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We study the pseudospin Kondo effect in laterally coupled double quantum dots using the slave-boson
mean-field theory. We find that the exotic pseudospin Kondo effect appears when a coherent indirect coupling
with parameter � is present through the common reservoirs. When 0� �� � �1, for finite interdot tunnel
coupling, we obtain an asymmetric density of states due to pseduospin-dependent linewidth functions. The
differential conductance reveals an additional structure in the split peaks caused by the interdot tunnel coupling
because of the asymmetry of the density of states.
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The recent development of semiconductor quantum dots
�QDs� whose electronic configurations are well defined1 has
revived interest in the Kondo effect. Using the wide tunabil-
ity of various physical parameters, e.g., the number of elec-
trons and the dot-lead tunnel coupling strength, various kinds
of Kondo effect not seen in conventional metallic systems
have been revealed, including enhancement of the Kondo
effect by state degeneracy,2,3 the unitary limit of the Kondo
effect,4 and the nonequilibrium Kondo effect.5 The Kondo
effect for single QDs is usually promoted by coherent singlet
coupling between an unpaired electron spin in a QD and the
Fermi sea in the tunnel-coupled leads. For coupled double
quantum dots �DQDs�, another degree of freedom for the
Kondo coupling or quasispin can be introduced. The pseu-
dospin �PS� state is defined by an orbital state such that an
extra electron is placed in one of the two coupled QDs. The
PS Kondo effect has been actively studied for capacitively
coupled DQDs as shown in Fig. 1�a�.6–8 When the two res-
ervoirs below or above the DQD are common, coherent in-
terdot coupling occurs not only directly through the interdot
tunnel barrier but also indirectly through the common reser-
voirs as shown in Fig. 1�b�.9–13 The latter is equivalent to the
case for an Aharonov-Bohm interferometer,14,15 and can also
significantly modify the Kondo effect. However, there have
been no detailed studies about the effect of the indirect in-
terdot coupling reported to date.

In this paper, we discuss the effect of quantum coherence
on the PS Kondo effect in laterally coupled DQDs. The co-
herent direct tunnel coupling tc between two QDs leads to
level repulsion of the DQDs and is equivalent to the Zeeman
effect for the PS. Then what kind of effect will be induced by
the coherent indirect coupling between two QDs via the res-
ervoirs? This corresponds to coherent coupling between two
levels via a third common level, which is important for elec-
tromagnetically induced transparency16 �EIT� actively dis-
cussed in quantum optics. With EIT, this coherent coupling
creates a superposition state �dark state� and the coupling
between this state and the third level vanishes. As regards
our problem, coherent indirect coupling between two QDs
via the Fermi level �third level� in the reservoir leads to the
quantum mechanical interference effect and this gives inter-
esting results.17–19 In this paper, we discuss the effect of � on
the Kondo problem. Although the modification of the Kondo

effect by coherent indirect coupling was discussed in Ref.
20, the situation was limited to �=1. In DQDs, a down PS
state becomes a dark state as in EIT when �=1. As a result,
the PS Kondo effect vanishes. The situations shown in Figs.
1�a� and 1�b� are very special, and various experimental con-
ditions correspond to the intermediate condition shown in
Fig. 1�c�.13–15,21–24 For a highly symmetric configuration,
Chudnovskiy investigated the coherent indirect coupling de-
pendence of the Kondo temperature for the spin on PS SU�4�
Kondo effect.25 We neglect the spin degree of freedom and
discuss the nonlinear transport. We find that there exist two
kinds of peaks in the differential conductance because of
formation of the dark state by modulation of the coherent
indirect coupling. Moreover, we examine the change in the
differential conductance as a result of the asymmetry of the
system.

