
Model of Raman scattering in self-assembled InAs ÕGaAs quantum dots

S. N. Klimin,* V. M. Fomin,† and J. T. Devreese‡

Theoretische Fysica van de Vaste Stoffen (TFVS), Universiteit Antwerpen, B-2020 Antwerpen, Belgium

D. Bimberg
Institut für Festkörperphysik, Technische Universität Berlin, PN 5-2, Hardenbergstrasse 36, D-10623 Berlin, Germany

�Received 20 July 2007; published 9 January 2008�

Multiphonon resonant Raman scattering in self-assembled quantum disks is investigated using a nonadia-
batic approach. The optical phonons and the electron-phonon interaction are considered within the multimode
dielectric continuum model. The model exploits both electrostatic and mechanical boundary conditions for the
relative ionic displacement vector, as well as the phonon spatial dispersion in bulk. The confined phonon
modes in a quantum dot are hybrids of bulklike and interface vibrations. It is shown that nonadiabatic effects
substantially increase the Raman scattering probabilities and the relative multiphonon integral intensities with
respect to the one-phonon intensity. The calculated ratio of the two- and one-phonon integral intensities is close
to the experimental value for self-organized InAs /GaAs quantum dots.

DOI: 10.1103/PhysRevB.77.045307 PACS number�s�: 78.66.�w, 61.46.�w, 63.22.�m, 78.30.�j

I. INTRODUCTION

Experiments on Raman scattering in self-assembled quan-
tum dots1–7 have revealed a rich structure of peaks caused by
optical-phonon-assisted quantum transitions. The Raman
spectra of disk-shaped GaAs /AlAs quantum dots, measured
in Refs. 1 and 2, show the presence of phonon modes spe-
cific for quantum dots.8 In Refs. 3–6, experimental evidence
that specific phonon modes whose frequencies differ from
those of LO and TO phonons exist in self-assembled
InAs /GaAs quantum dots is presented. They are interpreted
as interface phonons. Raman peaks assigned to interface
phonons of self-assembled GaN /AlN quantum dots are ob-
served in Ref. 9.

In Refs. 4–6, one- and two-phonon Raman bands are ob-
served in self-assembled quantum dots. These results confirm
the conclusion of Ref. 10 regarding the enhanced efficiency
of the electron-phonon interaction in quantum dots. The
dependence of this efficiency on the quantum-dot size is
determined by several factors. First, when a finite-height
potential barrier exists at the interface of a quantum dot,
an increased separation of the electron and hole charges
can arise due to their different masses. This enhances the
efficiency of the exciton-phonon interaction. The second
factor of such an enhancement in quantum dots is the effect
of nonadiabaticity, first studied in Ref. 11 �see also, e.g.,
Refs. 12–14�.

Various theoretical investigations led to different conclu-
sions regarding the efficiency of the exciton-phonon interac-
tion as a function of the quantum-dot size, depending on the
chosen model. In Ref. 15, a donorlike exciton model for a
spherical quantum dot was considered, where the hole was
treated as a charge localized in the center of a quantum dot.
It was found within this model that the Huang-Rhys param-
eter did not depend on the quantum-dot radius. Contrary to
Ref. 15, for the same model, an increase of the exciton po-
laron effect with decreasing quantum-dot size was obtained
using a variational method in Ref. 16. A nonmonotonous size
dependence of the exciton-phonon interaction energy was

obtained in Ref. 17: for decreasing dot radius, the LO-
phonon contribution to the exciton energy decreased from
the bulk value and then rapidly increased after reaching a
minimum. The Raman cross section was studied for weak
confinement of an exciton in a CuBr quantum dot in Ref. 18,
where it was shown that the Huang-Rhys parameter increases
with decreasing dot radius. The Raman measurements19

showed that the so-called experimental Huang-Rhys factor,
as determined from the intensities of the observed Raman
peaks, rises with decreasing size of the quantum dot. Also
the experimental data of Refs. 20 and 21 indicate that the
effective strength of the carrier-phonon coupling is larger
in smaller quantum nanostructures. The theoretical conclu-
sions of Refs. 10–14, 16, and 18 are in line with experi-
ment.

The effects of the nonadiabaticity of the exciton-phonon
system in spherical CdSe and PbS quantum dots in the
strong-confinement regime were shown in Refs. 11–13 to
lead to a significant rise of the probabilities of phonon-
assisted transitions and to a considerable distinction of the
Raman and photoluminescence spectra from the Franck-
Condon progression. The enhancement of the exciton-
phonon interaction makes possible the experimental observa-
tion of multiphonon Raman scattering in quantum dots, as
confirmed by recent measurements of two-phonon Raman
bands in self-organized InAs /GaAs quantum dots.4,5 The
nonadiabatic effects bring a key contribution also to the op-
tical absorption, photoluminescence, and photoluminescence
excitation of self-assembled quantum dots.5,14,22–24

In the present work, we investigate multiphonon resonant
Raman scattering via exciton transitions in disk-shaped
quantum dots, which constitute a model for self-assembled
quantum dots. Within our model, we assume in-plane para-
bolic confinement and a finite rectangular interface-barrier
confinement in the axial direction. This model allows us to
calculate the exciton states in a quantum dot by a variational
method for a wide range of the in-plane confinement fre-
quency parameter from the weak-confinement regime to the
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strong-confinement regime. Using the formalism of Refs. 11
and 13, we take into account the effects of nonadiabaticity,
which play a crucial role in the optical spectra of quantum
dots.

