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We present theoretically a type of one-dimensional �1D� structured ultrasonic metamaterial that exhibits a
forbidden band where both the effective dynamic density and bulk modulus are simultaneously negative. The
material consists of a 1D array of repeated unit cells with shunted Helmholtz resonators. The transmission
coefficient, wave vector, negative dynamic density, and modulus are determined by means of the acoustic
transmission line method �ATLM�. The double negativity in the effective dynamic density and bulk modulus is
an acoustic counterpart of negative permittivity and permeability in the electromagnetic metamaterials. The
double negative band is ascribed to the local resonance. In order to confirm the ATLM results, we further
calculate the field intensity, phase distribution, and transmission coefficient using the finite element method. In
addition, the influences of some essential geometric acoustic parameters on the transmission properties, such as
periodic constant L, are also discussed.
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I. INTRODUCTION

Left-handed material was proposed as a theoretical
possibility.1 This concept was demonstrated through the arti-
ficially constructed composites, named the electromagnetic
�EM� metamaterials.2 The interest in these materials arises
mainly from their anomalous physics not available in nature
mediums, such as negative refraction, reversed Doppler shift,
and reversed Cerenkov radiation.3–5 These unusual effects
promise a wide range of potential important applications
such as superlens4–6 and invisible cloak.7,8 Recently, tremen-
dous interest has also been extended to the acoustic ana-
logue. Similarly to an EM wave transmitted in the EM
metamaterials, acoustic wave propagating in the acoustic
materials can be strongly modulated by using some special
acoustic structures, leading to absolute band gaps in which
waves could not propagate. The effective refractive index
can be also modulated by the acoustic structure, and then a
variety of applications, such as acoustic subwavelength im-
aging, may be produced.9

Up to now, the band gaps and strongly modified disper-
sions in the acoustic materials have been ascribed to two
mechanisms. One is due to the Bragg scattering in composite
materials with periodic variation of density and sound veloc-
ity. In particular frequency region where the wavelength is
comparable with the periodic constant, the negative refrac-
tion can be induced due to the band-folding effect.9–11

Negative refraction of acoustic wave, which can focus a
diverging beam into a narrow focal spot, has been observed
in a system consisting of periodic steel beads immersed in
water.9 Various periodic structures of this kind of acoustic
materials have been widely studied both theoretically and
experimentally.9–11 The other is due to the local resonance.
Local-resonant-type metamaterials have become of consider-
able interest in the EM metamaterials. Many representative
models, such as split-ring resonator/thin wire �SRR/wire�2,12

and periodically loaded transmission line �TL�,13–15 are pro-
posed. However, few studies have been performed in the
local-resonant-type acoustic materials.16–19 Liu et al.16 have

demonstrated that some composites with locally resonant
tuber-coated lead balls can exhibit effective negative elastic
constants in certain frequency region. Most of other re-
searchers adopted the similar model to Liu’s.17–19 Another
type of local resonant acoustic materials is expected if the
theory and concept for the EM metamaterials are extended to
acoustics. Recently, Fang et al.20 found a negative effective
dynamic modulus near the resonant frequency in a structured
composite which consists of a 1D array of repeated unit cells
with shunted Helmholtz resonators �HR�. The emergence of
this composite has significantly broadened the range of the
local-resonant-type acoustic materials. However, theoretical
studies on this structure are only performed by Bloch wave
theory and scattering theory based on perfect periodicity and
infinite structure,21,22 which have intrinsic limits such as their
inflexibility to model complex quasiperiodic structure. In ad-
dition, as a consequence of the periodic arrangement of the
resonators, the structure possesses the Bragg-type gap as
well. Although the two types of bands originate from two
different mechanisms, they may couple to each other if the
periodic constant is small enough compared with the wave-
length. This unique feature should be clarified further. On the
other hand, it is intuitive to consider whether an ulterior step
can be taken to derive a negative effective density as well
even if a negative modulus has been reported by Fang et al.20

The double-negativity �negative dynamic density and modu-
lus� is indispensable to form a left-handed acoustic material,
similarly to the negative permeability and permittivity in Ve-
selago’s medium.1,23

In this paper, we map the EM system into the acoustic
analogues and extend the TL method used in EM analysis to
the acoustic composites. With the acoustic transmission line
method �ATLM�, we derive the transmission coefficient and
the phase velocity at various frequencies, and hence provide
a simple physical picture of the one-dimensional �1D� acous-
tic structure. We employ coupled HRs and waveguides to
produce anomalous response. We find that sound waves
propagating in such a spatially periodic structure could be
strongly modified and termed as “acoustic Bloch waves.” In
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some frequency ranges, our materials exhibit some strong-
coupled resonant states, which lead to the strong dispersive
characteristics of the effective density and modulus simulta-
neously. These two constitutive parameters for acoustic ma-
terials exhibit a frequency region with simultaneously nega-
tive values. Thus such a system can behave as an effective
left-handed medium for acoustic waves when the wavelength
is much longer than the cell dimension. In particular, we
have pay special attention to the influences of some essential
configurations of geometric acoustic parameters on the trans-
mission properties, such as periodic constant L. Numerical
simulations by finite element method �FEM� are further car-
ried out to demonstrate the ATLM results.

