̂�t� = �û�t�c† + v̂�t�d† + ŵ�t�a†��0� , �2�

where �0� is the electronic vacuum and û�t�, v̂�t�, ŵ�t� are the
operators acting on the phonon subsystem. The wave func-
tion �Eq. �2�� satisfies the Schrödinger equation in the inter-
action representation with respect to the Hamiltonian H0,

i
��̂�t�

�t
= V̂�t��̂�t� , �3�

with initial conditions

û�t = 0� = ŵ�t = 0� = 0, v̂�t = 0� = 1. �4�

Substituting Eqs. �1� and �2� into Eq. �3�, we obtain the fol-
lowing system of equations:

i
�û

�t
= ��1 + D̂�t��û�t� + B10ŵ�t� + A12v̂�t� , �5�

i
�ŵ

�t
= �0ŵ�t� + B01û�t� , �6�

i
�v̂
�t

= �2v̂�t� + A21û�t� , �7�

where

D̂�t� = ��b†ei�0t + be−i�0t� .

We will follow Refs. 7 and 16 and introduce the auxiliary
operator û0�t� as the solution of the following Cauchy prob-
lem:

i
�û0

�t
= D̂�t�û0, û0�t = 0� = 1.

In an explicit form, it reads

û0 = exp� �

�0
�b�e−i�0t − 1� − H.c.�

+ � �

�0
	2

�i�0t − i sin �0t�
 .

With the help of this operator, Eq. �5� can be written as

i
�

�t
�û0

−1û� = �1û0
−1û + û0

−1�B10ŵ�t� + A12v̂�t�� . �8�

Using Eqs. �6� and �8�, the operator ŵ�t� can be calculated
in the lowest order in the tunneling matrix elements B01, A12
as

ŵ�t� = − B01A12�
0

t

dt0�
0

t0

dt1ei�t0−t��0ei�t1−t0��1e−i�2t1

�û0�t0�û0
−1�t1� . �9�

The probability of the electron transition is given by

W2→0 =
1

	2→0
= lim

t→


�ŵ†�t�ŵ�t��
t

. �10�

The average here is taken over the initial states of the phonon
subsystem at t=0. It is assumed that these states are equilib-
rium states. We also have taken into account that, at t=0,
there is no interaction-induced renormalization of the phonon
states since the impurity electronic level is empty. Substitut-
ing Eq. �9� into Eq. �10�, we obtain

W2→0 = lim
t→


Z

t
�

0

t

dt0�
0

t0

dt1�
0

t

dt0��
0

t0�
dt1�e

−i�t0�−t0��0

�ei�t1−t0−t1�+t0���1ei�2�t1�−t1�U�t0,t1,t0�,t1�� , �11�

where we have introduced the correlation function

U�t0,t1,t0�,t1�� = �û0�t1��û0
−1�t0��û0�t0�û0

−1�t1�� , �12�

and

Z = �B01�2�A12�2. �13�

The correlation function �Eq. �12�� is analogous to the one
which appeared in the problem studied by Glazman and
Shekhter.16 It was evaluated in Ref. 16 neglecting phonon
decay. In our case, phonon decay should be taken into ac-
count as it determines the width of the resonance correspond-
ing to the intermediate state in the relaxation problem under
study. However, the problem of evaluating the correlation
function �Eq. �12�� taking the phonon decay into account is
very difficult. Therefore, in the next section, we devise an
approximation which allows one to account for phonon de-
cay without evaluating the correlation function �Eq. �12��.