The paper is organized as follows. In Sec. II, we describe
the excitons and optical phonons in disk-shaped quantum
dots and represent our nonadiabatic approach to the mul-
tiphonon Raman scattering. The numerical results of that ap-
proach for the disk-shaped quantum dots are discussed in
Sec. III, which is followed by the conclusions, Sec. IV.

II. EXCITONS, OPTICAL PHONONS, AND RAMAN
SCATTERING IN QUANTUM DOTS

A. Excitons

We consider a disk-shaped quantum dot of height h
�−h /2�z�h /2�, see Fig. 1. The in-plane confinement for
the electrons and holes is ensured by a parabolic potential
with frequency parameter �0. The medium inside �outside�
the quantum dot is indicated by the index 1 �2�.

The exciton-phonon Hamiltonian of the system under
consideration has the form

Ĥ = Ĥex�re,rh� + �
�

���â�
†â� + �

�

���â� + ��
*â�

†� , �1�

where Hex �re ,rh� is the exciton Hamiltonian, and re and rh

are the coordinates of the electron and hole, respectively.
��=���re�−���rh� is the exciton-phonon interaction ampli-
tude for the �th phonon mode with frequency �� and carrier-
phonon interaction amplitude ���r�, and â�

† �â�� are the
phonon creation �annihilation� operators. The exciton
Hamiltonian in the effective-mass approach is

Ĥex�re,rh� = −
�2

2

�

�ze
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2 +
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2

+ Ve�ze� + Vh�zh� . �2�

The notation me�h��z� means that we take into account the
distinction between electron �hole� effective masses in the
quantum dot �medium 1� and those in the host substance
�medium 2�:

me�h��z� = �m1,e�h�, �z� � h/2
m2,e�h�, �z� 	 h/2.

	 �3�

In Eq. �2�, Uc �re ,rh� is the Coulomb electron-hole interac-
tion potential, and Ve�h��z� is the interface-barrier potential:

Ve�h��z� = � 0, �z� � h/2
Ve�h�

b , �z� 	 h/2.	 �4�

In the present work, we consider the case where the
height of the quantum dot is much smaller than both the
exciton Bohr radius and the effective in-plane radius of the
quantum dot, R0=
� / �2
1�0�, where 
1 is the reduced
mass of the electron and hole in the quantum dot. Eigenstates
of the exciton Hamiltonian in Eq. �2�, which are used for the
calculation of the Raman spectra, are approximated using a
variational method, assuming a strong-confinement regime
along the z axis. We choose the variational wave functions in
the form

�NeNh,n1m1,n2m2
�re,rh� = �Ne

e �ze��Nh

h �zh��n1m1,n2m2

��� ��e,�h� ,

�5�

where the axial wave functions �Ne�h�

e�h� �z� are the eigenfunc-

tions of the Hamiltonian of the electron �hole� motion along
the z axis:

Ĥe�h�
� �z� � −

�2

2

�

�z� 1

me�h��z�
�

�z� + Ve�h��z� , �6�

with the following current-conserving boundary conditions
at the interface:25
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2
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2
+ �� ,
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FIG. 1. Schematic picture of a disk-shaped quantum dot.
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The in-plane motion of the exciton is described by the wave
functions

�n1m1,n2m2

��� ��e,�h� = �n1m1
�R�

1

2�

eim1�1�n2m2
���

1

2�

eim2�2,

�8�

which depend on the coordinate vectors �e ,�h. The functions
�n1m1

�R� 1

2�

eim1�1 and �n2m2
��� 1


2�
eim2�2 describe, respec-

tively, the quantum states of the in-plane center-of-mass mo-
tion and the relative motion of the electron and hole. m1 and
m2 are the quantum numbers of the angular momentum, and
n1 and n2 are “radial” quantum numbers. The details of the
mathematical procedure used to obtain the excitonic wave
functions �n1m1

�R� and �n2m2
��� are described in the Appen-

dix.

B. Optical phonons

Within the present investigation, the optical phonons in
the quantum dot are calculated using the multimode dielec-
tric continuum model.13,26,27 In the case where the sizes of
the quantum dot substantially exceed the lattice constant a0,
the optical phonons in both the quantum dot and the host
medium are described by the relative ionic displacement vec-
tor u�r�=u+�r�−u−�r�, where u±�r� are displacements of the
positive and negative ions, respectively. The dynamics of the
dispersive optical phonons in the long-wavelength region is
determined by the generalized Born-Huang equation.13 This
equation takes the following form in the Fourier representa-
tion with respect to time:

��TO
2 − �2�u = �TO��0 − ��

4��0
�1/2

E +� T�r − x�u�x,��dx ,

�9�

where �0 is the reduced ionic mass density, E is the macro-
scopic electric field, �TO is the bulk TO-phonon frequency at
the Brillouin zone center, and �� and �0 are the high-
frequency and static dielectric constants, respectively. The
spatial dispersion tensor T�r−x� describes the short-range
forces which provide the LO and TO bulk phonon disper-
sions.

