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We present a theoretical approach to the subject of ionization of electrons occupying an image state around
a metallic nanotube. Making use of the image-electron wave function as presented by Granger et al. �Phys.
Rev. Lett. 89, 135506 �2002�� and performing a first order Born approximation for the transition matrix, we
obtain ionization cross sections. The results show unique features which provide some hints to detect and
characterize these states. A variety of situations is considered including different projectile velocities, ejection
directions, and angular momenta of the image state. Both differential and total cross sections are portrayed and
analyzed. The energy spectra at fixed solid angle present a double-peak structure which is a signature of the
nonzero angular momentum of the image state. In addition, huge values for the total ionization cross section
are predicted.
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I. INTRODUCTION

Weakly bound electronic states with relatively long life-
times are found in many systems, from Rydberg atoms and
molecules1–6 to nanowires,7,8 conductor surfaces, and
dielectrics.9–17 For the case of extended structures, such as
metallic surfaces of some kind, these states occur when an
external electron locally polarizes the surface and becomes
attracted to its image charge, residing below it. The unique
properties of these image potential states �or “image states”�,
determined by the extreme sensitivity of image electrons to
any changes in the dielectric susceptibility at the surface,
make them a powerful tool for probing a variety of physical
and chemical phenomena on the nanometer scale.18–28

Recent advances in the fabrication of nanostructured ma-
terials have enabled the exploration of these states in differ-
ent nanoscopic settings such as molecular nanowires7,8 and
liquid He �Refs. 29–31� and, in a recent article, Granger et
al.32 have predicted image states to exist around the surfaces
of freely suspended metallic nanotubes. As these tubular im-
age states can be prepared with nonzero angular momentum,
the resulting centrifugal barrier prevents the electrons from
collapsing into the surface of the tube, thereby substantially
increasing their lifetimes at low temperatures, when com-
pared to the ones in planar systems such as graphite.33 Also,
in sharp contrast to image states above planar surfaces, the
ones around a nanotube can always be localized and, hence,
experimentally detectable.

Experimental evidence of image states existence around
multiwalled carbon nanotubes �MWNTs� was recently pro-
vided by Zamkov et al.34,35 who measured their binding en-
ergies and followed their temporal evolution by means of
femtosecond time-resolved photoemission. The use of multi-
walled nanotubes instead of single-walled ones �SWNT� is
due to the tendency of the latter to form bundles36 in contrast
to the MWNTs which constitute an experimentally viable
alternative, yielding large quantities of isolated tubes. The
observation of image states in suspended SWNT networks37

seems to be the future perspective; nevertheless, note that the
potential on the vacuum side of a MWNT will have the same
analytic form as that of a SWNT and therefore, theoretical

predictions on SWNT could be contrasted to MWNT experi-
mental data.

The use of narrowly focused beams, as in high resolution
transmission electron microscopy,38 provides a powerful tool
for locally characterizing and analyzing nanostructure prop-
erties. In this context, we propose ionizing collisions be-
tween projectile electrons and image-state electrons around
nanotubes as a way to detect the latter and gain more insight
on this very active field of research.

In the article by Granger et al., an approximate expression
for the nanotube-image-electron potential is used in order to
solve the Schrödinger equation. Starting from the image
electron’s wave functions and energies as given by them, in
the present work, we proceed to obtain the transition matrix
corresponding to the ionization of an image state by electron
impact. Differential cross sections for different projectile ve-
locities, ejection directions, and initial angular momenta of
the image electron are obtained and discussed. Furthermore,
some signatures of image-electron ionization are depicted in
the differential and total cross sections which may be helpful
in order to detect and describe such states.

II. THEORY

We consider the system wave function as given by

�I�F�� =
eik̄1i�f�r̄1

�2��3/2�i�f��r̄2� , �1�

with r̄1 and r̄2, respectively, the space coordinate of the pro-
jectile and the target. Within a first order Born calculation,
the transition matrix reads

T = �F�V�I� =
Ṽ�p̄�

�2��3/2 � �
f
*�r̄2�eip̄·r̄2�i�r̄2�dr̄2, �2�

with Ṽ�p̄�=4� / �p2�2��3/2� the Fourier transform of the Cou-

lombian projectile-target interaction and p̄	 k̄1i− k̄1f the mo-
mentum lost by the projectile.