III. WIDTH OF THE RESONANCE

In order to understand the origin of the width of the reso-
nance corresponding to the intermediate state in our relax-
ation problem, we will consider an auxiliary problem which
will help us to apply the concept of quasistationary states to
the states of the system “electron localized at the impurity
plus phonons.” More precisely, let us set B10=A12=0 and
consider the electron localized at the impurity and coupled to
phonons. One can introduce the retarded Green’s function of
the electron as

GR�t� = − i��0�c̃�t�c̃†�0� + c̃†�0�c̃�t��0����t� , �14�

where c̃�t� is the electron annihilation operator in the Heisen-
berg representation and ��0�¯�0�� denotes a quantum me-
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chanical average over the electronic vacuum and a statistical
average over the phonon degrees of freedom described by
the Hamiltonian H0. As the electron creation operator c̃†�0�
enters the Green’s function at t=0, the latter reflects what
happens to the electron when it is suddenly brought to the
impurity site from a remote location �where it does not ex-
perience any coupling or entangling to phonons� at t=0.
Therefore, this auxiliary problem is essentially equivalent to
the initial relaxation problem. The only difference is that, as
A12=B01=0, the auxiliary problem does not describe dynam-
ics of the electron tunneling to the impurity site. The Green’s
function �Eq. �14�� can be written in terms of the operator
û0,17

GR�t� = − ie−i�1t�û0�t����t� . �15�

The spectral function defined as17

A��� = − 2I�
−





dtGR�t�ei�t �16�

consists of a series of �-functional peaks separated by the
phonon energy �0. Now, if there are processes leading to the
phonon decay, then the expression for �û0�t�� becomes18

�û0�t�� = exp− �2� n̄0 + 1

����0� + i�0�2 �e−����0�+i�0�t − 1�

+
n̄0

����0� − i�0�2 �e−����0�−i�0�t − 1�

+ t
��0��2n̄0 + 1� − i�0

���0��2 + �0
2 �� . �17�

Here, n̄0� n̄��0� stays for the Planckian factor and ���� is
the frequency-dependent phonon decay rate defined through
the imaginary part of the phonon polarization operator.18 At
zero frequency, ��0�=0 �which reflects the fact that the zero-
phonon absorption linewidth is not affected by the phonon
decay�.18,19 Thus, when Eq. �17� is substituted into Eqs. �15�
and �16�, each peak of the spectral function, except for the
one corresponding to no phonons, becomes broadened. It is
natural to expect that it is this kind of broadening which
causes the finite width of the resonance associated with the
impurity in our relaxation problem.

Assuming ���0����0, the shape of each peak of the
spectral function can be described analytically. Equation �17�
yields

�û0�t�� = exp„S�e−�t��2n̄0 + 1�cos �0t − i sin �0t� + i�0t

− �2n̄0 + 1��… , �18�

where the Huang-Rhys factor S is given by

S = � �

�0
	2

.

Substituting Eqs. �18� and �15� into Eq. �16�, we obtain

A��� = �
l=−





Al�� − �l�, �l = �1 − S�0 + l�0,

Al��� = 2el��0/2−�2n̄0+1�SR�
0




dtIl�2S�n̄0�n̄0 + 1�

�exp�− �t��ei�t, �19�

where Il�x� is the modified Bessel function of order l. Equa-
tion �19� contains the averaged number of phonons, n̄0. It is
convenient to write out explicitly contributions of the initial
states with given numbers of phonons. To this end, we will
use

Il�x� = � x

2
	l

�
k=0


 � x

2
	2k 1

k!�k + l�!

and introduce z=exp�−��0� so that n̄0=z / �1−z�. Substitut-
ing this into Eq. �19�, we obtain

Al��� = 2e−S�
k=0



��2k + l�

�2 + �2k + l�2�2

zk

�1 − z�2k+l

�exp�−
2Sz

1 − z
	 S2k+l

k!�k + l�!
. �20�

This expression can be recast using the generating function
for associated Laguerre polynomials,20

zk

�1 − z�2k+l exp�−
2Sz

1 − z
	 = �1 − z�zk�

n=0




znLn
2k+l�2S� .

As a result, Eq. �20� can be recast in the form

Al��� = �1 − e−��0��
m=0




Alm���e−m��0, �21�

where

Alm��� = 2e−S�
k=0

m
�2k + l��

�2 + �2k + l�2�2

S2k+l

k!�k + l�!
Lm−k

2k+l�2S� .