II. ATLM THEORY AND FORMULATIONS

Figure 1�a� shows the 1D structured ultrasonic metamate-
rials, which consist of a 1D array of repeated unit cells with
shunted Helmholtz resonators. When the system is as-
sembled, it behaves as a long two-end-open waveguide with
small identical Helmholtz resonators �HRs� periodically
loaded along one side.20 The cross-sectional area of the HR’s
neck is small enough to assume that the resonators are con-
nected at points along the waveguide. The unit cells are
made up of metal and could be assumed as rigid walled.
Sound wave propagates along the x direction and all field
components are assumed to be independent of y and z direc-
tion.

When the wavelength is large enough compared with the
transverse dimension of the duct, the sound wave transmitted
in the interior of assembled waveguide is very nearly one-
dimensional. We can assume it as plane wave if the fre-
quency of the incident wave is under the cutoff frequency of
the waveguide. In this long-wavelength approximation, the

acoustic wave traveling in the waveguide is quite analogous
to the electromagnetic wave propagating in the transmission
line. The acoustic counterpart of voltage difference across an
electric circuit part corresponds to the pressure difference
across an acoustic element, while the current at points in the
circuit is equivalent to the volume velocity of fluid in the
corresponding acoustic element. In addition, HR can be con-
sidered as lumped circuit element in the shunt branch. There-
fore, we can employ the well-known TL theory used for EM
waves to study the acoustic materials.

A. Transmission coefficient

Before discussing the acoustic metamaterials, let us sur-
vey the EM counterpart. The common parameters used for
characterizing the EM metamaterials are the electric permit-
tivity �=nEM /ZEM and the magnetic permeability �
=nEMZEM,24 where nEM is the refractive index and ZEM is the
impedance for the EM medium. In TL theory, the EM wave
propagation characteristics in materials and devices are char-
acterized by three equivalent parameters: the inductance
LEM, the capacitance CEM and the resistance REM.24 In the
present paper, we map these parameters into analogous
acoustic system. Corresponding to � and �, we employ the
density �=nacZac and the bulk modulus �=Zac /nac to specify
the acoustic properties, where nac is the refractive index and
Zac is the impedance for the acoustic medium, while the
acoustic mass Mac, capacitance Cac, and resistance Rac corre-
spond to LEM, CEM, and REM in the EM metamaterials,
respectively.25,26 For plane waves incident on the metamate-
rials from water layer outside the metamaterials, the “refrac-
tive index” could be defined as the ratio of the wave vector
in the metamaterials to that in water, i.e., nac=k2 /k1, or the
ratio of the effective sound speed in water to that in the
metamaterials, i.e., nac=c1 /c2. Here c1�c2� and k1�k2� are the
effective sound speed and wave vector of water �metamate-
rials�, respectively.

First, the acoustic property of the unit cell is investigated
by means of ATLM.26 In order to simplify the analysis, all
cells used in the system have identical size, which should be
considerably less than the wavelength, as shown in Fig. 1�a�.
Figure 1�b� shows a single cell, which is composed of a
waveguide section and a shunt Helmholtz resonator consist-
ing of a short neck and a cavity. X indicates the direction of
the sound wave propagation. The cell is separated into two
parts, i.e., a waveguide and a L-C circle, as shown in Fig.
1�c�. The acoustic mass acting as inductor due to the short
neck can be expressed as Mha=�wd1 /S1, and the cavity acts
as a capacity with acoustic capacitance Cha=S2d2 /�wcw

2 .26

Here �w is the density of fluid such as water, cw is the sonic
velocity in water, a1 and d1 are the radius and length of the
short neck, l2, w2, and d2 are the length, width, and depth of
the cavity, and S1=�a1

2 and S2= l2�w2 are the cross-
sectional areas of the short neck and cavity, respectively, as
shown in Fig. 1�b�. On the other hand, the acoustic resistor
Rha consists of the viscosity �Rviscosity= �d1 /�a1

3��2�	�w�
and radiation �Rradiation=�wcw�ka1�2 /S1� parts, where 	 is the
angular frequency, k and � are the wave vector and coeffi-
cient of viscosity in water, respectively. The acoustic imped-
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FIG. 1. �a� Schematic diagram of the 1D structured ultrasonic
metamaterials consisting of unit cells with built-in Helmholtz reso-
nators. �b� The cross-sectional picture and dimensions of a single
cell. �c� The equivalent acoustic transmission line circuit of a unit
cell, which consists of a waveguide section with distributed param-
eters and a parallel Helmholtz resonator with lumped parameters. X
represents the direction of the sound wave propagation.
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ance of a single Helmholtz resonator can be written as

Zh = Rha + j�	Mha −
1

	Cha
� . �1�

When the HR is coupled to the waveguide, the consequent
radiation effect of the opening should be included. Because
of acoustic radiation, the short neck may become “longer.”
We call this equivalent extra mass radiation mass. So the
effective length of short neck must be revised as deffect=d1
+1.7a1,26 and hence the resonant frequency can be expressed
as

fh =
1

2��MhaCha

=
cw

2��S2d2deffect

S1

. �2�

We assume the action of the fluid at the end of the waveguide
as a piston which is open to free space.26 This “virtual” pis-
ton radiates sound out into the surrounding medium, while a
part of energy is reflected into the composite. In this case, the
mechanical resistance ratio and reactance ratio are r
= �ka�2 /2 and x=8ka /3�, respectively. The acoustic imped-
ance induced by the mechanical radiation impedance through
transformer is given by26