The eigenfrequencies and the basis vectors of the phonon
modes are found by the joint solution of Eq. �9� together
with the static Maxwell equation for the displacement D
=��E+�TO
4���0−����0u,

div D = 0. �10�

For the quantum dot under consideration, Eqs. �9� and
�10� should be obeyed for each medium separately. The so-
lution of this set of equations is subjected to boundary con-
ditions. Those are subdivided into electrostatic �for E�r� and
D�r�� and mechanical �for u�r�� boundary conditions. The
mechanical boundary conditions are chosen from the follow-
ing considerations. First, for structures for which the fre-
quencies of the optical phonons in adjacent media substan-
tially differ from each other, optical vibrations cannot
propagate from one medium to another. Second, the electro-

static interaction between lattice cells is modeled by the in-
teraction between dipoles, which is strongly anisotropic. Tak-
ing into account this anisotropy, the following boundary
conditions28 are applicable:

�u��boundary = 0, ��u�/��n�boundary = 0, �11�

where the subscripts � and � denote, respectively, the normal
and tangential �with respect to the boundary� components of
a vector, and �n is the coordinate along the axis directed
normal to the boundary. As pointed out in Refs. 28 and 29,
the distinction between the boundary conditions in Eq. �11�
and the “rigid” boundary conditions, in which �u�boundary=0,
leads to only a marginal difference in the resulting phonon
mode frequencies.

Equations �9� and �10� are solved by substituting u�r� as a
sum over basis vectors, which satisfy the boundary condi-
tions in Eq. �11�. As distinct from the dielectric continuum
model �DCM� �see, e.g., Refs. 30 and 31�, we find that LO-
phonon modes, in general, are not bulklike or interface but
have a hybrid character.

From Eqs. �9� and �10� with Eq. �11�, dispersion equations
are derived for the eigenfrequencies of phonon modes of
even �s� and odd �a� parities, whose electrostatic potentials
are, respectively, symmetric and antisymmetric with respect
to the inversion of the z axis:

�1s�q�,��tanh� �

2
� + �2��� = 0 for even modes,

�1a�q�,��coth� �

2
� + �2��� = 0 for odd modes, �12�

where �=q�h, q� is the modulus of the in-plane phonon wave
vector q�, and �2 ��� is the dielectric function of the host
medium. The functions �1s�a� �q� ,�� take the form

�1j�q�,�� = �1���1 − �
n=0

nmax

� j,n�q��
�1,LO

2 �0� − �1,TO
2 �0�

�1,LO
2 �Qj,n� − �2 �−1

,

�13�

with the dispersive optical-phonon frequencies �1,LO �Q� and
�1,TO �Q�. The phonon wave number Q can have the discrete
values

Qj,n = � 
q�
2 + �2n�

h
�2

, j = s


q�
2 +  �2n + 1��

h
�2

, j = a .� �14�

The coefficients � j,n �q�� are determined by

�s,n�q�� =
2�2 − n.0�q�

hQs,n
2 tanh� �

2
�, �a,n�q�� =

4q�

hQa,n
2 coth� �

2
� .

�15�

The summation over n in Eq. �13� is limited by the value
nmax= �h / �2a0��. This limitation expresses the fact that the
wavelength of an optical phonon cannot be smaller than
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twice the lattice constant a0. Therefore, the present approach
explicitly takes into account the finite number of the phonon
modes in a quantum dot.

As distinct from the approach of Refs. 29 and 32, Ref. 13
allows us to take into account the nonquadratic dispersion of
the optical phonons. The approach of Refs. 29 and 32 has
been later extended to a nonquadratic phonon dispersion33,34

simulated by an analytical spherically symmetric expression.
The method of Ref. 13, however, leads to the dispersion
equation �Eq. �12�� with the effective dielectric function �Eq.
�13��, which is valid for a more general dispersion law,
� j,LO�TO� �Q�, for the optical phonons in bulk than that used
in Refs. 33 and 34. In particular, in Eq. �13�, one can use
numerical data for the bulk optical-phonon frequencies in
order to calculate the optical-phonon spectra for quantum
dots.

Using the formal analogy of the dispersion equations in
Eq. �12� with those for the interface phonon modes of
DCM,31 we can interpret �1j �q� ,�� as the effective dielectric
function of the quantum dot. As distinct from the dielectric
function for bulk, there exists a set of dielectric functions for
a quantum dot, which describe the polarization response due
to even �j=s� and odd �j=a� optical-phonon modes, respec-
tively. It is worth noting that the functions �1j �q� ,�� are
dispersive, since they depend on both � and the modulus of
the in-plane wave vector q�.

