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The influence of electron-phonon interaction on the transmission phase shift of an electron passing through
a quantum dot is investigated by using scattering theory. The transmission phase versus the intradot level
shows a series of phonon-induced dips. These dips are highly sensitive to the electron-phonon interaction
strength �, and they are much more pronounced than phonon-assisted subpeaks appearing in the conductance.
Phonon-induced dephasing is also studied, and the results show that the dephasing probability Td monotoni-
cally increases with the electron-phonon interaction strength �. The dephasing probability Td��2 for small �

but Td�� at large �.
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I. INTRODUCTION

Electron transport through a mesoscopic system, e.g., a
quantum dot �QD�, has been extensively investigated in the
last two decades. Because the size of a mesoscopic device is
within the phase coherence length, the phase of the wave
function plays a key role in the electronic transport. So the
transmission amplitude t= �t �ei�, which describes the electron
tunneling through a mesoscopic system, is a complex num-
ber. Its magnitude squared �t�2 is the transmission probability
that is observable in measurements of current or conduc-
tance. The transmission phase � describes the phase change
when an electron tunnels through a device. This phase � is in
general lost in measurements of current or conductance, so
that it is difficult to acquire � in a general experimental mea-
surement. Using an Aharonov-Bohm �AB� interference ring
device, Yacoby et al.1 tried for the first time to measure the
transmission phase � through a QD. Two years later,
Schuster et al.2 utilized an open multiterminal AB ring de-
vice to successfully measure the phase �. Since then, inves-
tigation of the transmission phase has generated a great deal
of theoretical and experimental interest with a fair amount of
effort focusing on this field. On the experimental side, for
example, Buks et al.3 reported that controlled decoherence
could be achieved in a device with a QD that is capacitively
coupled to a quantum point contact in its close vicinity. The
phase evolution in the Kondo regime was experimentally
investigated a few years back,4,5 and was found to be highly
sensitive to the onset of Kondo correlation. Recently, Leturcq
et al.6 investigated the magnetic field symmetry and the
phase rigidity of the nonlinear conductance in an AB ring.
On the other hand, the success of these experiments has gen-
erated a number of theoretical studies. In the 1980s, Buttiker
found the phase rigidity in a two-terminal AB ring device
due to the time-reversal symmetry and the current
conservation.7 After the experiment by Schuster et al.,2 many
follow-up theoretical efforts focused on and tried to interpret
the measured results of the transmission phase � through a
QD, in particular, the abrupt lapses of � between two adja-
cent resonances and the similar behavior of � for all resonant
peaks.8,9 In addition, some works have also studied the trans-

mission phase in the Kondo regime,5 or with a photon-
assisted tunneling process under a time-dependent external
field,10 etc.

Another subject, the electron-phonon �e-ph� interaction in
a single-molecule QD, has also generated a great deal of
interest in recent years. Phonon-assisted tunneling peaks or
steps have been experimentally observed in various single-
molecule transistor systems.11–13 Park et al.11 observed
phonon-assisted tunneling substeps in the I-V curves in a
single-C60 transistor device, and those substeps were attrib-
uted to the coupling of electrons and the C60 surface vibra-
tion mode. In another experiment by LeRoy et al.,12 the cur-
rent and the conductance of a suspended individual single-
wall nanotube device were measured, and the phonon-
assisted subpeaks on the two sides of the main resonance
peak are clearly visible in the differential conductance versus
gate voltage, because of the radial breathing phonon mode.
On the theoretical side, the influence of the e-ph interaction
on the mesoscopic transport has also been studied by several
groups.14–16 Many interesting results, e.g., the phonon-
assisted subpeaks, etc., were first theoretically predicted, and
then experimentally observed.

In this paper, we investigate the transport behavior of a
molecular QD system having an e-ph interaction by using the
scattering matrix method. We focus mainly on the transmis-
sion phase of the phonon-assisted tunneling subpeaks, as
well as the phonon-induced dephasing process. The results
show that the transmission phase � drops between two adja-
cent �sub�peaks and � rises again near the positions of the
subpeaks. In particular, the characteristic of phonon-assisted
tunneling in the transmission phase is much more pro-
nounced and visible than these subpeaks in the conductance.
Afterward, we discuss the dephasing ratio. At zero tempera-
ture and at low bias V �V��0 with �0 being the phonon
frequency�, the electronic transport through the molecular
QD is completely coherent because the electron cannot ab-
sorb or emit phonons under these conditions. However, if at
nonzero temperature or at a high bias �Vbias��0�, the
dephasing process occurs. In the limit of high bias
�Vbias��0�, the dephasing ratio varies as the square of the
e-ph interaction strength � in the weak interaction region, but
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it is linearly dependent on � in the strong interaction region.
In addition, we also consider an open AB ring device with a
molecular QD embedded in one of its arms, and find that it is
feasible to experimentally measure the influence of the e-ph
interaction through the transmission phase.

The rest of this paper is organized as follows. We intro-
duce the model and derive the formula of transmission am-
plitude in Sec. II. In Sec. III, we present the numerical results
and their discussions. In Sec. IV, we study the phase mea-
surement by using an open AB ring device. Finally, a brief
summary is presented in Sec. IV. A detailed derivation of the
transmission amplitude is given in the Appendix.

