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We present a numerical study of the �H�M ,�M� method and its ability to accurately determine intrinsic
switching field distributions in interacting granular magnetic materials such as perpendicular recording media.
In particular, we study how this methodology fails for large ferromagnetic intergranular interactions, at which
point the associated strongly correlated magnetization reversal cannot be properly represented by the mean-
field approximation, upon which the �H�M ,�M� method is based. In this study, we use a two-dimensional
array of symmetric hysterons that have an intrinsic switching field distribution of standard deviation � and
ferromagnetic nearest-neighbor interactions J. We find the �H�M ,�M� method to be very accurate for small
J /� values, while substantial errors develop once the effective exchange field becomes comparable with �,
corroborating earlier results from micromagnetic simulations. We furthermore demonstrate that this failure is
correlated with deviations from data set redundancy, which is a key property of the mean-field approximation.
Thus, the �H�M ,�M� method fails in a well defined and quantifiable manner that can be easily assessed from
the data sets alone.
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I. INTRODUCTION

One of the key challenges in advancing the nanotechnol-
ogy of magnetic recording is the optimization of recording
media and its physical properties.1 This challenge is particu-
larly demanding because magnetic recording is by its nature
a local process. Thus, it is not so much the average physical
properties that are crucial, but the distributions of such prop-
erties that determine continued technological advancement
and success.1 In general, it is important to devise recording
media structures that have very homogeneous properties on
recording relevant length scales, so that a position indepen-
dent physical description of all properties and magnetization
processes is appropriate. However, this can only be achieved
to a limited degree and it is therefore essential to have exact
knowledge of the corresponding parameter distributions. One
of the most crucial properties is the intrinsic switching field
distribution D�HS� of the media grains because it defines the
recording quality of a media layer in both magnetic stability
and the achievable recording density.2 Hereby, one has to
realize that it is not the macroscopic switching field distribu-
tion Dm�HS� in a uniformly applied field that is relevant, but
the local distribution D�HS� of switching fields in a recording
process, which takes place in a narrowly defined field geom-
etry. The difference between Dm�HS� and D�HS� is caused by
the intergranular interactions between the media grains. In
particular, for perpendicular media, the dipolar interaction is
large and dominates the behavior of hysteresis loops M�H�.
Thus, the knowledge of Dm�HS�, which can be derived from
the slope of M�H�, is insufficient for recording performance
predictions.

Over the years, several methodologies have been devel-
oped to determine D�HS� with varying success.3–9 Most of
these methods apply a measurement scheme, in which mag-

netization reversal of media grains is probed starting from
different magnetization states to allow for a variation of the
grain-to-grain interaction under measurement conditions.
Such procedures should then, in principle, and under certain
limiting conditions allow for a separation of the intrinsic
switching field distribution from intergranular interactions.

In this paper, we study the reliability of the recently de-
veloped �H�M ,�M� method, which has been used success-
fully in analyzing progress in recording media fabrication.7,8

The method itself is a generalization of an earlier measure-
ment technique, the �HC method,3 but has the advantage that
it allows the determination of the entire D�HS� distribution
and not just a single characteristic parameter. Furthermore, it
enables oversampling, which makes consistency checks fea-
sible and gives one the opportunity to quantify the confi-
dence level of measurement results. In contrast to the also
quite robust method developed by van de Veerdonk et al.,5,6

it does not rely on a specific distribution form or the rather
limiting assumption that interactions can be removed from
the problem by a simple deshearing of the major hysteresis
loop. Recent data indicate that this very assumption appears
to be an overly simplistic view of intergranular interactions.8

Another method that has recently gained certain popularity is
the first-order reversal curve �FORC� method,4,9 which is
very similar to the measurement of Preisach distributions.10

However, this technique cannot really be compared to the
previously mentioned methods, because it represents for the
most part a data transformation tool and does not appear to
allow a self-consistent way of extracting microscopic infor-
mation such as D�Hs�, because all interactions are removed
from the model in an ad hoc fashion simply by definition.4,9

We present a numerical study of the �H�M ,�M� method
in this work. Unlike the previous micromagnetic tests at a
room temperature,8 we adopt here the algorithms developed
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in the study of the random field Ising model at zero tempera-
ture. The big advantage is that the system size we can study
is much larger than that of the micromagnetic calculations.
Consequently, the noise level of data is lower and the statis-
tics is better. The obvious disadvantage is that the thermal
effects are completely ignored here. They are beyond the
scope of the present study and should be the topic of future
work.

We show that even though the �H�M ,�M� method ap-
proximates the intergranular interactions on the mean-field
level, it can predict its own reliability correctly. The paper is
organized as follows. In Sec. II, we give a brief introduction
to the �H�M ,�M� method. In Sec. III, we discuss the model
used to numerically calculate the magnetization curves
M�H�. In Sec. IV, we introduce reliability measures to quan-
tify the failure of the �H�M ,�M� method. In Sec. V, we
present and analyze our numerical results and a summary is
given in Sec. VI.