�22�

Each term on the right-hand side �rhs� of Eq. �21� corre-
sponds to a transition from the initial state with m phonons
into the impurity state with m+ l phonons and describes this
transition’s contribution into the lth peak of the spectral func-
tion Al���. The latter is contributed by all processes where
exactly l phonons are emitted. Each of the contributions
Alm��� consists of �m+1� Lorentzians. The Lorentzians with
small k on the rhs of Eq. �22� can have negative weights,
while the weight of the Lorentzian with k=m is always posi-
tive. The latter Lorentzian determines spectral wings of
Alm��� and it is natural to associate its width, ��2m+ l�, with
the linewidth of the transition between the states with m and
m+ l phonons. From the theory of spectral linewidths, it is
well known21 that the spectral width of a line corresponding
to a transition between two quasistationary states is given by
the sum of their decay rates. As � is the phonon decay rate
and we have m phonons in the initial state and �m+ l�
phonons in the impurity state, we finally arrive at the assign-
ment of the width ��m+ l� to the state of the electron at the
impurity entangled to �m+ l� phonons. This assignment has a
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transparent probabilistic interpretation: the state of the sys-
tem ‘‘electron at the impurity plus phonons’’ decays as soon
as any one of the phonons decays, and the probability of this
process is given by the probability of phonon decay times the
number of phonons.

IV. TRANSITION RATE

We have seen that the lifetime of the intermediate state in
the relaxation problem under study depends on the number
of phonons associated with it. In this case, it is more conve-
nient to consider the relaxation process in the framework of
an approach based on the calculation of overlap integrals
between eigenfunctions belonging to shifted parabolic poten-
tials. These potentials for our system are schematically de-
picted in Fig. 1. For the quantum dot states, the potentials are
given by6

V0�q� =
M�0

2q2

2
+ �0, �23�

V2�q� =
M�0

2q2

2
+ �2. �24�

Here, �0 is the frequency of the local vibrational mode, q is
the corresponding configurational coordinate, and M is the
mass of the impurity’s ion. The adiabatic potential for the
intermediate state is given by6

V1�q� =
M�0

2�q + q0�2

2
+ �̃1, �25�

where

q0 = �2S/�M�� ,

�̃1 = �1 − S�0. �26�

Let us introduce the eigenfunctions �n
�2��q�, �n

�1��q�, and
�n

�0��q� in the adiabatic potentials V2�q�, V1�q�, and V0�q�,
respectively. These are eigenfunctions of the harmonic oscil-
lator satisfying the following relation: �n

�2��q�=�n
�1��q−q0�

=�n
�0��q�. Then, the transition rate W2→0 is given by the

Fermi golden rule

W2→0 =
2�Z

�0
��M2→0�2� , �27�

where

��M2→0�2� = �1 − e−��0��
m=0




e−�m�0�Mm�2, �28�

Mm = �
n=0


 ��m
�2���n

�1����n
�1���m+p

�0� �
�m − n��0 + �2 − �1 + S�0 + i�n

, �29�

and Z is given by Eq. �13�. The energy � function in Eq. �27�
has been integrated out yielding the phonon density of states
�0

−1, while the value of �0 is adjusted to make the number

p= ��2−�0� /�0 integer.22 We also took into account that, ac-
cording to Sec. III, the width of the intermediate state is
given by the number of phonons in that state times the pho-
non decay rate.

The overlap integrals entering Eq. �29� can be expressed
in terms of the generalized Laguerre polynomials23

��m
�0���n

�1�� =�m!

n!
e−S/2S�n−m�/2Lm

n−m�S� .

This expression is valid for m�n, while for m�n, the iden-
tity ��m

�0� ��n
�1��= ��n

�0� ��m
�1���−1�n−m should be used.

The relaxation is most efficient when the energy of the
intermediate state is different from that of the initial and final
states in the amount not exceeding its decay rate. We will
assume that this condition is always fulfilled and set

�2 − �1 + S�0 = l�0, l � N .

