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We report measurements of the specific heat C of antimony crystals in the 2–50 K temperature range for
several isotopic compositions and ab initio calculations of the specific heat as a function of temperature. The
contribution of spin-orbit interaction and the dependence of C on isotopic mass are discussed and compared
with previous observations reported for semiconductors and group VA semimetals. We also discuss the effect
of spin-orbit interaction on the trigonal lattice parameter and the cohesive energy.
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I. INTRODUCTION

In the last years, a number of publications have reported
the temperature dependence of the specific heat C in
monatomic1–3 and binary4–6 semiconductors as a function of
the isotopic mass of its constituent atoms. Some general
trends were observed in all investigated materials, namely, �i�
a peak appears at low temperature T in the plot of C /T3 vs T,
�ii� this peak is higher for larger isotopic masses M, and �iii�
in monatomic crystals, there is a unique relation between the
temperature dependence of d ln�C /T3� /d ln M and that of
d ln�C /T3� /d ln T. This relation carries over to binary semi-
conductors if one considers the sum of the logarithmic de-
rivatives with respect to the isotopic masses. These trends
were reproduced by first-principles calculations based on the
linear response method and density functional perturbation
theory. Contrary to this, little information is available on the
thermodynamic properties of semimetals, in particular, the
specific heat, where both electronic and lattice degrees of
freedom play a role. With the exception of phosphorus, the
group of the VA elements exhibit the A7 rhombohedral struc-

ture �space group R3̄m, No. 166 in the International Crystal-
lographic Tables�. This structure is generated by applying a
deformation along the threefold axis to an fcc lattice plus a
relative displacement of atoms, which results into a primitive
cell with two atoms.7 Among these elements, antimony is
known for the strongly anharmonic behavior of the crystal
lattice, as revealed by the Raman-Brillouin scattering, in par-
ticular, under pressure.8,9 The anharmonicity, together with
the semimetallic character of their electronic structure and,
for heavier elements, the increasing importance of spin-orbit
interaction, has hindered so far an accurate investigation of
their thermodynamic and lattice dynamical properties by
means of ab initio calculations. For example, only very re-
cently, spin-orbit interaction has been taken into account for
calculations of these properties in bismuth.10–12

From the experimental point of view, there are only a few
works going back to the 1960s, dealing with the specific heat
of arsenic,13–15 antimony,16–18 and bismuth.19,20 Due to the
limitations of the experimental equipment, the reported data

show considerable scattering in the 5–20 K temperature re-
gion. It is precisely in this temperature range where the most
interesting effects occur, i.e., the described trends seen for
semiconductors and the deviation from the Debye behavior,
as well as the presence of both electronic and lattice contri-
butions.

In this paper, we report specific heat measurements of
antimony crystals in the 2–50 K temperature range both for
natural samples as well as isotopically enriched 121Sb and
123Sb. The experimental data are compared with ab initio
simulations of the lattice dynamics and the specific heat.
These simulations were performed with a relativistic pseudo-
potential Hamiltonian that includes the spin-orbit interaction.
The effect of spin-orbit interaction is expected to be impor-
tant although not as large as recently reported for bismuth.11

Concerning the dependence on isotope mass, we found
analogous behavior as that for monatomic semiconductors.
Additionally, we have calculated the effect of spin-orbit in-
teraction on the trigonal lattice parameter and the cohesive
energy. Like in the case of bismuth,11 we found the effects of
spin-orbit interaction to be approximately quadratic on the
spin-orbit coupling parameter, a linear term being absent.

II. EXPERIMENTAL METHOD

Natural samples of antimony were obtained from the
Preussag Pure Metals �Langelsheim, Germany�. They con-
sisted of small single crystals of a purity of 99.9999%. Iso-
topically enriched 121Sb and 123Sb with 99% isotope abun-
dance in either case were purchased from the Oak Ridge
National Laboratory. According to their assay, the chemical
purity of both enriched isotopes was better than 5�10−4.
They appeared to be, upon microscope observation, single
crystals of about 2 mm3 size. Pieces of the three isotope
modifications, weighing about 30 mg, were used as pur-
chased for the specific heat measurements, without any ad-
ditional treatment. For details about the calorimeter and the
experimental procedure, see Refs. 2–4. The measurements
were performed under vacuum, i.e., at constant pressure. We
do not distinguish here between the specific heat obtained at

PHYSICAL REVIEW B 77, 054303 �2008�

1098-0121/2008/77�5�/054303�5� ©2008 The American Physical Society054303-1

http://dx.doi.org/10.1103/PhysRevB.77.054303


constant volume or constant �zero� pressure since, in the tem-
perature region under consideration, they coincide within
error.4,6