II. �H„M ,�M… METHOD

The �H�M ,�M� method assumes that the effective field
at each grain can be written as Heff=H+Hint�M� with H be-
ing the external field and Hint�M� the volume-averaged inter-
action field at magnetization M. Assuming that M is normal-
ized to its saturation value MS, the upper branch of the major
hysteresis loop driven by the major loop external field H, and
the recoil curve starting at Mrev=1−�M driven by the recoil
curve external field Hr are given as

M = 1 − 2�
−�

−�H�M�+Hint�M��

D�HS�dHS, �1a�

M = 1 − �M − 2�
−�

−�Hr�M�+Hint�M��

D�HS�dHS, �1b�

respectively, i.e., field integrals over the intrinsic switching
field distribution D�HS�. Defining an integral function I�x�
=�−�

x D�HS�dHS, one finds

H�M� = − I−1�1 − M

2
� − Hint�M� , �2a�

Hr�M� = − I−1�1 − M − �M

2
� − Hint�M� , �2b�

with I−1 being the inverse of the integral function. Therefore,
one can derive

�H�M,�M� 	 Hr�M� − H�M� = I−1�1 − M

2
�

− I−1�1 − M − �M

2
� �3�

as a closed functional form for the field axis distance �H
between major and recoil curves, a quantity that is illustrated
in Fig. 2. It is important that hereby, within the framework of
this approach, �H is independent from the grain interaction,

which allows for a direct experimental access to D�HS�. For
certain parametrized distribution functions, one can derive
analytic expressions for �H. For example, for the Gaussian,
Lorentzian, and log normal D�HS� distributions,

DG�HS� =
1


2��
exp�−

�HS − h0�2

2�2 � , �4a�

DL�HS� =
2w

�

1

w2 + 4�HS − h0�2 , �4b�

DLN�HS� =
1


2��̃HS

exp�−
�log HS − �̃�2

2�̃2 � , �4c�

we find

�HG�M,�M� = 
2��erf−1�M + �M� − erf−1�M�� , �5a�

�HL�M,�M� =
w

2
tan��

2
�M + �M�� − tan��

2
M�� ,

�5b�

�HLN�M,�M� = exp��̃ − 
2�̃ erf−1�M�� − exp��̃

− 
2�̃ erf−1�M + �M�� . �5c�

Results for the Gaussian and Lorentzian distributions
were reported previously.7,8 Here, we introduce the disorder
parameter � for a general D�HS� distribution. � is defined to
be the standard deviation of a given distribution, such as
Gaussian and log normal. However, for the Lorentzian dis-
tribution neither variance nor higher moments are defined, so
that we need to quantify the disorder level in another form.
For the Lorentzian, we define the disorder parameter to be
the distribution width at the half-maximum and the mean to
be the center of the distribution. For the distributions given
by Eqs. �4a�–�4c�, we then have the disorder parameter: �G

=�, �L=w, �LN=e�̃+�̃2/2�e�̃2
−1�1/2 and the mean value h0

G

=h0, h0
L=h0, h0

LN=e�̃+�̃2/2.
By making a least-squares fit of the �H�M ,�M� curves to

the above formulas, one can extract the key features of
D�HS�. Note that both �HG�M ,�M� and �HL�M ,�M� have
no h0 dependence. However, for the log normal distribution,
�HLN�M ,�M� depends on both �̃ and �̃, and therefore it has
both � and h0 dependencies.

It is easy to prove that simply shifting a general distribu-
tion will not alter the �H data. For this, we consider the case
of a general distribution D�HS�: If we shift it right by an

amount H0, then the integral function Ĩ�x� of the new distri-

bution D̃�HS�=D�HS−H0� is given by Ĩ�x�= I�x−H0� and its

inverse Ĩ−1�y�=H0+ I−1�y�. It is then clear that this shift will
not change the �H�M ,�M� formula at all, since the H0

terms will cancel according to Eq. �3�.
Also, we find that both �HG�M ,�M� and �HL�M ,�M�

are symmetric with respect to M =−�M /2 while
�HLN�M ,�M� is not symmetric. This is consistent with the
original distribution: Both DG�HS� and DL�HS� are symmet-
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ric around h0, while DLN�HS� is not. Actually, for any D�HS�
distribution being symmetric about h0, one finds that I�h0

+x�=1− I�h0−x� and I−1�1 /2+y�=−I−1�1 /2−y�, from which
it is easy to prove that �H�M ,�M� is symmetric about M
=−�M /2, i.e.,

�H�−
�M

2
+ M�,�M� = �H�−

�M

2
− M�,�M� . �6�

III. HYSTERON MODEL

For our numerical studies, we model each grain as a hys-
teron, which is the simplest mathematical construction for
the description of a hysteretic system. Each hysteron will
generate a rectangular hysteresis loop in an applied field H,
as shown in Fig. 1. We assume the transition of each hys-
teron is infinitely sharp and it has no additional field depen-
dence, such as finite susceptibility. The half-width of the
rectangular hysteresis loop is referred to as the intrinsic
switching field of the hysteron, which is a well-defined prop-
erty of each individual hysteron.