Zal =
�wcw

Sc
� � k2a2

2
+ j

8ka

3�
� , �3�

where a is the effective radius of the piston and Sc is the
cross-sectional area of the waveguide. Here, the acoustic re-
sistance �real part� radiates the energy out and the acoustic
reactance �imaginary part� reflects the energy back, similarly
to that in the electromagnetic TL.24

Now, let us discuss the sound system with N cells, as
shown in Fig. 1�a�. It is well known that the terminal load
can influence the incident wave. Based on the acoustic trans-
mission line theory,25,26 we employ an analysis method to
analyze the transfer problem. The impedance of the end can
be transferred to the position of the last HR neck using the
acoustic transmission line impedance transfer formula26

Zal� = Z �
Zal + jZ tan�KL�
Z + jZal tan�KL�

. �4�

Here, Z=�wcw /Sc is the distributed impedance of the duct,
and L is the distance between two adjacent HRs and could be
assumed as a lattice constant. We also revise the wave num-
ber k as a complex one K=k− j
, in order to include the
absorption effects of the fluid. Here 
 is the absorption co-
efficient due to viscosity, which is proportional to the square
of the frequency.

The transferred impedance Zal� is parallel connected to the
Nth resonator, and the parallel impedance is ZN=Zal� �Zh. If

ZN is transferred to the �N-1�th HR’s neck, which should be
parallel connected to a shunt impedance Zh, the acoustic im-
pedance ZN� =Z� 	�ZN+ jZ tan�KL�� / �Z+ jZN tan�KL��
 is ob-
tained. By applying this process recursively for N times, we
can transfer the lumped and distributed acoustic impedance
of the whole system to the incident face of the composites.
The iterative result Zeff is the effective impedance of our
composites with N cells. Thus, the sound pressure reflection
coefficient rp can be obtained from a simple formula rp
= �Zeff−Z� / �Zeff+Z� if the sonic wave incidents normally
along the duct, and the sound intensity reflection coefficient
rI and the intensity transmission coefficient T can be ob-
tained to be rI= �rp�2 and T=1−rI, respectively. Note that the
ATLM needs not invoke Bloch wave propagation or complex
wave equations, and hence could be applied even in the ran-
dom and quasiperiodic systems.

In order to demonstrate the band gap for the low fre-
quency wave in the 1D periodic acoustic structure, we have
calculated the transmission coefficient with finite units, i.e.,
N=11, 59, and 200. The acoustic properties of the fluid and
the size of the cells utilized are listed in Table I. Here, all
dimensions of the cavity should be considerably less than a
wavelength, and the opening of the short neck should not be
too large. We also configured the dimensions of the wave-
guide so as to make the cutoff frequency about 200 kHz. In
order to compare our ATLM results with the published ex-
perimental data, we adopt some parameters reported by Fang
et al.20 Figure 2 shows the evolution of the transmission
spectra for the composites with N cells: �a� N=11, �b� N
=59, and �c� N=200. Here the periodic constant L is fixed to
� /5, where � is the wavelength in the fluid at HR resonant
frequency fh �=32.1 kHz�. We have found a significant band
gap, in which the central frequency fR is at 32.2 kHz and
very close to fh, as shown with a downward arrow in Fig. 2.
Such a stop band has been ascribed to the absorption due to
the local resonance of the HR cells. We also found some
small adjacent bands outside 32.2 kHz, which are due to the
coupled resonating between the HR cells. As the N-value
increases from 11 to 200, the transmission spectrum becomes
smooth. When N=11, it is also noted that a deep transmis-
sion band gap appears around 20 kHz, which is below the
resonant band gap, as shown in Fig. 2�a�. If increasing N to
59, the band gap becomes blurred, and then disappears when
N reaches to 200 �see Figs. 2�b� and 2�c��. The transmission
band gap around 20 kHz may be ascribed to the undercou-
pling of the system due to insufficiency of the cells in the
composite.25,26 In fact, the wavelength at 20 kHz ��7.4 cm,
1.6�� is comparable to the size of the structure with 11 cells
��10.1 cm, 2.2��. Consequently, the transmission character
is mostly affected by the waveguide, which has a low trans-
mission coefficient around 20 kHz.20,26 A Fano-like asym-
metric transmission band has also been observed just below

TABLE I. The material and structure parameters used in the calculation.