III. AB INITIO CALCULATIONS

First-principles methods have proved to be essential to
identify the phonon modes responsible for the temperature
dependence of the specific heat in semiconductors. In this
work, we report ab initio calculations of the specific heat of
antimony and the lattice dynamics obtained with the ABINIT

software package.21,24,25

The electronic structure of antimony in the R3̄m phase
was calculated using the Hartwigsen-Goedecker-Hutter
pseudopotentials which are expressed as norm-conserving
separable dual space Gaussians and generated on the basis of
a fully relativistic all-electron calculation.22 To this aim, a
grid of 12�12�12 k-points in the Brillouin zone was used
for the integration required for the determination of the local
charge density. The local density approximation to the ex-
change and correlation energy was employed.26

The dynamical matrices corresponding to a grid of 12
�12�12 q points were calculated within the framework of
density functional perturbation theory and the linear response
method. These matrices were then interpolated to obtain, by
integration, the lattice contribution to the specific heat at
constant volume.23–25 Details of the procedure and equations
to calculate this contribution have been reported elsewhere.5

The implementation of the spin-orbit term in ABINIT fol-
lows the same lines as in Ref. 27, where the spin-orbit term
in the Hamiltonian is applied only into the Kleinmann-
Bylander type of nonlocal operator. For the electronic calcu-
lations, the spin-orbit Hamiltonian was multiplied by a pa-
rameter �. Thus, �=0 corresponded to neglecting the spin-
orbit coupling, whereas for �= +1, the full spin-orbit
coupling was applied. We also performed calculations for �
=0.5 and �=−1, so as to confirm the quadratic dependence
of thermodynamic properties on � proposed in Ref. 11.

IV. DISCUSSION

Figure 1 displays the temperature dependence of C /T3

measured for natural antimony �open squares� together with
data previously reported in Ref. 16 �open circles�. Our mea-
surements provide a much clearer description of the behavior
at temperatures lower than 15 K, whereas at higher tempera-
tures, both data sets are basically indistinguishable.

In a semimetal, the low temperature limit of the specific
heat can be described by the equation

C = �T + �T3 + �T−2, �1�

where the linear term represents the electronic contribution,
the cubic term corresponds to the Debye behavior of the
crystal lattice, and the T−2 term describes the interaction of
the nuclear quadrupole moment with the electric field gradi-
ent of the electrons and the lattice. The latter term is negli-
gible within our temperature range, but it may become ap-
preciable for T�1 K. The upward bending at low
temperatures �cf. Fig. 1� is due to the electronic contribution
��� to the specific heat.17 A fit of the low temperature heat
capacities with Eq. �1� gives �=0.13�4� mJ mol−1 K−2 and
�=0.234�2� mJ mol−1 K−4 ��=0�. These values are nearly
independent of the isotope composition and in good agree-
ment with those reported in Refs. 14 and 17.

The peak in Fig. 1, located at 14 K, evidences the devia-
tion from the Debye behavior that is known to occur at low
temperatures. Within the Einstein model, this peak should
correspond to a phonon frequency of 7 meV,6 which coin-
cides with the first maximum of the calculated phonon den-
sity of states, i.e., it corresponds to transverse acoustic
modes.28

Figure 1 also displays the calculated temperature depen-
dence of the specific heat with �black, solid� and without
�red, dashed� the spin-orbit interaction. Both calculations re-
produce well the temperature dependence and the peak posi-
tion in the experimental data. The spin-orbit interaction pro-
duces an enhancement of the peak of C /T3 by �4%. Very
recently, the contribution of spin-orbit interaction to the spe-
cific heat of bismuth was reported to be quadratic in � at low
values of �.11 For 0.5���1, a cubic term becomes impor-
tant, but no linear term in � is observed. Considering that the
spin-orbit splitting of bismuth �1.7 eV� is 2.42 times that of
antimony �0.7 eV�,29 if we take the value for �=1 /2.42
=0.41 in Eq. �1� of Ref. 11, we expect an increase of 2.4%
for the peak of C /T3 for antimony, in qualitative agreement
with our direct calculations. The difference between 2.4%
and 4% might be related to the role of cubic terms in �,
neglected in Eq. �1� of Ref. 11. Both in bismuth11 and anti-
mony, there is a 5% discrepancy between the calculations
�including spin-orbit interaction� and experimental results.
This discrepancy might be related to the intrinsic inaccuracy
of local density approximation phonon dispersions, as com-
pared to the experimental values.