We also assume that the hysteron switching fields are
symmetric around zero field, i.e., there is no bias. A hysteron
with zero bias is called a symmetric hysteron and is consis-
tent with the time reversal symmetry that ferromagnets
exhibit.11 These hysteron properties can be regarded as fairly
good representation of perpendicular media grains, because
they have relatively high magnetic anisotropy and the ap-
plied field in typical characterization measurements is ap-
plied along the easy axis.3–9

We further assume that there is no time structure to the
hysteron switch itself. This should be an appropriate picture
as long as one considers field change rates that are much
slower than single grain reversal times. Given that such re-
versal times are typically of the order of several hundred pico
seconds,12 this condition is generally fulfilled in typical mea-
surement setups.13

In our model, the ferromagnetic layer system is then rep-
resented by a simple square lattice of symmetric hysterons
with periodic boundary conditions. Note that a square lattice
is not necessarily a very good approximation of actual media
structures,8 in which grains typically have coordination num-

bers of 5 or 6. However, we neglect this detail of actual
media structures for reasons of simplicity and furthermore
assume that deviations from a more realistic grain structure
are not fundamentally altering the overall significance of our
study.14 Under the assumptions that hysterons �Si= �1� have
an intrinsic switching field distribution D�HSi� with HSi�0,
and interact ferromagnetically with their nearest neighbors
with strength J and experience a uniform external field H,
the Hamiltonian of the system can be written as15

H = − �
�i,j�

JSiSj − �
i

�H + sgn�Si�HSi�Si. �7�

Note that we are ignoring dipolar interactions in our
model, even though we know that they are substantial in real
structures. However, a previous micromagnetic study dem-
onstrated that the dipolar interactions can very well be
treated within the mean-field �H�M ,�M� method and do not
cause any significant precision problems, while exchange in-
teractions did.7,8,16 Thus, we focus here on the effect of in-
tergranular exchange interactions only, because they repre-
sent the much more serious problem for the reliability of the
�H�M ,�M� method. Also, we are acutely aware of the fact
that the assumption of a uniform exchange coupling constant
J in Eq. �7� is a substantial simplification of the problem, if
one compares our model to real material structures. How-
ever, including a distribution of J would be an extension of
the present model and will be the topic of future work.

We denote our model as the random switching field hys-
teron model �RSFHM�. Note that the RSFHM is very similar
to the random field Ising model �RFIM�:

H = − �
�i,j�

Jsisj − �
i

�H + hi�si, �8�

where the spins si= �1 interact ferromagnetically with their
nearest neighbors with strength J and experience a uniform
external field H and a local quenched field hi. For the RFIM,
a local metastable dynamics has been introduced by Sethna
et al.17 to study the disorder-induced phase transition in the
hysteretic behavior at T=0: Initially, all spins point down, as
H is slowly increased from −� to � and decreased back to
−�, each spin flips deterministically when its effective local
field

hi
eff = J�

j

sj + H + hi �9�

changes sign. For the RSFHM, we introduce a similar local
metastable dynamics at T=0: Initially, all hysterons point
down, as H is slowly increased from −� to � and decreased
back to −�, each hysteron flips deterministically when its
effective local field

Hi
eff = J�

j

Sj + H + sgn�Si�HSi �10�

changes sign. Considering the only slight difference between
the RFIM and the RSFHM, it is possible to introduce a
simple mapping: hi↔sgn�Si� HSi with HSi�0. This enables
us to calculate the M�H� curve of the interacting symmetric

FIG. 1. �Color online� A symmetric hysteron S with intrinsic
switching field HS.
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hysterons with the developed algorithms used for previous
RFIM computational work.17,18

Note that the thermal effects are completely ignored here.
While thermal activations play a large role in conventional
hysteresis loop measurements, they are not a fundamental
limit of the �H�M ,�M� method, because one can resort to
low temperature measurements to suppress thermal effects,
at least in principle. An elevated level of intergranular ex-
change, however, is a fundamental limit for the applicability
of the �H�M ,�M� method. So we dedicate this paper to the
exchange effects only. Thermal effects are beyond the scope
of the present study and would be the topic of future work.

In this paper, we evaluate different types of D�HS� to
study the reliability of the �H�M ,�M� method. In our simu-
lation, we set the ferromagnetic nearest-neighbor coupling
strength J=1 and tune the disorder parameter �. In our
model, only the ratio � /J is relevant. Setting J=1 is just a
standard and convenient way for simulations. Since J=1,
tuning � is equivalent to tuning � /J. In this sense, a small
�big� � corresponds to strong �weak� nearest-neighbor inter-
actions of hysterons. We calculate the M�H� curves, both
major hysteresis loop and recoil curves, for system sizes up
to 10002 and � values from 1.6 to 1000.