�w

�Kg /m3�
cw

�m/s� ��
d1

�mm�
a1

�mm�
d2

�mm�
l2

�mm�
w2

�mm�
l

�mm�

998 1483 1.85�10−5 1 1 5 3.14 4 4
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the resonant band gap, as shown with an upward arrow in
Fig. 2�a�. This band should be ascribed to the nonresonant
path in which part of the wave travels.20 With further in-
creasing the N value, the coupling is enhanced and the influ-
ence of the waveguide is weakened. As a consequence, the
band around 20 kHz and the fluctuations in the transmission
spectrum gradually disappear. It is also noted that there is
another band gap appeared around 80.6 kHz, as shown in
Fig. 2, which has been ascribed to the Bragg-scattering-type
band gap. We also noted the difference of lowest transmis-
sion between this dip and the first dip around 32.2 kHz. This
difference is attributed to their different originations. The
first dip is local-resonant type, which is determined by the
resonance of the HRs and could not be made quite low under
practical conditions. In contrast, the second dip is Bragg-
scattering type, which is determined by the intensive destruc-
tive interference by the periodic arrangement of the HRs in
the propagation direction, having no relevancy with the reso-
nance of HRs. Provided plenty of HRs and perfect periodic-
ity, the lowest theoretical transmission could approach zero.

In order to understand the unique behavior observed
above, the effective acoustic impedance of the composites
Zeff is discussed in detail in the system with 200 unit cells, as
shown in Fig. 3. The real part of Zeff �solid curve� and the
image part �broken curve� are denoted as the acoustic resis-
tance and the acoustic reactance, respectively. It is found that
the resistance is quite small while the reactance is rather
large in the frequency regions around 32.2 kHz and
80.6 kHz. We know that the resistance part produces the ab-
sorption of incident wave while the reactance part leads to
the reflection of sound. Thus most of the incident energy in

the regions at 32.2 kHz and 80.6 kHz is reflected back to the
sound source and could not pass the composites. We should
also emphasize that the low reactance and high resistance in
the frequency regions outside the band gaps lead to the high
transparency, i.e., the transmission coefficient approaches 1
for the wave in the pass bands, as shown in Fig. 2. In other
words, our structure almost does not attenuate the acoustic
energy outside the band gaps, except for little attenuation due
to the fluid viscosity absorption. It is a significant advantage
in practical applications such as high efficient frequency fil-
ters. The inset of Fig. 3 shows dispersion curves of the
acoustic resistance with different cell numbers. It is found
that the fluctuations appearing below 24 kHz disappear
gradually as N increases from 59 to 200, which should be
ascribed to the enhanced coupling mentioned above. The va-
lidity of assigning an effective impedance Zeff to this struc-
tured noncontinuous material lies in the fact that Zeff depends
neither on the surface termination nor on the total length of
the sample. So we can characterize the material by the in-
trinsic parameter Zeff.

Let us continue to discuss the influence of geometric pa-
rameters on the transmission characteristic. Figures 4�a�–4�c�
show the variation of the transmission coefficient with the
different periodic constant L: �a� L=� /20, �b� L=� /10, and
�c� L=� /5. Here, the length of the composites is fixed to 1 m
and the parameters of the single HR are set as same as that
described in Table I. When L=� /20, only local-resonant-
type band gap appears, as shown in Fig. 4�a�. With increas-
ing L to � /10, there is an extra band gap appearing at
160.4 kHz besides the local-resonant-type band gap �see Fig.
4�b��. When L=� /5, two new gaps appear at 80.2 kHz and
160.4 kHz, as shown in Fig. 4�c�. We have further found that
the positions of these extra band gaps are determined by an L
value. The lowest frequency of these band gaps fB obeys a
simple relation fB=�fh /2 L, e.g., 80.2 kHz �160.4 kHz� at
L=� /5 �L=� /10�, as shown in Fig. 4�d�. Other gaps appear
at the integer multiple frequencies of fB. These band gaps,
induced by the periodic arrangement of the HRs, are ascribed
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FIG. 2. Evolution of the transmission spectrum for metamateri-
als with �a� 11, �b� 59, and �c� 200 unit cells. The periodic constant
L is fixed to � /5. The upward and downward arrows in �a� indicate
the Fano-like asymmetric transmission band and the center fre-
quency fR of local-resonant-type band gap, respectively. The band
gap around 80 kHz is ascribed to the Bragg scattering effect.

FIG. 3. Calculated dispersion curves of resistance �solid curve�
and reactance �broken curve� for a sample with 200 cells. The inset
shows the real parts of impedances with different unit cells. As the
cell number increases, the impedance approaches an intrinsic value.

CHENG, XU, AND LIU PHYSICAL REVIEW B 77, 045134 �2008�

045134-4



to the Bragg-scattering effect. When the frequency of the
incident wave equals to integer multiple of fB, the phase
accumulated in a cyclic through the periodic composites is
an integer multiple of �. Consequently, the reflections due to
the HRs are coherently enhanced, and hence the band gaps
occur in the dispersion relation of the composites. These stop
bands are referred to as the Bragg-scatting-type bands and
emerge when the periodic constant becomes multiple of half-
wavelength of the incident sound wave. In the view of effec-
tive impedance, this behavior is intelligible. When the fre-
quency is close to the integer multiple of fB, the tan�KL�
term in Eq. �4� approaches zero, and hence the impedance
transfer formula does not function. In this case, the system
behaves as if the resonators are in parallel connection di-
rectly. Thus the parallel resistance part becomes very minute,
while the reactance turns to quite large. As a result, the re-
flectivity of the wave becomes very large. In the other words,
the band gaps are a consequence of the band-folding effect
due to the periodic arrangement of the unit cells.