The calculation of the frequencies of the hybrid phonon
modes in the InAs /GaAs quantum dots has been performed
using the parameters of the bulk optical phonons of InAs and
GaAs from Refs. 35 and 36. The frequencies of several pho-
non modes of an InAs /GaAs disk-shaped quantum dot with
parameters h=8 nm and ��0=20 meV are shown as a func-
tion of q� in Fig. 2. The hybrid InAs modes of the quantum
dot can have frequencies within the reststrahlen band of bulk
InAs. It appears that an even hybrid mode exists with a fre-
quency close to the TO-phonon frequency of InAs. This
mode is formed mainly by the interface vibrations and is
referred to as an interfacelike mode. It has a larger dispersion
as compared to other hybrid InAs modes and results in a
Raman peak of considerable relative intensity. For the odd
InAs phonon modes, strong mixing exists between the bulk-
like and interface phonons. For the GaAs phonons, the mul-
timode dielectric continuum approach provides half-space
modes and interfacelike modes with frequencies close to
those obtained within DCM.

The size dependence of the optical-phonon frequencies in
InAs /GaAs disk-shaped quantum dots for a definite value of
the in-plane wave vector q� is represented in Fig. 3. In order
to explicitly show mixing between bulklike and interface
InAs modes, we also plot the interface optical-phonon fre-
quencies obtained within DCM in Fig. 3. The anticrossings
of the bulklike and interface phonon frequencies are clearly
seen for even modes �Fig. 3�a��. In the consecutive intervals
of the quantum-dot height, the frequency of one of hybrid
InAs mode �interfacelike� becomes close to the frequency of
the interface InAs mode from DCM. For example, the first
even hybrid InAs mode is interfacelike in the range h
�2 nm. The second even InAs mode is interfacelike for
2.5 nm�h�4 nm.

C. Multiphonon Raman intensities

Within the framework of the long-wavelength approxima-
tion, the interaction of an electron with an electromagnetic

field is described by the operator V̂�t�= V̂Ie
−i�It+ V̂S

†ei�St,

where the terms with V̂I and V̂S
† correspond, respectively, to

the absorption of a photon with frequency �I �incoming
light� and to the emission of a photon with frequency �S

�scattered light�. The interaction amplitude V̂I�S� is propor-
tional to the projection of the electron dipole moment opera-

tor d̂ on the polarization vector eI�S� of the relevant wave:

d̂I�S�=eI�S� · d̂. In Refs. 12 and 13, the expression for the Ra-
man scattering probability has been derived using an exact
averaging in the general expression for the Raman cross
section37 over the phonon states.

In general, the account of nonadiabaticity requires non-
perturbative approaches �see, e.g., Refs. 24 and 38�. How-
ever, for quantum dots, in which the electron-phonon cou-
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FIG. 2. �Color online� Frequencies of the �a� even and �b� odd
hybrid phonon modes in an InAs /GaAs disk-shaped quantum dot
with the parameters h=8 nm and ��0=20 meV as a function of the
modulus of the in-plane wave vector q�. The dotted curves in panel
�a� in the frequency ranges 0.9�1,LO���0.95�1,LO and
1.15�1,LO���1.21�1,LO correspond, respectively, to the even
interfacelike InAs and GaAs modes, which have a considerable
dispersion. For the odd modes, a strong coupling of the bulklike
and interface phonons occurs in the frequency range
0.95�1,LO���0.98�1,LO. The interfacelike odd GaAs phonon
mode lies in the frequency range 1.11�1,LO���1.15�1,LO. Fre-
quencies of other hybrid modes in the figure are close to those for
the bulklike phonons and possess a relatively weak dispersion.

KLIMIN et al. PHYSICAL REVIEW B 77, 045307 �2008�

045307-4



pling constant is small ��=0.052 in InAs and �=0.068 in
GaAs�, the leading-term expansion is an adequate approxi-
mation in order to interpret the observed Raman peak inten-
sities. It was first applied to the Raman scattering in quantum
dots in Ref. 12. Within this expansion, the K-phonon scatter-
ing intensity, corresponding to a definite combinatorial fre-
quency � j=1

K ��j
, can be analyzed to lowest �Kth� order in the

electron-phonon coupling constant. The scattering intensity
is then expressed through a squared modulus of the scatter-
ing amplitude,12,13

FK
�±���1, . . . ,�K� = �


0¯
K

�d
0

I �*d
K

S

�̃
0
− �I + i�̃
0

��
j=1

K �
 j���j
�
 j−1�

�̃
j
− �I ± �

k=1

j

���k
± i��k

� + i�̃
j

.

�16�

Here, �̃
 is the frequency and d

I�S���0�d̂I�S��
� is the dipole

matrix element of a transition between the exciton vacuum

and the eigenstate �
� of the Hamiltonian Ĥex, as given by

Eq. �5�, �̃
 is the inverse lifetime of an exciton in the state
�
�, and �� is the inverse lifetime for the �th phonon mode.
In Ref. 39, a formula equivalent to Eq. �16�, except for the

phonon inverse lifetimes, was obtained by a systematic per-
turbation expansion of the scattering amplitude.

D. Selection rules

1. Dipole matrix elements

The matrix elements for the exciton optical transitions40

are proportional to the envelope integrals

d

I�S� �� dre� drh�NeNh,n1m1,n2m2

�re,rh��re − rh�

=
1

2�
�n2m2

�0��
−�

�

dz�Ne

e �z��Nh

h �z�

��
0

�

RdR�
0

2�

d��n1m1
�R�eim1�. �17�

The wave function �n2m2
�0� is other than zero for m2=0. The

integral over R is other than zero for m1=0. So, we find that

d

I�S� � m1,0m2,0�n2,0�0��

−�

�

�Ne

e �z��Nh

h �z�dz�
0

�

�n1,0�R�RdR .