Figure 2 displays the dependence of the peak of C /T3 on
isotope mass. For the sake of comparison, the linear tempera-
ture term has been subtracted from the experimental data,
since it is not taken into account in the calculations. The
curves of Fig. 2 show an increase of the peak with increasing
isotope mass, both for the experimental and calculated data.
This trend, already reported for semiconductors in previous
works,2,4–6 seems also to be obeyed by semimetals. The iso-

FIG. 1. �Color online� Temperature dependence of the specific
heat of natural antimony. The experimental data �open squares� are
compared with data from the literature Ref. 16 �solid circles� and
with ab initio calculations with �black, solid� and without �red,
dashed� spin-orbit interactions.
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tope shift of the peak between 121Sb and 123Sb amounts to
12 �J mol−1 K−4 and agrees reasonably well with the experi-
mental shift, 14.2 �J mol−1 K−4. The calculated curve corre-
sponding to antimony with natural isotope composition is
slightly closer to that of 121Sb due to the closer masses. In the
case of experimental data, we found that this rather subtle
effect depends somewhat on the sample details.

Figure 3 displays �full circles� the logarithmic derivative
of C /T3 with respect to the isotope mass corresponding to
the experimental data obtained after subtraction of the elec-
tronic contribution �� term in Eq. �1��. This derivative has
been reported to be linked to the logarithmic derivative with
respect to temperature in diamond, silicon, and germanium
by1

d ln�C/T3�
d ln M

=
1

2
�3 +

d ln�C/T3�
d ln T

� . �2�

We show in Fig. 3 the left- and right-hand sides �rhs� of Eq.
�2� obtained from the experimental data with full �red� and
open �black� circles, respectively, and the rhs of Eq. �2� cal-
culated from the ab initio data for �= +1 �solid line�. The
agreement between both experimental data sets, as well as
the agreement with the ab initio data, is excellent. The good

agreement between both sets allows us to verify the validity
of this equation for semimetals. The peak at 10 K is followed
by two different slopes at higher temperatures, the crossover
point being at �25 K. The associated phonon frequency is
11.5 meV, calculated again by multiplying the crossover
temperature by a factor of 6.6 This frequency corresponds to
the threshold between acoustic and optic phonons, as shown
in the phonon dispersion relations obtained by inelastic neu-
tron scattering experiments28 and confirmed by our
calculations.30 Hence, we attribute the change in slope to the
activation of optic phonons at higher temperatures.

In recent works on bismuth,10,11 a significant contribution
of spin-orbit interaction to vibrational properties such as
phonon dispersion relations and specific heat has been found.
The relevance of these effects can be evaluated by perform-
ing ab initio simulations of the properties of interest as a
function of the magnitude of the spin-orbit interaction, gov-
erned by the coupling parameter �. Figure 4 displays the
change in the trigonal lattice constant a0 and the cohesive
energy Ecoh as a function of �. The calculated data show a
quasiparabolic dependence on �, with a small but neverthe-
less significant contribution of a cubic term. The experimen-
tal value of Ecoh=2.7 eV compares well with the calculated
value for �= +1, i.e., 3.37 eV. A similar agreement was re-
ported in Ref. 11 for bismuth. The expansion of the spin-
orbit Hamiltonian in � using perturbation theory contains
only quadratic and higher order terms in �, since linear terms
in � would imply a splitting between z components of the
spin upon the spin-orbit interaction, a splitting that can only
happen in the presence of a magnetic field. Therefore, no
linear term in the dependence of both a0 and Ecoh on � is

FIG. 2. �Color online� Same as Fig. 1 for different isotope com-
positions. The calculations were performed in all cases including
spin-orbit interactions ��= +1�.

FIG. 3. �Color online� Logarithmic derivative with respect to the
isotope mass, d ln�C /T3� /d ln M �solid red circles� and rhs of Eq.
�2� �open black circles�, corresponding to the experimental data.
The solid line displays the rhs of Eq. �2� obtained from the
calculations.