IV. RELIABILITY MEASURES

In this section, we discuss the reliability measures of the
�H�M ,�M� method for an arbitrary type of D�HS�. The re-
liability is characterized by two types of measures: �1� con-
ventional quality measures for numerical fits such as the per-
centage difference between the fitting and the actual
parameter �Pd� and the square of the multiple correlation
coefficient �R2�; �2� the average deviation from redundancy
measure �r�, which represents a consistency test of the data
set alone.

A. Fit quality

In simulations, one knows the input parameters exactly,
such as the input distribution D�HS� in our case. Further-
more, we have also derived �H�M ,�M� formulas for certain
specific D�HS� distributions, as shown in Sec. II. Thus, by
fitting these analytical formulas to the �H�M ,�M� curves
obtained from our two-dimensional RSFHM hysteresis loop
simulations, we can get an estimate of the input D�HS� dis-
tribution. Obviously, if the input D�HS� is recovered by the
fitting procedure with high accuracy, then the �H�M ,�M�
method works. To quantify the reliability of the �H�M ,�M�
method, we introduce the following fit quality measures. The
most important fit quality measure, denoted as Pd, is the
percentage difference between the parameters obtained from
a least-squares fit and the actual input parameters into our
simulation. It describes how well the �H�M ,�M� method
can indeed retrieve the information sought. Focusing on the
disorder parameter of D�HS� as the most crucial fit param-
eter, we define

Pd = �� f − ��/� . �11�

Here � f is the fit value of the D�HS� distribution disorder
parameter, as defined in Sec. II, while � is the input value of
the same parameter.

Another fit quality measure that can be utilized here is the
square of the multiple correlation coefficient R2, which mea-
sures how successful a fit and fit function is in explaining the
data.19 It is defined as

R2 = 1 −

�
i
�Yi − Ŷi�2

�
i
�Yi − Ȳ�2

, �12�

Yi and Ŷi are hereby the simulation result and the fit function
value for �H�M ,�M� at a given data point �Mi ,�Mi�, re-

spectively. Ȳ is the average value of Yi. According to the
definition of R2, we know that as R2 approaches 1, the fit is a
better and better representation of the data set. Hereby, it is
important to emphasize two points in calculating Pd and R2.
First, we are comparing a mean-field theory to numerical
simulations that contain the complexity of magnetization re-
versal in its complete detail. Second, we are using a finite

FIG. 2. �Color online� �a� The major hysteresis loop and three
recoil curves. Throughout the paper, M is normalized to its satura-
tion value MS and H is normalized to the coercive field HC. The first
two recoil curves start at Mrev=1−�Mi and 1−�Mj, respectively,
with �Mi	�Mj. For the six points �A and P�, �B and U�, and �Q
and V� shown in the figure with MA=MB=M, MP=MQ=M −�Mj

+�Mi, and MU=MV=M −�Mj, where M is an arbitrary value
within �−1,1−�Mi�, one can prove the existence of data redun-
dancy, i.e., the equality �HB−HA�+ �HV−HU�= �HQ−HP� within the
mean-field approximation. �b� The corresponding �H�M ,�M� data
for the three recoil curves.
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size grid in our simulation while the analytic theory is de-
rived for infinite systems. Naturally, the finite size will affect
the R2 and Pd calculation. Particularly, for data points near
the beginning or end of the reversal curve, where only a few
grains �hysterons� are reversed, the analytical theory for in-
finite hysteron numbers might not be accurate at all for the
description of a finite system, independent from the validity
of the mean-field approximation.

B. Deviation from redundancy

Fit quality measures such as R2 are not necessarily fool-
proof because physical models and corresponding fit func-
tions may be used in a regime, for which the underlying
theory does not apply anymore. In such cases, data fits and
extracted materials parameters might appear very accurate,
while they are not. Thus, it would be a tremendous help, if an
independent data set evaluation would be available that al-
lows a separate measure of the suitability of the underlying
theory. Specifically here, this evaluation should tell us how
good an approximation the mean-field theory is for any given
data set, so that we know to which confidence level we can
rely on the �H�M ,�M� method.