We consider DQDs coupled to two reservoirs as shown in
Fig. 1�c�. We assume just a single energy level for each QD

FIG. 1. Schematic diagrams of laterally coupled DQDs. �a� Two
reservoirs are completely separated, namely, there is no tunneling
process between the two QDs via the reservoirs. Here �=0. �b� The
electrons can tunnel indirectly only via a point in the reservoirs
between the two QDs. Here �=1. �c� 0� �� � �1. s12 is the mini-
mum distance that electrons propagate in the reservoirs.
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and ignore the spin degree of freedom. The Hamiltonian is

H = HR + HDQD + HT, �1�

where HR describes the Fermi seas of noninteracting elec-
trons in the two reservoirs

HR = �
���U,L�

�
k

��kc�k
† c�k. �2�

Here ��k is the electron energy with wave number k in the
reservoir � and the operator c�k �c�k

† � annihilates �creates� an
electron in the reservoirs. HDQD is the Hamiltonian of the
isolated DQDs,

HDQD = �
i=1

2

�idi
†di + tc�d1

†d2 + H.c.� + Vintern1n2, �3�

where �i is the single-particle energy level and di �di
†� anni-

hilates �creates� an electron in the ith QD. The second term
represents direct tunneling between two QDs. The last term
describes the interdot Coulomb interaction, and ni=di

†di is
the number operator of the ith QD. HT is the tunneling
Hamiltonian between the reservoirs and QDs,

HT = �
���U,L�

�
k

�
i=1

2

�t�k
�i�c�k

† di + H.c.� , �4�

where t�k
�i� is the tunneling amplitude between the reservoir �

and the ith QD.
We take account of the propagation of electrons in the

reservoirs. This propagation process �in other words, the
wave number dependence of t�k

�i�� leads to coherent indirect
coupling via the reservoir � between two QDs,17,18 which is
characterized by the parameter ��. Using this parameter ��,
the linewidth function in the local basis is

�� = � ��1 �����1��2

�����1��2 ��2
	 , �5�

where ��i
2��kt�k
�i�*t�k

�i�. In general, ��� � �1.
We discuss the symmetric coupling between the reservoirs

and DQDs, namely, ��i=��, and ��=�. The effect of asym-
metric coupling is discussed in the last part of this paper.
Then, the linewidth function is diagonalized:

�� = ���1 + � 0

0 1 − �
	 . �6�

Here we transformed the basis by using the symmetric and
antisymmetric modes ds= �d1+d2� /�2 and da= �d1−d2� /�2.
With this new basis, the Hamiltonian is

H = �
���U,L�

�
k

��kc�k
† c�k + �

n��s,a�
�ndn

†dn + Vinternsna

+
1

2
	��ds

†da + H.c.� + �
���U,L�

�
k

�
n��s,a�

�t�k
�n�c�k

† dn + H.c.� ,

�7�

where �s=�0+ tc, �a=�0− tc. �0= ��1+�2� /2 and 	�=�1−�2

are the average dot energy and the energy offset, respec-

tively. ns�a�=ds�a�
† ds�a� is the number operator of the

symmetric �antisymmetric� state, t�k
�s�= �t�k

�1�+ t�k
�2�� /�2, and t�k

�a�

= �t�k
�1�− t�k

�2�� /�2. Since HDQD and the linewidth functions are
simultaneously diagonalized when 	�=0, we focus on this
condition. Then, the energy levels �s and �a correspond to the
energies of the symmetric and antisymmetric states, respec-
tively, where we choose a negative tc.

It is noted that the symmetric state, antisymmetric state,
interdot tunnel coupling, and interdot Coulomb interaction
correspond to the spin-up state, spin-down state, Zeeman en-
ergy, and on-site Coulomb interaction, respectively, in the
conventional spin S=1 /2 Anderson model under a finite
magnetic field. As shown in Eq. �6�, when ��0, we have
PS-dependent linewidth functions.