We also notice that the local resonant band becomes shal-
lower and narrower with increasing L value. As shown in
Fig. 4, the minimum transmission coefficient is 0.2 and the
full width at half maximum �FWHM� for the absorption band
is about 20.0 kHz when L=� /20, while the respective results
become 0.28 and 6.7 kHz when L=� /5. Note that the peri-
odic constant is several times smaller than the relevant wave-
length in our composites. By combining the HRs into a pe-
riodic structure with so closed spatial lattice, there is strong
acoustic coupling between the resonators. The larger the L
value is, the weaker the coupling between the resonators be-
comes, and then the shallower and narrower the local reso-
nant band changes. An obscure center frequency shift for the
local resonant band gap is also observed with changing the L
value, as shown by the downward arrows in Fig. 4. The
center frequency fR decreases from 36.3 kHz �34.5 kHz� at
L=� /20 �L=� /10� to 32.2 kHz at L=� /5, which has been
ascribed to the weakened coupling between the adjacent HRs
through the waveguide.

B. Phase velocity and group velocity

In order to characterize the acoustic wave propagation
behavior in the metamaterials, the homogenized parameters
should be extracted. The acoustic impedance per unit length
due to the local resonant structure can be expressed as26

Zw = �MS1�2 ��d1
�2�	�w

�a1
3 +

�wcw

MS1

�ka1�2

2
�

+ j	��wdeffect

MS1
� − j	��MS2d2

�wcw
2 �� . �5�

Here M =1 /L is number of cells per unit length, and all other
symbols are defined in above section.Zw is capacitive in gen-
eral. If considering the dissipation of the pipe wall, the co-
efficient of viscosity of the wall should be lv=�� /�wcw, here
�� is the coefficient of shear viscosity. Thus, the distributed
acoustic resistance Ra, inductance La and capacitance Ca can
be expressed as26

Ra = �wcwDkdv/2Sc
2, �6�

La = �w/Sc, �7�

Ca = Sc/�wcw
2 + 1/j	Zw. �8�

Here, dv=�2lvcw /	, and D is the cross-sectional perimeter
of the square duct. In EM medium, a formula K= ��−ZY is
used to discuss the propagation constant.24 In the acoustic
material, the corresponding propagation constant such as K
=−j��Ra+ j	La��j	Ca� can be obtained in the effective me-
dium limit with � /L1, which describes the phase relation-
ship of acoustic wave in the effective medium. The disper-
sion relation reveals the variation of complex propagation
constant with frequency. Figure 5 shows the dispersion rela-
tion for a representative acoustic metamaterial �N=59, L
=� /5� with frequency f: �a� real wave vector, �b� image
wave vector and �c� the calculated group velocity, in which a
significant jump occurs near 32.2 kHz. By comparing Fig. 2
with Fig. 5, we can obviously observe that there exists a
frequency region in the local-resonant-type band gap in
which the slope coefficient of the curve is negative. This
result means the group velocity vg= ��k /�	�−1, which is the
slope of the tangent to the f-k curve, is negative and in the
opposite direction of phase velocity 	 /k, as shown in Fig.
5�c�. The origin of the negative group velocity will be dis-
cussed in the next section.

C. Double negativity

The simultaneous negativities for the effective permeabil-
ity �eff and permittivity �eff can induce a negative refraction
index for certain frequency ranges in the EM metamaterials
with built-in local resonant structures.3 In these composites,
the EM wave equations assemble the 1D telegrapher’s equa-
tions, which are expressed as24

−
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�x
= − j	�effEy , �9�
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FIG. 4. Transmission coefficient for different periodic constants
L: �a� L=� /20, �b� L=� /10, and �c� L=� /5. The downward arrows
indicate the center frequency fR of the local-resonant-type band gap
and the center frequency fB of the lowest Bragg-scattering-type
band gap, respectively. �d� � /L dependence of the fB values. The
length of the composite is fixed to 1m and the parameters of single
HR are the same as that listed in Table I.
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−
�Ey

�x
= − j	�effHz, �10�

where Hz is the magnetic field in z direction, Ey is the electric
field in y direction, and the EM waves travel along x direc-
tion.

In the acoustic materials, the 1D microscope acoustic
wave equations in the lossless case can be expressed as25,26

−
�p

�x
= − j	�effu , �11�

−
�u

�x
= −

j	

�eff
p , �12�

where p is the sound pressure and u is the volume velocity.
Here we neglect the harmonic dependence ej	t. Comparing
Eqs. �11� and �12� with Eqs. �9� and �10�, the compressibility
1 /�eff, the density �eff, and p and u correspond to the perme-
ability �eff, the permittivity �eff, Hz, and Ey, respectively, in
the EM metamaterials.