Now, the target’s initial state �i�r̄2� is a tubular image
state around a nanotube, as obtained by Granger et al.32 It
reads
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�i�r̄2� = �n,l,kz
��,�,z� = �n,l���eil�

�kz
�z�


2��
, �3�

where ẑ is the nanotube axis and �kz
�z� will be described by

means of a properly normalized Gaussian bell centered at z
=0 with standard deviation �=100 a.u.; regarding the tar-
get’s final state � f�r̄2�, as a first approach, it can be described
as that of a free particle, with a plane wave �PW� of momen-

tum k̄2f. Including this information in Eq. �2� and performing
the z integration, one gets

TPW =
Ṽ�p̄�

�2��3/2e−gz
2�2
�� 2

�
�1/4

	� �n,l���

2��

�
 1

2�
�

−�

�

eig�� cos�
�eil�d��d� , �4�

with ḡ	 p̄− k̄2f, ḡ� the projection of ḡ on the x-y plane �nor-
mal to the nanotube’s axis�, and 
 the angle between ḡ� and
�̄.

Choosing the x axis to be parallel to the projectile’s initial
velocity �v̄1i=v1ix̂�, one finds that 
=�−�, with � a constant
for given ḡ�. Besides, in the � integral, one can make use of
the Jacobi-Anger identity39 which reads

eiz cos�
� = �
n=−�

+�

inJn�z�ein
, �5�

and obtain

TPW =
Ṽ�p̄�

�2��3/2
��� 2

�
�1/4

eil��−�/2�

I1�g��

��− 1�le−gz
2�2� �n,l���

�2��
�Jl�g���d� .

�6�

Unfortunately, the plane wave model is not an appropriate
approximation for the ionized-electron state. Given the plane
wave’s overlap with the initial bound state, this approach is
not likely to provide accurate results in the low-energy re-
gion, as it was shown in previous studies for atomic
systems.40,41 Therefore, we choose instead to model the final
ionized state by means of an orthogonalized plane wave
�OPW�. In this improved approach, the plane wave function
of the ejected electron is orthogonalized with respect to its
initial bound state, that is,

�OPW� = �PW� − ��i�PW���i� , �7�

and the expression for the transition matrix becomes

TOPW = TPW −
Ṽ�p̄�

�2��3/2
��� 2

�
�1/4

eil��−�/2�e−pz
2�2/2

�� ��n,l��2��2J0�p��2�d�2 e−k2zf
2 �2

I1�k2f�� ,

I2�p�� �8�

where TPW is given by Eq. �6�. The � part of the target initial
wave function �n,l���, needed to numerically evaluate the �
integrals in Eqs. �6� and �8�, was obtained by Granger et al.32

In this work, the curves portrayed in Fig. 3 of their article are
fitted by gamma distributions in order to correctly reproduce
the maximum’s location and height, as well as the curve’s
width. The expression for �n,l��� is

�n,l��� =
�
−1 e−�/�

�

�
�
, �9�

where the values of the relevant parameters are displayed in
Table I.

The differential cross section for the ionization of an elec-
tron in state �n , l� is easily expressed in terms of the transi-
tion matrix and reads
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FIG. 1. Differential cross sections for the ionization of an elec-
tron bound to the nanotube in the image state corresponding to n
=1, l=6. Momentum spectra are displayed for the plane perpen-
dicular to the nanotube ��2f =90° �. �a� vi=2.0 a.u. and different
angles with respect to the projectile’s initial velocity. �b� �2f =60°
and different projectile velocities.

TABLE I. Values of the parameters used in the gamma distribu-
tion to approximately reproduce �n,l��� as given by Granger et al.
�Ref. 32� for l=6 and l=8.

l=6 l=8

�0 �a.u.� 135 370

Maximum height �a.u.� 0.07 0.05

width �a.u.� 570 1000
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� �a.u.� 35 50
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d�n,l =
�2��3

vi
2���Ei − Ef��T�2dp̄dk̄2f , �10�

with Ei ,Ef the system’s initial and final energies. In this pa-
per, the image states �1,6� and �1,8� will be considered, with
corresponding binding energies �1,6=0.000 44 a.u. and �1,8
=0.000 15 a.u.32