We assume that Vinter→
, which prevents the occupation
of both the symmetric and antisymmetric states. To describe
this situation, we adopt the slave-boson �SB� formalism.26,27

The SB representation includes the pseudofermion operator
fn

†, which creates a singly occupied state with the PS n, and
the SB operator b†, which creates an empty state. Moreover,
the following constraint has to be imposed on these opera-
tors: b†b+�n��s,a�fn

†fn=1.
In the physical subspace defined by this constraint, the

annihilation �creation� operators of the DQDs are replaced by
dn=b†fn �dn

†= fn
†b�. In the mean-field theory �MFT�, the SB

operator is replaced by a constant real number b̄ and the
Hamiltonian �7� can be rewritten as

HSB = �
���U,L�

�
k

��kc�k
† c�k + �

n��s,a�
�nfn

†fn

+ �
���s,a�

�
k

�
n��s,a�

�b̄t�k
�n�c�k

† fn + H.c.�

+ ��b̄2 + �
n��s,a�

fn
†fn − 1	 , �8�

where � is a Lagrange multiplier. We determine b̄ and � by
minimizing the expectation value of the Hamiltonian �8�.
Then the effective energy level and linewidth function are

�̃n=�n+�, �̃n
�= b̄2�n

�, and �̃n= �̃n
U+ �̃n

L, respectively. From the
constraint and the equation of motion of the SB operator, the

self-consistent equations with unknown parameters b̄ and �
are

�
n��s,a�

� d�

2�
i
Gn

���� + b̄2 − 1 = 0, �9�

�
n��s,a�

� d�

2�
i
Gn

������ − �̃n� + 2�b̄2 = 0, �10�

in terms of the Fourier transform of the lesser Green’s func-
tion of the DQDs, Gn

��t , t��
 i�fn
†�t��fn�t�
.

The current through the DQDs is written as28
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I =
e

h
�

n��s,a�

�̃n
U�̃n

L

�̃n
U + �̃n

L
� d��fU��� − fL�����n��,eVSD� ,

�11�

where f����=1 / �1+e��−���/kBT� with �=U /L is the
Fermi-Dirac distribution function. The upper and lower
reservoirs have chemical potentials �U=�+eVSD /2 and
�L=�−eVSD /2 with the source-drain bias voltage VSD, and
�=0 is the origin of the energy. �n�� ,eVSD� is the density of
states �DOS� for the PS n state given by �n�� ,eVSD�

=
�̃n

���−�̃n�/
�2+��̃n�2
.

In the following discussions, we examine only
�0 /
�=−3 �Kondo regime� and �U=�L. We numerically
solve the set of nonlinear equations �9� and �10� at zero tem-
perature for D /
�=100, where D is the width of the conduc-
tion band in the reservoirs. First, we discuss the linear re-
sponse regime. The total DOS ����=�s���+�a��� is shown in
Figs. 2�a� and 2�b�. When �=1, we have only a single con-
duction mode.18 Therefore, we do not expect the PS Kondo
effect. In the following, we discuss the situation when
�� � �1, where there are two conduction modes. Then, the PS
of the DQDs is screened by the PS modes in the reservoirs
and the PS Kondo effect occurs. As shown in Figs. 2�a� and
2�b� by the dotted lines, the full width at half maximum
�FWHM� of the Kondo resonant peak, which characterizes
the Kondo temperature,29,30 decreases as � increases. The �
dependence of the Kondo temperature, shown in Fig. 2�c�, is
nearly proportional to �1−�2. The Kondo effect is sup-
pressed since ��0 leads to the polarization of the PS.

The interdot tunnel coupling causes the Kondo resonant
peak at the Fermi level to split symmetrically with respect to
the Fermi level ��=0� when �=0 �Fig. 2�a��. This corre-
sponds to the conventional spin S=1 /2 Anderson model with

a finite Zeeman splitting. For 0� �� � �1 �Fig. 2�b��, how-
ever, the Kondo resonant peak splits asymmetrically due to
the interdot tunnel coupling. The FWHMs of the two Kondo
resonant peaks shown in Fig. 2 are proportional to 1+� and
1−�.