We find that it is indeed possible to define such a quantity.
To do so, one has to recognize that within the mean-field
approximation �H�M ,�M� data sets contain redundancy.
The data set redundancy can be seen from Fig. 2. For illus-
tration purposes, we pick six points: �A and P�, �B and U�,
and �Q and V� located on the major loop, the ith recoil curve,

and the jth recoil curve, respectively. The ith and jth recoil
curves start at Mrev=1−�Mi

and 1−�Mj, respectively. Without
limiting the generality of this consideration, we furthermore
assume that �Mi	�Mj and require that the six points satisfy
MA=MB=M, MP=MQ=M −�Mj +�Mi, and MU=MV=M
−�Mj, where M is an arbitrary value within �−1,1−�Mi�.
We then define

�Hi�M� = HB − HA, �13a�

�Hj�M − �Mj + �Mi� = HQ − HP, �13b�

�Hj�M − �Mj� − �Hi�M − �Mj� = HV − HU. �13c�

Within the mean-field approximation, it is easy to prove that

�HB − HA� + �HV − HU� − �HQ − HP� = 0, �14�

as shown in Appendix A. More generally, one finds that

�Hi�M� + �Hj�M − �Mj� − �Hi�M − �Mj�

− �Hj�M − �Mj + �Mi� = 0. �15�

This data set redundancy is due to the fact that successive
recoil curves are not fully independent and contain repeated
information. However, Eq. �15� is derived under the assump-
tion of the mean-field approximation and is only true if the
mean-field approximation is indeed fulfilled by the data set.
For general data sets, this property is not conserved. There-
fore, we can define an M-dependent measure as

rij�M� =
�Hi�M� + �Hj�M − �Mj� − �Hi�M − �Mj� − �Hj�M − �Mj + �Mi�
�Hi�M� + �Hj�M − �Mj� + �Hi�M − �Mj� + �Hj�M − �Mj + �Mi�

, �16�

which monitors deviations from the mean-field approxima-
tion based upon the above redundancy criterion �Eq. �15��.
Equation �16� has an M definition range of ��Mj −1,1
−�Mi�. For a general set of multiple recoil curves, the aver-
age deviation from redundancy measure can be defined as

r =
1

n
�
i,j

�rij
2 �M��1/2 �17�

with n being the total number of all the possible �i , j� pairs.20

Thus, r is a quantitative measure that allows an accurate and
independent check of how close or far any �H�M ,�M� data
set is from fulfilling the mean-field approximation.

Note that in calculating r, we are comparing the data set
with itself. Thus, the validity of the underlying mean-field
approximation used for all the �H�M ,�M� data fits can be
assessed independently and from the data set alone.

An additional benefit in the calculation of r is that the
finite size inaccuracies at the definition range boundaries for
the recoil curves will cancel out, at least to some degree. See

Eq. �16�. For M =1−�Mi, the finite size inaccuracies in
�Hi�M� and �Hj�M −�Mj +�Mi� will cancel out. Similarly,
for M =�Mj −1, the finite size inaccuracies in �Hj�M
−�Mj� and �Hi�M −�Mj� will cancel out. In this sense, the
deviation from redundancy measure is more robust than the
fit quality measures.

V. SIMULATION RESULTS

To show that the �H�M ,�M� method fails reproducibly
in a well-defined manner, we calculate �H�M ,�M� data sets
for four different distributions.

For all these distributions, we tune the disorder parameter
� from 1.6 to 1000, but keep the ratio h0 /� to be a positive
constant. This is done to avoid any negative switching fields,
which would otherwise describe nonphysical behavior in
violation of the second law of thermodynamics.21 For a
Gaussian, h0 /�=5 is generally big enough to avoid any
negative HS for system sizes of up to 10002. For a Lorentz-
ian, we choose h0 /�=5
103 for systems of size 1002 and
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h0 /��2
105 for systems of size 10002. To avoid the long
negative tails of the Lorentzian, we can truncate the distribu-
tion instead of choosing a huge h0 /� ratio, creating a new
type of distribution, which we refer to as truncated Lorentz-
ian distribution DLt

�HS� in the following. Further details, in-
cluding the definition of �, for this distribution are described
in Appendix B. For this DLt

�HS� distribution, we also choose
h0 /�=5 in our calculations. For the log normal distribution,
there is by definition no distribution density for negative
fields. However, we still choose h0 /�=5 to make it compa-
rable with the Gaussian and the truncated Lorentzian
distribution.22

A. Comparison with the mean-field approximation

Key results of our numerical hysteresis loop calculations
for all these different switching field distributions are shown
in Figs. 3–6. In each case, we show plots for �=1.6, 5, and
50 only to illustrate the general trends. All the calculations
shown here are done in D=2 dimensions for linear system
size L=1000, i.e., L2=106 hysterons.

At first, we discuss the results for the Gaussian D�HS�
distribution in detail. Figure 3 displays the results for differ-
ent �’s in different rows: �top� �=1.6, �middle� �=5, and
�bottom� �=50. For each �, we calculate a complete set of
M�H� curves, both the saturation hysteresis loop and recoil
curves, as shown in the left column of Fig. 3. Note that here

and throughout the paper, M �or �M� is normalized to the
saturation value MS and H �or �H� is normalized to the
coercive field HC. In particular, we choose five equally
spaced recoil curves, for which the distance to saturation is
given by �Mi= i /3. From the left column of Fig. 3, one can
see that the hysteresis curves get broader for higher �. Note
that it is not the larger � itself that causes this effect, because
this type of broadening is taken out due to the normalization
of H with HC, and the constant h0 /� ratio.23 The difference
in shape here actually reflects the fact that for lower �, one
gets correlated magnetization reversal which sharpens the
macroscopic switching field distribution substantially.