In order to characterize the acoustic metamaterials by
constitutive parameters, we should derive the effective pa-
rameters �eff and �eff. The propagation of the acoustic wave
in mth unit can be described by approximate difference equa-
tions

−
�p

�x
=

pm+1 − pm

L
=

Z

L
u , �13�

−
�u

�x
=

um+1 − um

L
=

Y

L
p , �14�

where Y =1 /Zh is the admittance of a HR.
By combining Eqs. �11� and �12� and Eqs. �13� and �14�,

the effective bulk modulus of the structure in the lossless
case can be obtained if we neglect the absorption due to
viscous of the fluid,

1

�eff
=

1

�0
� F	0

2

	0
2 − 	2� , �15�

which is a function of frequency. Here, �0�=�wcw
2 � is the

modulus of water and F�=S2d2 /ScL� is the volume ratio of
resonator cavity to waveguide section.

In EM metamaterials, the general form of permeability in
the SRR/wire model is expressed as2,3

�eff�	� = �0�1 −
F	0

2

	2 − 	0
2 + j�	

� . �16�

Thus the corresponding parameter such as the effective bulk
modulus in the acoustic system can be expressed as

1

�eff
=

1

�0
�1 −

F	0
2

	2 − 	0
2 + j�	

� . �17�

Here, � is the intrinsic loss of the HR and could be obtained
in the ultrasonic measurement. The equation shows that
1 /�eff�	� acts like the permeability �eff�	� in SRR/wire
model.2,3 Figure 6�a� shows the calculated results for the
dispersion of the effective modulus, in which the solid and
broken curves stand for the real and image parts of the ef-
fective modulus, respectively. It is surprising that the real
part of the 1 /�eff�	� is negative in the resonant type band
�32.5kHz� f �37.0 kHz�.

It is well known that the refractive index n of a homog-
enous acoustic medium should be given by n2

=�eff�0 /�w�eff. The negative �eff value means the possibility
and necessity of the negative �eff. Therefore, we need further
procedure to extract �eff. In the effective medium, the acous-
tic impedance of a material can be expressed as Zeff
=�effceff, where ceff�=��eff /�eff� is the sonic speed in the

FIG. 5. Dispersion relation for a representative acoustic
metamaterial �N=59, L=� /5�: �a� Real wave vector, �b� image
wave vector, and �c� calculated group velocity. A significant jump
occurs around 32.2 kHz, which indicates the negative group
velocity.

FIG. 6. �a� Effective bulk modulus and �b� dynamic density, in
which the solid and broken curves stand for the real and image
parts, respectively. Double negativity occurs in the frequency region
around the center frequency fR.
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composites. Thus the �eff value can be obtained from the Zeff
and �eff values. The dispersion of the �eff value is shown in
Fig. 6�b�. The �eff value is negative in the range of
32.5–38.7 kHz.

Generally, the effective mass density of structured mate-
rial should be the volume-averaged mass density, which con-
tains the implicit assumption of wave field homogeneity.
This static density must equal to the �w since only the vibra-
tion of the fluid functions in our metamaterials. Obviously
we could not apply this static definition here. We should
adopt the principle of dynamic mass density demonstrated by
Mei et al.27 The reason for the difference between the static
and dynamic mass density may be ascribed to the fact that
the field homogeneous assumption is violated. In order to
testify our opinion, we further calculate the pressure filed
intensities with FEM in the next section. The FEM calculated
result indicates that the acoustic intensity within the resona-
tors has a significant distinction with that in the waveguide
�see Fig. 7�a��.

Comparing Fig. 6�a� with Fig. 6�b�, it is noted that there is
an overlapping region from 32.5 to 37.5 kHz, where both the
effective density and bulk modulus have negative values.
The negative frequency response means that the composites
possess anomalous physical characteristics in the effective
medium sense. Its deformation displacement and the load
pressure should point to opposite directions. For example, it
expands, not contracts, when compressed. Physically speak-
ing, such a double negativity sounds impossible. So now the
problem is why the effective parameters �eff and �eff turn
negative around fR and how this process happens. In order to
clarify the physics behind the double negativity, we return to
our built-in local resonant structure. Obviously, every unit
cell in our structure has a Helmholtz resonator. As described
above, the HR is a harmonic oscillator in effect, which con-
sists of a mass �fluid in the short neck� and a spring �fluid in
the cavity�. In the lossless case, the response of the oscillator
to the exciting field is guided by 1 / �	0

2−	2�, and should be
extremely large around 	0. It is reasonable that the response
function changes its phase by 180° and a large dispersion
appears when 	 exceeds 	0. Since the resonator is connected
to the waveguide, the oscillating field in the HR is coupled to
the sound field in the waveguide. If we apply only one HR
unit, the sonic wave is localized in the resonator and the
coupled band gap is the origin of the double negativity. As
we couple multiple HRs with the waveguide, these resona-
tors can also be coupled together indirectly by the propagat-
ing wave in the waveguide besides the direct coupling be-
tween the neighboring HRs. Around the resonance
frequency, the particle velocity in the necks becomes very
large, as that in typical resonance. Meanwhile, the inertia of
the fluid always accompanies with resonance. After several
periodicities, all the HR units oscillate sufficiently and the
acoustic field in the composites reaches steady state. The
mass centers of the fluid in the necks vibrate in-phase strenu-
ously. Thus the wave propagation is strongly modified by
acoustic resonance induced by the resonators. If the fre-
quency of the driven field exceeds 	0, the oscillators in the
unit cells could not change their phase immediately due to
the inertia. In this case, the incident wave goes out of phase
with respect to the motion of the fluid in the necks, and the

fluid in the necks has enough momentum to resist the “push”
of the acoustic field. Therefore the composites begin to retard
the driven force and negative response appears.