In this case, the term with n= l+m becomes dominant in Eq.
�29� and we obtain

Mm �
− i

��l + m�
��m

�2���l+m
�1� ���l+m

�1� ��m+p
�2� � . �30�

V. RESULTS AND DISCUSSION

At zero temperature, only the contribution with m=0 sur-
vives in Eq. �28�, and the dependence of the relaxation rate
on the strength of the electron-phonon coupling is governed
by the dependence of �M0�2 on the Huang-Rhys factor S. This
dependence is shown in Fig. 2�a� �solid curve�. Both S and �1
were changed in such a way that the energy difference �2
−�1+S�0� l�0 remained fixed. This is equivalent to a hori-
zontal shift of the adiabatic curve 1 in Fig. 2�b�. As one can
see from Fig. 2�a�, the dependence �M0�2�S� has a maximum
yielding the optimal value of the Huang-Rhys factor at which

FIG. 2. �Color online� �a� The dependence of the matrix ele-
ments �Mm�2 on the Huang-Rhys factor S calculated for different
values of m=0,1 ,2 ,3 with l=1, p�0=200 meV, p=13, �
=0.2ps−1. The vertical dashed line indicates the maximum of the
dependence �M0�2�S� at S=5.7. �b� Adiabatic curves, Eqs. �23�–�25�,
calculated for S=5.7. The horizontal lines indicate positions of the
energy levels in the potential V2 with m=0 and m=1.
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the relaxation is the most efficient. This can be understood
using quasiclassical language. According to the quasiclassi-
cal theory, the overlap integral of eigenfunctions belonging
to different adiabatic potentials is maximum at those energy
values where the adiabatic curves intersect.6 The optimal
value of the Huang-Rhys factor corresponds to the situation
where both intersection points are close to the energy level
with m=0, as shown in Fig. 2�b�. This figure also explains
why the maximum of the curve �M1�2�S�, also shown in Fig.
2�a�, is close to the maximum of �M0�2�S�.

As temperature is increased, thermal activation leads to
increasing importance of the terms on the rhs of Eq. �28�
with m�0. In the meantime, relative contribution of the term
with m=0 to the transition rate decreases due to the factor of
1−exp�−��0� in Eq. �28�. Therefore, the character of the
temperature dependence of the relaxation rate is determined
by the ratio of �M0� and �M1�.

One can see from Fig. 2�a� that, for l=1 and Huang-Rhys
factor close to its optimal value, �M1� exceeds �M0� and the
relaxation time decreases with temperature, as shown in Fig.
3 �solid curve�. For l�1, intersection points would be closer
to the level with m=0 than to the level with m=1, resulting
in �M0�� �M1�. This will lead to increasing temperature de-
pendence of the relaxation time, as shown in Fig. 3.

Therefore, the present mechanism can reproduce both in-
creasing and decreasing temperature dependences of the re-
laxation time. Those are two types of temperature depen-
dences observed experimentally.2,15 Note that when the
temperature sweeps from 0 to 300 K, the relaxation time in
Fig. 3 changes within one order of magnitude which is con-
sistent with experimental observations.2,15

VI. CONCLUSIONS

We have proposed a new defect-assisted mechanism of
multiphonon intraband carrier relaxation in semiconductor
QDs, where the carrier is found in a coherent superposition
of the initial, final, and defect states, and the defect state is
strongly coupled to local lattice vibrations. The proposed
mechanism is the most efficient when the intermediate and

final states of the subsystem “electron plus local vibrations”
have, respectively, small and large numbers of nonequilib-
rium local phonons. Combination of different approaches has
helped us to devise a controllable approximation for the re-
laxation rate. We have shown that the proposed mechanism
is capable of reproducing both decreasing, as it was observed
for PbSe NCs,2 and increasing, as it was reported for CdSe
QDs,15 temperature dependences of the relaxation time. For
reasonable values of parameters, the change in the relaxation
time with temperature rise from cryogenic to room tempera-
tures was found within one order of magnitude, in agreement
with experimental observations.2,15

ACKNOWLEDGMENTS

We are indebted to I. N. Yassievich for useful discussions
and constant encouragement. This work was funded by the
Russian Foundation for Basic Research under Grant No. 07-
02-00469-a. A.N.P. acknowledges support by the Dynasty
Foundation-ICFPM.