�18�

Herefrom, for the exciton angular moments in the initial �
0�
and final �
K� states for the center-of-mass motion, the se-
lection rules follow

m1�0� = 0, m1�K� = 0, �19�

and for the relative motion,

m2�0� = 0, m2�K� = 0. �20�

The integral over z in Eq. �18� is other than zero only when
the wave functions �Ne

e �z� and �Nh

h �z� are of the same parity
�both even or both odd�.

2. Exciton-phonon matrix elements

The amplitude of the exciton-phonon interaction is the
difference of the amplitudes of the electron-phonon and hole-
phonon interactions,

���re,rh� = ���re� − ���rh� , �21�

where re and rh are the coordinates of an electron and a hole,
respectively. The electron-phonon interaction amplitude can
be represented in the form

���r� � �k,q�
�z,�� = �̃k,q�

�z�eiq�·�. �22�

The index k labels the phonon modes of the same modulus q�

of the in-plane wave vector. The amplitudes �̃k,q�
�z� possess

a definite parity with respect to the inversion in the z direc-
tion, i.e., they are even or odd, according to the symmetry of
the electrostatic potentials of phonon modes.

As follows from Eqs. �5�, �21�, and �22�, the matrix ele-
ments of the exciton-phonon interaction amplitudes are
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FIG. 3. �Color online� Frequencies of the �a� even and �b� odd
hybrid phonon modes in an InAs /GaAs disk-shaped quantum dot as
a function of the quantum-dot height at the modulus of the in-plane
wave vector q� =2 �in units �m1,e�1,LO /��1/2�. Solid black curves are
hybrid InAs phonon modes. Solid and dashed red curves are inter-
facelike and half-space GaAs modes, respectively. Dot-dashed blue
curves are interface InAs modes given by DCM.

MODEL OF RAMAN SCATTERING IN SELF-ASSEMBLED… PHYSICAL REVIEW B 77, 045307 �2008�

045307-5



�
����
��

= Nh,Nh�
��Ne

e ��̃k,q�
��Ne�

e ���n1m1,n2m2

��� �eiq�·�e��n1�m1�,n2�m2�
��� �

− Ne,Ne�
��Nh

h ��̃k,q�
��Nh�

h ���n1m1,n2m2

��� �eiq�·�h��n1�m1�,n2�m2�
��� � .

�23�

Let us introduce the parity factor for exciton states, Pex
= �−1��e+�h, where �e�h�=0 and �e�h�=1, respectively, for the
symmetric and antisymmetric electron �hole� axial wave
functions. For even phonon modes, the matrix element
��N

e�h���̃k,q�
��

N�
e�h�� is other than zero when �N

e�h� and �
N�
e�h� have

the same parity. For odd phonon modes, that matrix element
is other than zero when �N

e�h� and �
N�
e�h� have different parities.

Therefore, the emission of an odd-parity phonon changes the
exciton state in such a way that the sign of Pex is changed,
and the emission of a phonon of even parity keeps Pex un-
changed. As follows from the above selection rules for di-
pole matrix elements, for both initial and final exciton states,
Pex=1. As a result, the multiphonon Raman scattering pro-
cesses with only an even number of odd phonon modes are
allowed. In particular, the odd phonon modes do not contrib-
ute to the one-phonon Raman scattering amplitude.

III. RESULTS AND DISCUSSION

In Fig. 4, we have plotted one- and two-phonon Raman
spectra for disk-shaped InAs /GaAs quantum dots with dif-
ferent values of the dot height h and of the in-plane confine-
ment frequency �0. In order to analyze the role of nonadia-
baticity, Raman spectra have been calculated by two
methods: �i� within the nonadiabatic approach, where transi-
tions through all intermediate states are taken into account,
and �ii� in the adiabatic approximation �see Ref. 15�, when
nondiagonal matrix elements of the exciton-phonon interac-
tion are neglected. The results of nonadiabatic and adiabatic
approaches are shown in Fig. 4 as solid and dashed lines,
respectively.

The material parameters of the semiconductors are taken
from Ref. 35. The LO- and TO-phonon energies at the
Brillouin zone center are ��1,LO=30.03 meV, ��1,TO
=27.36 meV, ��2,LO=36.25 meV, and ��2,TO=33.29 meV.
Raman intensities are plotted as a function of the Stokes
energy shift �E����I−�S�. In Figs. 4�a� and 4�b�, values
of the parameters that are relevant for the experiment4,5 are
chosen: h=8 nm and ��0=20 meV, which correspond to a
radius R0=9.35 nm. In Figs. 4�c�–4�f�, we show Raman
spectra for a quantum dot with a stronger confinement: h
=5 nm and ��0=30 meV �R0=7.64 nm�, and h=4 nm and
��0=50 meV �R0=5.92 nm�.