In the middle column of Fig. 3, we show the correspond-
ing �H�M ,�M� curves �solid lines� derived from the simu-
lated M�H� curves, as well as the mean-field approximation
of the �H�M ,�M� curves �dotted lines� calculated from Eq.
�5a�. The mean-field curves are calculated by using the exact
input parameter and are not least-squares fits. This allows for
a clear illustration of the deviations from mean-field behav-
ior. From Fig. 3�d�, we see that for small � �corresponding to
strong hysteron interactions� the difference between the nu-
merical result and the mean-field approximation is large. For
intermediate � �corresponding to intermediate hysteron inter-
actions�, the difference diminishes but is still visible, espe-
cially near the negative saturation M =−1, as shown in Fig.
3�e�. For high � �corresponding to weak hysteron interac-
tions�, the difference is so small that it is not visible in Fig.
3�f�. It should be mentioned that due to the constant h0 /�
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�h��: �=5. �Bottom �c�, �f�, and �i��: �=50. Columns �Left �a�–�c��: M�H� curves, main loop, and five recoil curves. �Middle �d�–�f��:
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ratio and the normalization of �H, the mean-field
�H�M ,�M� curves look almost identical for different �’s.
Furthermore, it is apparent that the �H�M ,�M� curves ob-
tained from numerical simulations are asymmetric, in par-
ticular, for small �. They show much larger deviations from
the mean-field approximation on the left hand side, i.e., near
negative saturation M =−1. This can also be seen in the hys-
teresis loops themselves, where the curves seem to bundle up
near negative saturation for small � values.

In the right column of Fig. 3, we show numerical values
for the deviation from redundancy measures rij�M�, which
are calculated from the simulated recoil curves shown in the
left column. Due to the definition range of rij�M�, only the
recoil curve pairs �i , j�= �1,2�, �1,3�, �1,4�, and �2,3� produce
data. From Fig. 3�g�, we see that for small � the deviation
from data redundancy is quite substantial for the whole M
definition range and for all the recoil curve pairs. For inter-
mediate �, the deviation becomes smaller but is still visible,
as shown in Fig. 3�h�. For high �, the deviation is almost
negligible in the whole M definition range and for all recoil
curve pairs, as one can see from Fig. 3�i�.

For the other D�HS� distributions, we observe very similar
results, as shown in Figs. 4–6. Thus, one has to realize that
for small �, i.e., strong hysteron interactions, the
�H�M ,�M� method is not accurate. The mean-field approxi-

mation does not match the numerical result and deviations
from redundancy are large. This is the expected result be-
cause once coupling dominates the magnetization reversal
the mean-field approximation will not be valid any more. On
the other hand, for large �, i.e., weak hysteron interactions,
the �H�M ,�M� method works very well, which is indicated
by both the small deviation from redundancy and the match
of the mean-field approximation to the numerical results.

B. Emergent feature of the �H„M ,�M… method

The similarities in the failure of the �H�M ,�M� method
for different D�HS� distributions indicate that this method
may not be very sensitive to the particular type of distribu-
tion, in general. To study this further, we plot the reliability
measures against the tuning parameter � for all D�HS� dis-
tributions in Fig. 7.

The fit quality measures Pd and R2 are shown in Figs. 7�a�
and 7�b�, respectively. We see that Pd approaches 0 with
increasing �, which means that for high �, the input value of
� can be recovered with very high accuracy by fitting the
�H�M ,�M� data to the mean-field fit function. In other
words, the �H�M ,�M� method works well for high �. Fur-
thermore, we see that with increasing �, R2 approaches 1
corroborating a successful fit of the �H�M ,�M� data in this
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FIG. 4. �Color online� Numerical results using a Lorentzian distribution RSFHM. Rows �Top �a�, �d�, and �g��: �=1.6. �Middle �b�, �e�,
and �h��: �=5. �Bottom �c�, �f�, and �i��: �=50. Columns �Left �a�–�c��: M�H� curves, main loop, and five recoil curves. Note that due to the
very large h0 /� ratio ��2
105 for this system size 10002, chosen to avoid negative HS�, the differences between the major loop and all the
recoil curves are extremely hard to see from the M�H� plot itself. The small differences will be more clear with log scale as shown in the
middle column. �Middle �d�–�f��: �H�M ,�M� curves for the five recoil curves: �solid lines� numerical result; �dotted lines� mean-field
approximation. Here, we see that normalized �H values are very small compared to the Gaussian D�HS� case due to the large h0 /� ratio.
�Right �g�–�i��: M-dependent deviation from redundancy �rij�M�� for all the possible recoil curve pairs.
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regime. The average deviation from redundancy �r� is shown
in Fig. 7�c�. It is clearly seen that with increasing �, r ap-
proaches 0, i.e., data redundancy is obtained, which is the
key feature of the mean-field approximation.