FIG. 4. �Color online� Dependence of the lattice parameter a0

and the cohesive energy Ecoh on the strength of the spin-orbit inter-
action. The solid line displays a fit with a polynomial of third order,
y���=y0�0��1+c2�2�1+c3��� �y=a0, Ecoh�, with a0=4.432 44�4�,
c2=0.000 89�2�, and c3=0.136�13� and E0=3.4337�3� Å, c2=
−0.0162�2�, and c3=0.088�7� for the lattice parameter a0 and the
cohesive energy Ecoh, respectively �see Discussion in Sec. IV�.
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expected. Note that the square root of the ratio of the coef-
ficients corresponding to the quadratic term in � for the fits
of a0 of bismuth11 and antimony, which amounts to 2.75, is
rather similar to that of the spin-orbit splittings, i.e.,
1.7 /0.7=2.42.29 The difference between 2.75 and 2.42 may
be due to the fact that the corresponding energy denomina-
tors are smaller in Bi than in Sb. A similar comparison can be
effected for the cubic root of the ratio of the cubic terms
which for a0 turns out to be 2.8, close to the ratio of spin-
orbit splittings. This relation, which also holds for the depen-
dence of the peak C /T3 on �, implies a simple scaling of
the effects of spin-orbit interaction on the vibrational prop-
erties.

Figure 5 displays the change of the specific heat with � as
a function of temperature. Two main effects are observed,
namely, a larger value of the peak C /T3 with increasing
strength of the spin-orbit interaction and a crossing of the
curves corresponding to �= +1 and �=−1. The observed

crossing suggests a change in the slope of the phonon dis-
persion corresponding to low frequency acoustic modes,
since a shift of the peak to lower temperatures is caused by
an increase of the lowest phonon frequencies. The phonon
dispersion data reported for bismuth in Table II of Ref. 12
manifest a change of slope of transverse acoustic �A�Eg��
modes along the 	-T direction between �=0 and �=1, i.e.,
an indication of a crossing of the dispersion relations also for
bismuth �unfortunately, no calculations for �=−1 were re-
ported in Ref. 12�. Table I displays the acoustic phonon fre-
quencies of antimony along the 	-T direction calculated for
�=0, 1, and −1. A higher sound speed is observed in the case
of A�Eg� modes for �=1 and −1, as compared to that ob-
tained without spin-orbit interaction. On the contrary, the
same phonon branch shows higher frequencies for �=0 close
to the zone boundary, thus evidencing a crossing of the A�Eg�
bands similar to that just mentoned for Bi. Table I also dis-
plays a crossing of the �= +1 and the �=−1 bands.

In conclusion, we have reported measurements of the de-
pendence of the specific heat of antimony on the isotope
mass as a function temperature. The experimental data have
been analyzed with the aid of first-principles calculations of
the lattice dynamics and its contribution to the specific heat.
The specific heat of antimony shows a similar behavior with
changing isotope mass as observed in semiconductors,
namely, a peak of C /T3 vs T whose strength increases with
the isotope mass, and a relation between the logarithmic de-
rivatives with respect to isotope mass and temperature.
Moreover, the ab initio calculations allowed us to evaluate
the contribution of the spin-orbit interaction to the specific
heat, the lattice parameter, and the cohesive energy. These
three physical quantities depend nearly quadratically on the
spin-orbit coupling parameter �, with a minor contribution of
a cubic term. The quadratic dependence is proportional to the
square root of the spin-orbit splitting, as evidenced in the
comparison of results for bismuth and antimony.

FIG. 5. �Color online� Dependence of the peak C /T3 on the
strength of the spin-orbit interaction. The symbols display our ex-
perimental data for the natural isotope composition, whereas the
curves display the results of the calculations for �= +1 �black,
solid�, �=0 �red, dotted�, and �=−1 �green, dashed�.

TABLE I. Phonon frequencies �meV� along the 	-T direction, calculated for Sb, corresponding to trans-
verse �A�Eg�� and longitudinal �A�A1g�� acoustic modes. Experimental values from Ref. 28.

Expt. �=0 �= +1 �=−1

A�Eg� A�A1g� A�Eg� A�A1g� A�Eg� A�A1g� A�Eg� A�A1g�

	 0.00 0.00 0.00 0.00 0.00 0.00

0.1 1.2 1.31 1.67 1.33 1.61 1.32 1.64

0.2 2.7 2.61 3.16 2.55 3.13 2.59 3.20

0.3 4.0 3.73 4.55 3.65 4.48 3.69 4.53

0.4 4.8 5.4 4.72 5.94 4.63 5.85 4.68 5.91

0.5 5.6 6.6 5.67 7.23 5.51 7.07 5.58 7.13

0.6 6.5 7.7 6.47 8.36 6.33 8.22 6.41 8.31

0.7 7.0 8.4 7.21 9.37 7.04 9.23 7.13 9.30

0.8 7.4 9.1 7.70 10.09 7.52 9.94 7.65 10.07

0.9 7.7 9.5 8.04 10.62 7.84 10.45 7.97 10.57

T 7.8 9.6 8.26 10.76 8.04 10.62 8.17 10.74
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