In Fig. 3, we plot the differential conductance dI /dVSD.
As seen from Eq. �11�, dI /dVSD is given by dI /dVSD

� b̄2���eVSD /2,eVSD�+��−eVSD /2,eVSD��. It is noted that
the non-equilibrium calculation using the SB MFT is re-
stricted to low bias voltages �eVSD � � ��0�. When there is no
interdot tunnel coupling �dotted line in Fig. 3�, we find a
zero-bias peak at the Fermi level. It is well known that inter-
dot tunnel coupling causes the zero-bias peak to split and the
linear conductance �dI /dVSD at zero bias� is suppressed.
When �=0.5, there is an additional structure in each split
peak for larger interdot tunnel coupling �solid line in Fig.
3�b��. The subpeak at the smaller �larger� �VSD� in the addi-
tional structure arises from the sharp peak at lower energy
�broad peak at higher energy� in the asymmetric DOS shown
by the solid line in Fig. 2�b�.

Finally, we discuss the effect of the asymmetry in the
tunnel coupling to the reservoirs. In general, since the pro-
portionate coupling condition ��U��L� may not always be
satisfied in laterally coupled DQDs, we need to use the gen-
eral current formula28 instead of Eq. �11�,

I =
e

h
� d��fU��� − fL����Tr�Gr����UGa����L� . �12�

In the following, we consider 	�=0 and tc=0. In the linear
response regime, the DOS and the Kondo temperature de-

pend only on the total linewidth function �̃n. From Eq. �12�,
with asymmetric coupling, the differential conductance
dI /dVSD is no longer directly related to the DOS and de-
pends on the individual linewidth functions �U and �L. For a
fixed total linewidth function �the Kondo temperature is the
same in the linear response regime�

� = ��2 1

1 2
	 , �13�

we calculate dI /dVSD for the following cases �Fig. 4�. Case
�i�: �U=�L= 1

2�. This is equivalent to the case shown by the
dotted line in Fig. 3�b�. Case �ii�: �U= 3

4� and �L= 1 / 4�,

FIG. 2. Density of states when �0 /
�=−3 and VSD=0. ���a� 0
and �b� 0.5. �c� The � dependence of the Kondo temperature when
tc=0.

FIG. 3. dI /dVSD curves when �0 /
�=−3. ���a� 0 and �b�
0.5.
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where dI /dVSD is suppressed due to the prefactor in Eq. �11�.
The FWHM of case �ii� is the same ��0.01
�� as that of
case �i�. In both cases �i� and �ii�, proportionate coupling is
satisfied, where dI /dVSD is expressed by the DOS. In con-
trast, when proportionate coupling is not satisfied, as in case
�iii�, we consider the situation

�U = ��
2

3

1

2

1

2

4

3
�, �L = ��

4

3

1

2

1

2

2

3
� , �14�

where �U=�L. The FWHM ��0.011
�� is larger than in
cases �i� and �ii�. Case �iv�:

�U = ��1 1

1 1
	, �L = ��1 0

0 1
	 , �15�

which corresponds to �U=1 and �L=0, and we have only a
single conduction mode. However, there is Kondo screening
due to the higher-order tunneling processes between the
DQDs and one reservoir L. Then we have a zero-bias peak in
dI /dVSD. The maximum value of dI /dVSD is less than 1 since
there is one conduction mode �FWHM �0.02
��.

In conclusion, we investigated the exotic PS Kondo effect
in laterally coupled DQDs. We introduced the coherent indi-
rect coupling parameter �. We have shown that there is no
PS Kondo effect when �� � =1. When 0� �� � �1, the PS-
dependent linewidth functions lead to an asymmetric DOS
for finite interdot tunnel coupling. As a result, we expect two
kinds of peak in the dI /dVSD curve when the proportionate
coupling for the linewidth functions is satisfied. From the
sharpness of peaks in the dI /dVSD curve, we can observe the
formation of the dark state. In DQDs, however, the propor-
tional coupling may not be satisfied and we cannot simply
deduce dI /dVSD from the DOS. We can no longer observe
two kinds of peaks in the dI /dVSD curve when proportionate
coupling is not satisfied. Therefore, it should be noted that
the symmetry of the system is important in order to observe
the formation of the dark state clearly.
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