The Raman spectra are averaged using the size distribu-
tion of quantum dots. For self-assembled quantum-dot struc-
tures, the exciton and phonon inverse lifetimes are typically
small with respect to the inhomogeneous broadening. In this
case, the Raman spectra of quantum dots do not depend on
the exciton lifetimes. The size dispersion then enters a factor
common for all Raman peaks. Because of the finite phonon
lifetime, the Raman lines turn into broadened peaks, which

are modeled with Lorentzians. The broadening for one-
phonon �two-phonon� Raman peaks constitutes �� �2���. We
assign the value ��=0.01�1,LO to the inverse phonon lifetime
in order to distinguish Raman peaks due to different phonon
modes in Fig. 4.

In the one-phonon spectra, we can clearly distinguish two
groups of peaks, whose frequencies lie in the regions of the
optical-phonon frequencies of InAs and GaAs, respectively.
Consequently, these peaks can be assigned to the InAs and
GaAs phonon modes. The structure of the InAs group of
peaks reflects the spectrum of the hybrid phonon modes. The
hybridization of the GaAs phonons appears to be negligibly
small �as distinct from the InAs phonons�, so that they can be
subdivided into half-space and interface GaAs phonons. The
interaction of an exciton with the half-space GaAs phonons
is relatively weak because it is determined only by the “tails”
of the electron and hole wave functions outside the quantum
dot.

The two-phonon Raman band consists of peaks related to
different combinatorial �double InAs, double GaAs, and
mixed InAs /GaAs� optical-phonon frequencies. We see from

FIG. 4. �Color online� ��a�, �c�, and �e�� One-phonon and ��b�,
�d�, and �f�� two-phonon Raman spectra for disk-shaped InAs /GaAs
quantum dots with different values of the height and of the in-plane
confinement frequency parameter. Solid curves show results ob-
tained taking into account effects of nonadiabaticity. Dashed curves
show results of the adiabatic approximation. The units for the Ra-
man intensity are the same in all panels.
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Fig. 4 that the effects of nonadiabaticity considerably en-
hance both the absolute values of the Raman peak intensities
and the relative intensities of the two-phonon peaks with
respect to those of the one-phonon peaks. This enhancement
is provided by the larger number of quantum transitions for
the nonadiabatic exciton-phonon coupling with respect to
that for the adiabatic coupling in self-assembled InAs /GaAs
quantum dots.

Comparing the calculated Raman spectra for different
quantum-dot sizes with each other, we see that with strength-
ening confinement, a substantial increase of the scattering
intensities occurs, especially for two-phonon scattering.
This result suggests that the experimental observation of
multiphonon Raman bands is facilitated in smaller self-
assembled quantum dots.

In Fig. 5�a�, we have plotted the parameter S�2I2 / I1
�where I1 and I2 are the integral intensities of the one-phonon
and two-phonon Raman bands, respectively� as a function of
the in-plane confinement frequency for different values of
the height of the quantum dot. The parameter S is a measure
of the efficiency of the exciton-phonon interaction in the
quantum dot. Within the adiabatic approximation, S coin-
cides with the Huang-Rhys parameter,

S�A� = �
�

��
0����
0��2

�����2 , �24�

where �
0� is the ground state of an exciton in the quantum
dot. S increases with increasing confinement within the ex-
perimentally relevant range of the quantum-dot sizes.

In Fig. 5�b�, the parameters S, both adiabatic and nona-
diabatic, are plotted as a function of the quantum-dot height
h keeping the aspect ratio constant. The variation of the num-

ber of phonon modes in the quantum dot is manifested
through kinks of S as a function of h. The range of quantum-
dot heights in the figure includes, in particular, extremely
small values, h�1 nm, which are not relevant for realistic
self-assembled quantum dots but are considered here in order
to investigate the small-size limit of the efficiency of the
exciton-phonon interaction. As shown in Ref. 41, within the
adiabatic approximation and with an infinite barrier, the
Huang-Rhys parameter tends to zero in the limit of a
quantum-dot size much smaller than the bulk exciton radius
due to the local charge neutrality. In the present treatment,
taking into account both nonadiabaticity and the finite barrier
height, the dependence S�h� is nonmonotonous owing to the
following factors. On the one hand, a different penetration of
the electron and hole wave functions into the barrier breaks
the local charge neutrality. This factor leads to an increase of
the efficiency of the exciton-phonon interaction with de-
creasing the height of the quantum dot. On the other hand,
with decreasing the quantum-dot height, the spatial extent for
both electron and hole wave functions outside the quantum
dot increases. As a result, for extremely small quantum dots
�h�1 nm�, S decreases with decreasing size. As seen from
Fig. 5�b�, in the range of experimentally relevant quantum-
dot sizes, the nonadiabatic contribution dominates.

The ratio of the nonadiabatic to adiabatic parameters
S�NA� /S�A� in Fig. 5 decreases for increasing confinement fre-
quency. This can be explained by the increasing energy dif-
ference between the various quantum levels of an exciton
with increasing �0, which lowers the relative probabilities of
nonadiabatic transitions.