Another important feature noted from Fig. 6 is that both
the effective modulus and density take Lorentz form. This
feature leads to a result distinguishing from SRR/wire sys-
tem. In SRR/wire system, the transmission is low in double-
negative frequency region ��eff�0, �eff�0�. However, the
transmission is even lower in frequency range outside the
double-negative region than that in the double-negative re-
gion. Thus the double-negative region of SRR/wire system
behaves as a passband �see Ref. 2�. In ultrasonic metamate-
rials, the transmission is also quite low in double-negative
region ��eff�0, 1 /�eff�0�, like the situation in SRR/wire
system. But contrastively, the transmission is higher in fre-
quency range outside the double-negative region than that in
the double-negative region. In this sense, the double-negative
region of ultrasonic metamaterials behaves as a stop band.

In order to have further insight into the double negativity
arising from resonance, we have compared the nature of
acoustic metamaterial with its EM counterpart. Similarly to
EM metamaterials, resonance is the key to archive negative
response in artificial acoustic materials. In Liu’s three-
component sonic materials,27 the local resonance is intro-
duced artificially by unit cell consisting of a lead sphere core
�acting as the mass� and a layer of silicone coat �acting as the
spring�. The acoustic properties of the component materials
should contrast sharply. In our materials, the fluid in the short
neck �acting as the mass� and the fluid in the cavity �acting
as the spring� are employed to construct the local resonant
unit. Both methods adopt the same principle of mass-spring
system and produce similar negative response. Our system
exhibits extra merit in that the fluid medium in the wave-
guide is also resonant synchronizing with the HR cells,
which is a consequence of the identical component material
we employed. This merit is an important origin of the double
negativity.

In contrast, dissimilarly to EM metamaterials, the intrinsic
origins of resonance of acoustic pressure p and volume ve-
locity U in acoustic metamaterials are ambiguous. To under-
stand how these quantities are produced, it is necessary to
take the viewpoint of statistics. As we know, fluid is com-
posed of millions of molecules. These molecules are in per-
petual and random motion with various velocities and direc-
tions, which determine the gross properties of the fluid. If a
sound probe is placed in the fluid, a lot of molecules bang
against the sensor and a pressure is produced. �The volume
velocity could also be understood in a similar way.� Applied
disturbances, the adjacent medium are compressed and the
statistical motion states of the molecules near the disturbance
source are changed. As a consequence, p and U change. In
inviscid fluid, large quantity of molecules will move back
and forth in the direction of disturbance, producing adjacent
regions of rarefaction and compression periodically. These
disturbances can propagate through a compressible medium,
and a wave is propagated. In conclusion, resonances of p and
U in acoustic metamaterial are not introduced separately by
separate structures as their EM counterparts E and H. They
are produced simultaneously by the motion of the molecules
and could not be obtained separately. This is an essential
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distinction between acoustic and EM metamaterials.

III. NUMERICAL SIMULATIONS BY FEM

The FEM is adopted to demonstrate the existence of reso-
nant type band gaps in the structure and the validity of
ATLM analysis due to its flexibility in modeling complex
structures and its preponderance to get full field numerical
solution.28 In the FEM simulations, the wall of the duct and
resonators is assumed to be rigid. Along the propagation di-
rection �x direction�, a monochromatic variation of displace-
ments is imposed on the face of the inlet. Admittance derived
from Eq. �3� is used to simulate the acoustic character of the
open end. The whole structure is discretized into successive
hexahedral elements. The six-elements-per-wavelength rule
in acoustic mesh should be followed as a guideline.28 It is
also noted that the acoustic mesh should be reasonably regu-
lar, and the general accuracy is controlled by the largest el-
ements in the mesh. The displacements interior to the ele-
ments, known as acoustic potential values and could be used
to derive other acoustic parameters, are approximated in
terms of their nodal values through the shape functions. The
general FEM expression of Helmhlotz form wave equation
can be written by28

��K� + i	�C� − 	2�M��	p
 = 	F
 , �18�

where the stiffness matrix �K�, damping matrix �C�, and
mass matrix �M�, which are related with the properties of
composites, are obtained by assembling elementary matrix
through standard procedures. 	F
 is the vector of nodal
forces which is proportional to the normal velocity boundary
conditions imposed on the faces of the model. The system of
equations is set up to obtain the pressure distribution 	p
.