III. RESULTS

In Fig. 1, the differential cross section is displayed as a
function of the ionized-electron momentum for fixed solid
angle d�2f =sin��2f�d�2fd�2f and projectile velocity. The im-
age state considered is the one with quantum numbers n=1,
l=6, which, according to Granger et al.,32 is the minimum l
value that supports image states. In Fig. 1�a�, results are por-
trayed for a projectile velocity vi=2.0 a.u. and a variety of
ionization directions, all contained in the plane perpendicular
to the nanotube’s axis and measured with respect to the pro-
jectile’s initial direction �x̂�. In Fig. 1�b�, a direction is cho-
sen and differential cross sections are displayed for various
projectile velocities. The characteristics observed in these
graphs can be explained by means of the energy and momen-
tum conservation equations for a nearly free particle, given
the fact that the binding energy for the image electron is
almost negligible. The cross section presents what appears to
be a divergence for k2f →0 �in Fig. 2, we will see that it is
not� and a clear double-peak structure centered at the binary
peak position �k2f =vi cos��2f�� which is easily understood
within a semiclassical representation as due to the nonzero
initial angular momentum of the image electron.

Moving now to higher projectile velocities, in Fig. 2, dif-
ferential cross sections are plotted for vi=20 a.u.. in the di-
rection �2f =90°, �2f =60°. Two different image states are
considered, and for both, one finds two distinct structures.
On the one hand, the double peak already discussed �bottom
figure� and, on the other �top figure�, a huge structure at a
very low energy of the order of the binding energy, whose
position is determined solely by it, and which takes the place
of the zero-energy divergence expected for free particle Cou-
lomb scattering.

In Fig. 3, differential cross sections are shown as a func-
tion of the ejected-electron energy, integrated in solid angle
�first differential energy spectra�. The state under consider-
ation is again n=1, l=6, and results for two projectile veloci-
ties are displayed. It is interesting to observe that, based on
the top figure, one can assure that the total cross section will
be almost purely determined by the low-energy structure
contribution. As for the bottom figure, it displays the detail
of the intermediate to high-energy region where the Ruther-
ford limit is correctly reached.

Next, in Fig. 4, the total cross sections are displayed as a
function of the projectile initial velocity for image states
�1,6� and �1,8�. Results obtained for the PW model are de-
picted as well, for comparison. It is observed that both mod-
els present an abrupt threshold at a projectile velocity corre-
sponding to the binding energy. However, while the PW
results rapidly saturate becoming vi independent, the OPW
calculations display a more realistic decreasing behavior at
high impact energies, which qualitatively resembles the one
found in ionization of H40 and H−41, despite the much larger
binding energies for these latter systems.
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FIG. 2. Differential cross section for image-electron ionization.
The projectile velocity vi=20 a.u. and the ejection direction consid-
ered is �2f =90°, �2f =60°. Top: low-energy region. Bottom: double-
peak region.
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FIG. 3. Differential cross section with integrated ejection solid
angle. The image state is n=1, l=6. Top: results for vi=2.0 a.u. and
vi=20.0 a.u. Bottom: detail of the intermediate to high-energy re-
gime. Results for Rutherford scattering are displayed as well for
both velocities.
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Finally, it is worth remarking on the extremely high val-
ues obtained for the cross sections of image-state ionization.
Their magnitude is due not only to these states, large geo-
metrical area, but also to their very weak binding. The result
is thus a process with a very large occurrence probability and
therefore highly significant to experimental spectral analysis.

IV. SUMMARY

In summary, the problem of image-electron ionization has
been theoretically addressed and the corresponding differen-
tial cross sections have been presented for a variety of pro-
jectile velocities, ejection directions, and initial angular mo-
menta of the image state. A double-peak structure has been
found in the differential energy spectra, which is explained
as a consequence of the nonzero initial angular momentum
of the electron to be ionized; besides, a very high-low-energy
structure has been observed, whose position is determined by
the small binding energy.

In the light of the current interest for the properties of
nanotubes, image states, and related phenomena, there is
much profit to be obtained from the comparison of our re-
sults and conclusions with experimental data. The double-
peak structure presented in this paper could eventually be
found in spectroscopy studies using charged particle beams,
providing an independent test of existence for tubular image
states around nanotubes. However, to our knowledge, those
experimental data are presently unavailable.
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