The influence of the nonadiabatic transitions on Raman
spectra can be manifested through the breakdown of the
Franck-Condon rule for scattering intensities. This break-
down can be revealed as follows. Within the adiabatic ap-
proximation, each ��th� phonon mode is characterized by its
“oscillator strength,”

S��A� �
��
0��̂��
0��2

�����2 �25�

�which is referred to as the Huang-Rhys factor for a given
phonon mode in Refs. 4 and 5�. The sum of the oscillator
strengths for all phonon modes is the total Huang-Rhys fac-
tor. The K-phonon scattering intensity IK��1 , . . . ,�K� of a
peak, corresponding to a definite combinatorial frequency
�=� j=1

K ��j
, is proportional to � j=1

K S�j�A�. In particular, the
ratio

I2�A���,��

�I1�A�����2 = const, �26�

i.e., within the adiabatic approximation, this ratio is one and
the same for all phonon modes, so that for any pair of dif-
ferent phonon modes, we have the relation

I2�A���1,�1�

I2�A���2,�2�
=  I1�A���1�

I1�A���2��2

. �27�

When we take into account nonadiabatic effects, the rule in
Eq. �27� breaks down.

FIG. 5. �Color online� �a� The parameter S determined as S
�2I2 / I1, where I1 and I2 are the integral intensities of the one-
phonon and the two-phonon Raman bands, respectively, as a func-
tion of the confinement energy ��0. In the adiabatic approximation,
S is the Huang-Rhys parameter. The solid curves are obtained tak-
ing into account nonadiabatic effects. The dashed curves correspond
to the adiabatic approximation. �b� The parameter S as a function of
the quantum-dot height of the disk-shaped InAs /GaAs quantum dot
with h /R0=0.4.
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We conclude from estimations of the oscillator strengths
of phonon modes made in Refs. 4 and 5, that the rule Eq.
�27� is not fulfilled for the experiment.4,5 Indeed, the inter-
face phonon mode, which provides the most intensive one-
phonon peak �at �E=35.9 meV�, appears to have the small-
est oscillator strength: SIF=0.006. Therefore, the adiabatic
approximation fails, and the effects of nonadiabaticity play a
crucial role in the Raman spectra of the self-assembled
InAs /GaAs quantum dots studied in Refs. 4 and 5.

The relative contribution of the interface modes to the
calculated Raman spectra appears to be smaller than the cor-
responding contribution for the experimental Raman spectra
of the self-assembled quantum dots. The contribution of
those modes can considerably increase when taking into ac-
count, e.g., the composition inhomogeneity and the strain.

In Fig. 6, we analyze the absolute and relative contribu-
tions of all hybrid InAs and the interfacelike GaAs phonon
modes into the one-phonon Raman intensity as a function of
the size of the quantum dot keeping the aspect ratio constant.
The contribution to the Raman intensity due to the half-space
GaAs phonons appears to be relatively small within the con-
sidered range of the quantum-dot sizes. The contribution to
the Raman intensity due to the interfacelike GaAs phonons
reveals a pronounced size dependence. With decreasing the
quantum-dot height, the relative contribution of the inter-
facelike GaAs phonons to the Raman intensity increases.

The spectral lines obtained in the Raman measurements,
in general, may be provided not only by the Raman scatter-
ing but also by the phonon-assisted resonant luminescence.
In Refs. 4 and 5, it was indicated that the resonant Raman
scattering and luminescence under resonant excitation can be
described as a unified second-order process.42,43 In this con-
nection, the distinction between resonant Raman scattering
and resonant photoluminescence might become meaningless.
Also, other channels can give a contribution to the measured
resonant Raman spectra, for example, the nonresonant pho-

toluminescence due to a secondary emission of quantum dots
resonantly excited within inhomogeneously broadened high-
energy exciton transitions �see, e.g., Refs. 44 and 45�.

The resonant Raman spectra in Refs. 4 and 5 are obtained
for excitation in the maximum of the ground-state photolu-
minescence, which corresponds to the maximum E0 of the
photoluminescence band at nonresonant excitation in Fig.
1�a� of Ref. 4. The width of that band is determined by the
size dispersion of quantum dots. The statistic weight of quan-
tum dots, in which the dipole optical transitions occur to the
first excited state rather than to the ground state, can be es-
timated from the comparison of the intensity of the nonreso-
nant photoluminescence, IPL�E0−�E�, to IPL�E0�, where
�E�20 meV is the typical difference between the ground
and the first excited level of the exciton in the quantum dot.
As seen from Fig. 1�a� of Ref. 4, IPL�E0−�E� is at least 1
order lower than IPL�E0�. This allows us to suppose that in
the experiment of Refs. 4 and 5, the statistic weight of quan-
tum dots, in which the optical transitions occur to excited
states, is relatively low. The parameter S�0.075 calculated
for the experimentally relevant sizes R0�9.35 nm ���0

=20 meV� and h=8 nm within the nonadiabatic approach is
close to the value S�0.08 obtained using the numerical in-
tegration of the experimental Raman spectra of Refs. 4 and
5. This closeness provides a support to our assumption that
the calculated Raman spectra adequately interpret the experi-
mental data of Refs. 4 and 5.

IV. CONCLUSIONS

We have calculated multiphonon Raman spectra in disk-
shaped quantum dots which provide a model for self-
assembled quantum dots. We take into account nonadiabatic
effects11,13 and specific optical-phonon modes, which are
considered within the multimode dielectric continuum
model.13,26,27

The relative contributions of different phonon modes into
the Raman spectra depend both on the quantum-dot size and
on the aspect ratio of the quantum dot. The relative contri-
bution of the interfacelike GaAs phonons to the Raman spec-
tra increases for increasing confinement strength.