Figure 7 shows the variation of the pressure field intensity
calculated in frequency �a� outside and �b� inside the band
gap. Color for red �blue� corresponds to the high �low� field
intensity. The structure consists of 59 cells with L=� /5.
Other parameters are the same as that listed in Table I. As the
frequency of incident wave is outside the band gap, the wave

could be transmitted through the structure �Fig. 7�a��. The
distribution of the pressure field is periodic, which can be
determined by the wavelength of the incident wave. Note
that there is significant difference between the acoustic inten-
sity within the cavity of HR and the waveguide. As a conse-
quence, the pressure field is inhomogeneous and the condi-
tion of volume-averaged mass density is not satisfied.27 In
contrast with Fig. 7�a�, the incident wave at the frequency in
the gap could only penetrate the first few cells and the inte-
rior field is nearly zero, as shown in Fig. 7�b�. The depth of
penetration increases as the deviation from the center of the
band gap fR increases. In this case, the propagation of the
wave is not permitted, and most of the incident energy is
reflected backward. These results are consistent with those
obtained by ATLM.

Figures 7�c� and 7�d� show the phase distribution in the
structure with various frequencies. Red and blue indicate
phase with +� and −�, respectively. The equiphase surfaces
in the waveguide are parallel to each other, and perpendicu-
lar to the x direction, indicating that the acoustic wave propa-
gating in the waveguide is a plane wave. The periodic varia-
tion of the phase distribution is determined by the
wavelength of the incident wave. When f � fR, the phase in
the waveguide is the same as that in the resonator �see Fig.
7�c��. In this case, the HR oscillates in-phase with the wave
in the waveguide and the dynamic mass density must be
positive. When f � fR, the phase difference inside and outside
the resonator in each cell is always � �see Fig. 7�d��. In this
case, the HR oscillates out of phase with the wave in the
waveguide, and the dynamic mass density could turn nega-
tive if the oscillation is strong enough.

With the obtained 	p
, we further calculate the transmis-
sion spectrum of the system with finite units. Figure 8 shows
the intensity transmission coefficient as a function of fre-
quency for 1D composites with 11 �solid curve� and 59 �bro-
ken curve� unit cells. Here, the material and geometric pa-
rameters are same as that listed in Table I, and the periodic
constant L is adopted as � /5. In the composites with 11 cells,
a narrow and shallow gap appears in the transmission spec-
trum in the frequency region from 29.5 to 38.0 kHz, as
shown by the solid curve in Fig. 8. With the increase of the
unit cells to 59, the gap becomes wider and deeper, as shown
by the broken curve in Fig. 8. In addition, the band edge with
59 cells is much steeper than that with 11 cells. As more cells

FIG. 7. �Color online� FEM simulations of the pressure field
intensity at frequency �a� outside and �b� inside the local-resonant-
type band gap and the phase distribution in the structure at fre-
quency �c� below and �d� above the center frequency fR. In �a� and
�b�, red and blue correspond to the high and low field intensities,
respectively. In �c� and �d�, red and blue indicate the phase with +�
and −�, respectively.

FIG. 8. The intensity transmission coefficient simulated by FEM
with N=11 �solid curve� and N=59 �broken curve� unit cells.
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are employed, the resonance absorber effect is enhanced sig-
nificantly �not shown�. The FEM results are similar to that
with ATLM �see Fig. 2�.

Finally, let us compare the FEM and ATLM simulated
results �N=59, L=� /5� with the experimental data reported
by Fang et al.20 Figure 9 shows frequency dependence of the
transmission coefficient: The curves with open circles, solid
circles, and solid triangles represent the experimental data,
ATLM, and FEM simulation results, respectively. It is found
that the forbidden band locates around fR ��32.2 kHz� for
all situations. It is noted that there are differences in lowest
transmission between the ATLM results, the experiments and
the FEM results. These differences are attributed to the in-
herent limitations of ATLM, experiments and FEM. ATLM
characterizes the acoustic feature of metamaterial with com-
plex geometry by simplified effective parameters. In these
parameters, the viscosity coefficient employed here only de-
scribes the acoustic absorption in fluids and could not model
the wall effect in pipes. The experiment is determined by the
sensitivity of the hydrophones and could not measure data

below noise floor of the equipment. In FEM, the system is
modeled using fluid with parameters determined empirically,
which may be different from practical situation.26

IV. CONCLUSION

We have proposed an acoustic transmission line equiva-
lent circuit model to analyze the ultrasonic wave propagation
in the 1D ultrasonic metamaterials with periodically loaded
built-in Helmholtz resonators. We have examined the trans-
mission coefficient, propagation constant, effective density,
and bulk modulus based on the acoustic transmission line
method. Field intensity, phase distribution, and transmission
coefficient for finite unit system is also obtained through
FEM simulations to reconfirm the ATLM results. Essential
configurations of geometric acoustic parameters, such as pe-
riodic constant L, are also systematically discussed. It should
be emphasized that the double negativity results from local
resonance and is not a consequence of the traditional Bragg
scatting. So the size of the cell no longer depends on the
wavelength of the related sound wave. Evidently, this kind of
composites offer great flexibility in tailing the position of
band gap by varying the size of loaded resonators. Further-
more, the bandwidth may be made arbitrarily large by peri-
odically loading appropriately designed Helmholtz resona-
tors with different parameters. In that condition, due to the
periodicity, the single resonant frequency will extend to a
wide stop band. Such flexibility means that it is quite easy
to fabricate and test this type of metamaterial as we need.
In addition, a more detailed study is in progress to clarify
the anomalous double negativity in the two- and three-
dimensional systems.
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