The reliability range of the �H�M ,�M� method can be
obtained from the reliability measures shown in Fig. 7. We
find that for all the four D�HS� distributions, with the defini-
tions of � given in Sec. II, the �H�M ,�M� method works
virtually perfectly for ���0, with �0 being approximately
equal to 20. Here, �0 is just a rough criterion, above which
the reliability measures have merged into their mean-field
approximation values.

Note that in the original micromagnetic test,8 it is found
that the �H�M ,�M� method is still valid for � /J�7.4 in our
notations.24 However, due to the noise level of the micro-
magnetic calculations, R2 is limited to 0.98 or smaller even
in the best of circumstances there. If we check where R2

becomes smaller than 0.98 in our calculations, then it is ex-
actly in the same range of � /J=7–8. Thus, it is perfectly
consistent with the previous work. Our calculations are much
more sensitive and the statistics is much better, because we
have much more particles in our calculation �106 hysterons�
than the original micromagnetic work �1330 gains�, demon-
strating the clear advantage of our approach using the RS-
FHM.

It should be emphasized that the �0 values obtained from
all three reliability measures are fairly consistent. If there are
differences at all, r appears to show the highest sensitivity to
deviations from the mean-field approximation, while R2

seems to be slightly less sensitive. This is important, because
r can be evaluated without any fit from a data set alone. So,
the independent reliability test is the most sensitive measure
and gives one confidence that not only the �H�M ,�M�
method fails in a well-defined way, but also that one can very
reliably check for this failure mode.

Finally, we note that the different r vs � curves in Fig.
7�c� for the different distribution types track each other al-
most exactly. However, this particular observation depends
somewhat on how exactly we define � in the various D�HS�
distributions, because only for the Gaussian and log normal
distribution are we using the natural definition given by the
standard deviation. Thus, the curve collapse seen in Fig. 7�c�
might be partially artificial. Pd and R2, on the other hand, do
not exhibit such a collapse, not even for the Gaussian and log
normal distributions, as is apparent from Figs. 7�a� and 7�b�.
The fact that the two kinds of reliability measures show dif-
ferent behaviors can be understood in the following way. As
mentioned in the end of Secs. IV A and IV B, finite size
inaccuracies at the definition range boundaries of the recoil
curves will not affect the calculation of r very much due to
the cancellation effect. However, it will affect the calculation
of the fit quality measures, both Pd and R2. Generally speak-
ing, the shape of the hysteresis loops and recoil curves de-
pends on the particular type of the chosen D�HS�. Conse-
quently, the finite size inaccuracies will also depend on
D�HS�. As a result, we see different �similar� behaviors of the
fit quality measures �deviation from redundancy measure� for
different D�HS� distributions at small �. In this sense, it is
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natural to choose the deviation from redundancy measure r
as the best measure to determine the reliability range of the
�H�M ,�M� method.

VI. SUMMARY

We study the �H�M ,�M� method and its reliability by
means of numerical simulations of the zero-temperature ran-
dom switching field hysteron model. We present strong evi-
dence that the �H�M ,�M� method, which is based on the
mean-field approximation, has a well-defined reliability
range. This reliability range can be checked with two types
of independent measures: deviation from redundancy and fit
quality. The former is the superior tool because it is calcu-
lated from the data set alone and is independent from any
inaccuracies that might be induced by data fitting procedures
itself.
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APPENDIX A: PROOF OF DATA REDUNDANCY IN
MEAN-FIELD THEORY

As shown in Fig. 2, we choose six states �A, B, P, Q, U,
and V� from the major loop and recoil curves with

MA = MB = M , �A1a�

MP = MQ = M − �Mj + �Mi, �A1b�

MU = MV = M − �Mj , �A1c�

and M is an arbitrary value within �−1,1−�Mi�. The hys-
teron distributions for the six states are shown in Fig. 8.
Shadowed areas denote down hysterons �Si=−1�, while open
areas indicate up hysterons �Si= +1�. In the following, we
use the symbol n↓ and n↑ for the density of down hysteron
and up hysteron, respectively. For the states chosen from the
upper branch of the major loop with magnetization M0, it is
easy to get n↓= �1−M0� /2. For example,

n↓�A� = �1 − M�/2, �A2a�

n↓�P� = �1 − M − �Mi + �Mj�/2. �A2b�

For states chosen from the recoil curves with magnetiza-
tion M0, there are two shadowed areas, which can be denoted
as n↓1 and n↓2. Note that the left one n↓1 is just due to the
distance from saturation at the starting point of the recoil

-1

-0.5

0

0.5

1

-2 -1 0 1 2

M

H

(a)