With strengthening confinement within the experimentally
relevant range of the quantum-dot sizes, the efficiency of the
exciton-phonon interaction rises. The nonadiabatic transi-
tions can substantially enhance the efficiency of the exciton-
phonon interaction in quantum dots with respect to that cal-
culated within the adiabatic approximation. When comparing
different factors which contribute to the Raman intensity to
each other, we can conclude that in the small-size limit, an
increasing efficiency of the exciton-phonon interaction with
a decreasing quantum-dot size is provided by the charge
separation because of a finite barrier at the quantum-dot sur-
face. However, in the experimentally relevant range of the
quantum-dot sizes, the dominating contribution to the effi-
ciency of the exciton-phonon interaction is due to nonadia-
baticity.
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APPENDIX: WAVE FUNCTIONS FOR THE IN-PLANE
MOTION OF AN EXCITON

The Hamiltonian for the in-plane motion of the exciton is
obtained by averaging the exciton Hamiltonian with the
ground-state wave functions,

H��� � ��0
e���0

h�H��0
h���0

e� − �0
�e,�� − �0

�h,��, �A1�

where �0
�e,�� and �0

�h,�� are the contributions to the exciton
ground-state energy due to the electron and hole motion
along the z axis. The difference of the effective masses inside
and outside the quantum dot is taken into account using the
approximate Hamiltonian determined as follows:46

H��� =
pe�

2

2me
+

ph�
2

2mh
+

me�0
2

2
�e

2 +
mh�0

2

2
�h

2 + U��e − �h� ,

�A2�

with the masses

me � 2me1�
0

l/2

��0
e�z��2dz + 2me2�

l/2

�

��0
e�z��2dz , �A3�

mh � 2mh1�
0

l/2

��0
h�z��2dz + 2mh2�

l/2

�

��0
h�z��2dz , �A4�

and the in-plane electron-hole interaction potential

U���e − �h�� = − �
−�

�

dze�
−�

�

dzh
e2

���re − rh�
��0

e�ze��0
h�zh��2.

�A5�

Further, we introduce the coordinates of the center-of-mass
and relative motions,

R =
me�e + mh�h

me + mh
, � = �e − �h. �A6�

In these coordinates, the Hamiltonian H��� is expressed as

H��� =
P�

2

2M
+

p�
2

2

+

M�0
2

2
R2 +


�0
2

2
�2 + U���

�M � me + mh, 
 =
memh

me + mh
� �A7�

In the polar coordinates R= �R ,�1�, �= �� ,�2�, the wave
functions of the in-plane motion are given by

�n1m1,n2m2

��� = �n1m1
�R�

1

2�

eim1�1�n2m2
���

1

2�

eim2�2.

�A8�

Here, �nm�R� is the radial eigenfunction of a two-
dimensional oscillator with mass M and with frequency �0.
The energy levels of this subsystem are

�n
�R� = ��0�n + 1�, n = 0,1, . . . .

The Hamiltonian of the relative in-plane motion is

H� = −
�2

2

� d2

d�2 +
1

�

d

d�
−

m2

�2 � +

�0

2

2
�2 + U��� .

In order to obtain a set of approximate eigenfunctions for the
Hamiltonian in Eq. �A2�, we use the Bogolubov inequality47

for the ground-state energy,

E�
0 � E�,0

0 + �H� − H�,0�0, �A9�

where H�,0 is a model Hamiltonian for the in-plane relative
motion.

We consider the case of a strong confinement, when the
in-plane radius of the quantum dot is smaller than the effec-
tive Bohr radius of InAs, aB,InAs

* �29.8 nm, which is in ac-
cordance with the experimental conditions of Refs. 4 and 5.
In this case, the Coulomb attraction is expected to lead to a
relatively small variation of the exciton transition energies
and wave functions. By this reason, we can apply the Hamil-
tonian

H�,0 = −
�2

2
*� d2

d�2 +
1

�

d

d�
−

m2

�2 � +

*��0

*�2

2
�2,

�A10�

with the variational parameters 
* and �0
*. After minimizing

the variational functional in the right hand side of Eq. �A9�,
exact eigenfunctions of H�,0 are used as an approximation for
�nm���.

TABLE I. Optimal values for the reduced exciton mass and for
the confinement frequency for the relative in-plane motion of an
exciton in the disk-shaped quantum dot with h=5 nm.

��0, meV 
* /
 �0
* /�0

10 1.075 1.721

15 1.110 1.441

20 1.133 1.301

25 1.149 1.216

30 1.159 1.160

MODEL OF RAMAN SCATTERING IN SELF-ASSEMBLED… PHYSICAL REVIEW B 77, 045307 �2008�

045307-9



The optimal values for 
* and �0
* at several values of the

in-plane confinement frequency and for h=5 nm are given in
Table I. The Coulomb attraction results in an increase of the
reduced exciton mass and of the in-plane confinement fre-

quency for the relative motion of an electron and a hole.
With strengthening confinement, the relative change of the
reduced mass slightly increases, and the relative change of
the confinement frequency decreases.
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