1 J. M. Harbold, H. Du, T. D. Krauss, K.-S. Cho, C. B. Murray, and
F. W. Wise, Phys. Rev. B 72, 195312 �2005�.

2 R. D. Schaller, J. M. Pietryga, S. V. Goupalov, M. A. Petruska, S.
A. Ivanov, and V. I. Klimov, Phys. Rev. Lett. 95, 196401
�2005�.

3 A. L. Efros, V. A. Kharchenko, and M. Rosen, Solid State Com-
mun. 93, 281 �1995�.

4 K. Huang and A. Rhys, Proc. R. Soc. London, Ser. A 204, 406
�1950�; K. Huang, Sci. Sin. 24, 27 �1981�.

5 B. K. Ridley, Quantum Processes in Semiconductors �Clarendon,
Oxford, 1999�, Chap. 6.

6 V. N. Abakumov, V. I. Perel, and I. N. Yassievich, Nonradiative
Recombination in Semiconductors �North-Holland, Amsterdam,
1991�.

7 S. V. Goupalov, Phys. Rev. B 72, 073301 �2005�.
8 X.-Q. Li and Y. Arakawa, Phys. Rev. B 56, 10423 �1997�.
9 T. D. Krauss and F. W. Wise, Phys. Rev. B 55, 9860 �1997�.

10 I. Kang and F. V. Wise, J. Opt. Soc. Am. B 14, 1632 �1997�.
11 P. C. Sercel, Phys. Rev. B 51, 14532 �1995�.
12 D. F. Schroeter, D. J. Griffiths, and P. C. Sercel, Phys. Rev. B 54,

1486 �1996�.
13 V. N. Abakumov, A. A. Pakhomov, and I. N. Yassievich, Pis’ma

Zh. Eksp. Teor. Fiz. 53, 167 �1991� �JETP Lett. 53, 176 �1991��.
14 I. N. Yassievich, Semicond. Sci. Technol. 9, 1433 �1994�.
15 P. Guyot-Sionnest, B. Wehrenberg, and D. Yu, J. Chem. Phys.

123, 074709 �2005�.
16 L. I. Glazman and R. I. Shekhter, Zh. Eksp. Teor. Fiz. 94, 292

�1988� �Sov. Phys. JETP 67, 163 �1988��.

FIG. 3. �Color online� Temperature dependences of the relax-
ation time calculated for different values of the impurity level po-
sition �l=1,2 ,3 ,5 ,7� with Z= �2.5�4 meV4, S=5.7. Other param-
eters are the same as in Fig. 2.

A. N. PODDUBNY AND S. V. GOUPALOV PHYSICAL REVIEW B 77, 075315 �2008�

075315-6



17 G. D. Mahan, Many-Particle Physics, 2nd ed. �Plenum, New
York, 1990�, Sec. 4.3.

18 S. V. Goupalov, R. A. Suris, P. Lavallard, and D. S. Citrin, IEEE
J. Sel. Top. Quantum Electron. 8, 1009 �2002�.

19 It is convenient to think of A��� as of an optical absorption spec-
trum of a hypothetical system with optical gap at the frequency
of the zero-phonon line.

20 A. Messiah, Quantum Mechanics �Dover, Mineola, NY, 1999�.
21 V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Quantum

Electrodynamics �Pergamon, Oxford, 1982�, Sec. 62.

22 Remember that here we assume that the transition 2→0 is fol-
lowed by instant lattice relaxation, as state “0” has a large num-
ber of nonequilibrium local phonons. Therefore, the final state of
the subsystem ‘‘electron plus local vibrations’’ has a large en-
ergy uncertainty. This allows one to consider a transition to a
group of states of neighboring energies rather than consider a
transition to a particular state.

23 A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Special
Functions, Integrals and Series Vol. 2 �Gordon and Breach, New
York, 1986�, Eq. 2.20.10.

COHERENT DEFECT-ASSISTED MULTIPHONON… PHYSICAL REVIEW B 77, 075315 �2008�

075315-7