0.1

1

-1 -0.5 0 0.5 1

∆H

M

(d)
-0.2

-0.1

0

-0.4 -0.2 0 0.2 0.4 0.6

r i
j

M

(g)

r12
r13
r14

r23

-1

-0.5

0

0.5

1

-2 -1 0 1 2

M

H

(b)

0.1

1

-1 -0.5 0 0.5 1

∆H
M

(e)
-0.2

-0.1

0

-0.4 -0.2 0 0.2 0.4 0.6

r i
j

M

(h)

r12
r13
r14

r23

-1

-0.5

0

0.5

1

-2 -1 0 1 2

M

H

(c)

0.1

1

-1 -0.5 0 0.5 1

∆H

M

(f)
-0.2

-0.1

0

-0.4 -0.2 0 0.2 0.4 0.6

r i
j

M

(i)

r12
r13
r14

r23

FIG. 6. �Color online� Numerical results using a log normal distribution RSFHM. Rows �Top �a�, �d�, and �g��: �=1.6. �Middle �b�, �e�,
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M-dependent deviation from redundancy �rij�M�� for all the possible recoil curve pairs.
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curve, i.e., �M, so that n↓1=�M /2. For example, B and U
are picked from the ith recoil curve with distance from satu-
ration �Mi, so that

n↓1�B� = n↓1�U� = �Mi/2. �A3�

Similarly, for Q and V, we have

n↓1�Q� = n↓1�V� = �Mj/2. �A4�

Combining this with the number conservation equation
n↓=n↓1+n↓2= �1−M0� /2, we find

n↓2�B� = �1 − M − �Mi�/2, �A5a�

n↓2�Q� = �1 − M − �Mi�/2, �A5b�

n↓2�U� = �1 − M − �Mi + �Mj�/2, �A5c�

n↓2�V� = �1 − M�/2. �A5d�

It follows that

n↓�A� = n↓2�V� , �A6a�

n↓�P� = n↓2�U� , �A6b�

n↓2�B� = n↓2�Q� , �A6c�

and

HA + Hint�M� = HV + Hint�M − �Mj� , �A7a�

HP + Hint�M − �Mj + �Mi� = HU + Hint�M − �Mj� ,

�A7b�

HB + Hint�M� = HQ + Hint�M − �Mj + �Mi� . �A7c�

So, overall we find

�HB − HA� + �HV − HU� − �HQ − HP� = 0, �A8�

Q.E.D.

APPENDIX B: �„H ,�M… FORMULA FOR THE
TRUNCATED LORENTZIAN DISTRIBUTION

In numerical simulation, the random switching fields with
any distributions are generated by a random number genera-
tor. To avoid any negative tails in the Lorentzian distribution,
we can artificially suppress any negative random numbers
and instead create another random number for the switching
field until we get a positive one. The corresponding switch-
ing field distribution is then represented by the truncated
Lorentzian distribution DLt

�HS�:

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

1 10 100 1000

P
d

σ

(a)

Gaussian

Lorentzian

Lognormal

truncated-Lorentzian

0.6

0.7

0.8

0.9

1

1 10 100 1000

R
2

σ

(b)

Gaussian

Lorentzian

Lognormal

truncated-Lorentzian

0

0.02

0.04

0.06

0.08

1 10 100 1000

r

σ

(c) Gaussian

Lorentzian

Lognormal

truncated-Lorentzian
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�c� r.

D(−Hs)

Hs

0

A
D(−Hs)

Hs

0

B

D(−Hs)

Hs

0

P
D(−Hs)

Hs

0

Q

D(−Hs)

Hs

0

U
D(−Hs)

Hs

0

V

FIG. 8. Hysteron distributions for the various states �A, B, P, Q,
U, and V� shown in Fig. 2. The shadowed areas symbolize down
hysterons �Si=−1�, and the open areas correspondingly up hyster-
ons �Si= +1�.

LIU, DAHMEN, AND BERGER PHYSICAL REVIEW B 77, 054422 �2008�

054422-10



DLt
�HS� = �0 for HS 	 0

2w

�

C

w2 + 4�HS − h0�2 for HS � 0, � �B1�

with C given by the condition that �−�
+�DLt

�HS�dHS=1. Spe-

cifically, one finds that C= � 1
2 + �

�
�−1 with �=tan−1� 2h0

w
�.

For the truncated Lorentzian distribution, we define the
disorder parameter �=w to make it comparable with the
Lorentzian distribution.

The integral function is given by

ILt
�x� = �

−�

x

DLt
�HS�dHS =

C

�
�tan−1�2�x − h0�

w
� + �� ,

�B2�

so that

ILt

−1�y� = h0 +
w

2
tan��

C
y − �� . �B3�

From this result, we derive

�HLt
�M,�M� =

w

2
tan���

2
+ ���1 − M

2
� − ��

− tan���

2
+ ���1 − M − �M

2
� − ���

�B4�

as the analytic mean-field solution. We notice that due to the
truncation induced asymmetry in the distribution itself,
�HLt

�M ,�M� depends on both w and h0.
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