II. MODEL AND FORMULATION

The system under consideration is a molecular QD
coupled to left and right leads in the presence of a local
phonon mode, and it can be described by the following
Hamiltonian:

H = H0 + H1, �1�

where

H0 = �
�,k

	�kc�k
† c�k + 	0d†d + �0b†b , �2�

H1 = ��b† + b�d†d + �
�,k

�t�kc�k
† d + H.c.� . �3�

Here c�k
† �c�k� and d† �d� are the electron creation �annihila-

tion� operators in the lead �=L ,R and the QD, respectively.
b† �b� is the phonon creation �annihilation� operator in the
QD. Due to the large level spacing of the molecular QD,
only one relevant quantum level 	0 is considered. The elec-
tron in the QD is coupled to a single phonon mode �0, and �
and t�k describe the strength of the e-ph interaction and the
coupling between the QD and the leads, respectively.

In the following, we apply the S-matrix scattering formal-
ism to derive the transmission amplitude, the transmission
phase, and the current. From Hamiltonian �1�, the S matrix
can be written as16,17

S = 1 − i�
−





dt1eiH0t1H1e−iH0t1e−��t1�

− i�
−



 �
−





dt1dt2eiH0t2H1Ĝr�t2 − t1�

� H1e−iH0t1e−���t1�+�t2��, � → 0+, �4�

where the single-particle Green’s function operator Ĝr�t� is

Ĝr�t�=−i��t�e−iHt. By using the S matrix, the final state �f�
can be obtained from the initial state �i�, with �f�=S� �i�.
Considering an initial state �i�= �	i ,n ,L�, which denotes an
electron with energy 	i in the left lead and n phonons in the
QD, the final state �f� can be expressed as

�f� = S � �i� = S � �	i,n,L�

= �
m=−


+


�rm�	 f,	i��	 f,m,L� + tm�	 f,	i��	 f,m,R��

= �
m=−


+


�rm�	i�
�	i + n�0 − 	 f − m�0��	 f,m,L�

+ tm�	i�
�	i + n�0 − 	 f − m�0��	 f,m,R�� , �5�

where tm�	� and rm�	� are the transmission amplitude and the
reflection amplitude with accompanying absorption or emis-
sion of �m−n� phonons. At zero temperature, the phonon
number n in the initial state �i� must be zero and then tm�	i�
can be written as �the detailed derivation is shown in the
Appendix�

tm�	i� =� d	 f tm�	 f,	i�

= −
i

	m!
�e−�2�

l=0

m
�− 1�m−lm!

l ! �m − l�!

��
n=0



�2n+m

n!
Ḡr�	i − n�0 − l�0� . �6�

Obviously, t0�	� describes the amplitude of an elastic tunnel-
ing process which is coherent, while tm�	� �m�0� is the
amplitude of an inelastic tunneling process for emitting m
phonons. Due to emission of phonons, thus leaving a trace in
the QD for the inelastic tunneling process, an inelastically
tunneled electron loses its phase coherence. So at zero tem-
perature the transmission phase shift through the QD is2,9

� = arg
t0�0�� . �7�

From tm�	�, the total transmission probability �including the
coherent and the noncoherent parts� through the QD is
Ttot�	�=�m=0


 � tm�	��2, and the transmission probability of the
noncoherent part is Td�	�=�m=1


 � tm�	��2.

III. NUMERICAL RESULTS AND DISCUSSION

In this section, we numerically study the transmission
phase � and the dephasing ratio Td /Ttot. In our numerical
calculations, the phonon frequency �0 is set as the energy
unity ��0=1�. Notice that the main result of this paper, Eq.
�6�, is obtained at zero temperature, and thus so are the nu-
merical results and their discussion. However, results at low
temperature should be similar to that at zero temperature.
Figure 1 shows the coherence transmission probability �t0�2
�namely, �t0�0��2� and the phase �, as a function of renormal-
ized level 	̄0, which can be tuned by the gate voltage in an
experiment. Notice that �t0�2 is proportional to the linear con-
ductance G through the QD, G= �e2 /h� � t0�2. Due to the e-ph
interaction, several interesting features are manifested. In ad-
dition to the main peak related to the single level, new sat-
ellite subpeaks appear in the curve of �t0�2– 	̄0 at −	̄0=n�0
�n=1,2 , . . . �. The subpeaks exist only on the right-hand side
of the main peak, and their heights increase with increase of
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the e-ph coupling strength �. The subpeak at 	̄0=−�0 corre-
sponds to the phonon-assisted tunneling process as shown in
the inset of Fig. 1�a�, in which an incident electron from the
left lead first emits a phonon and tunnels to the level 	̄0, and
subsequently reabsorbs a phonon and tunnels forward to the
right lead. Since this process does not leave a trace in the
QD, it maintains the phase coherence. Meanwhile, at zero
temperature, there is no phonon in the QD in the initial state
and the absorption process cannot occur, so that the satellite
subpeaks exist only on the negative 	̄0 side �see Fig. 1�a��.

Next, we study the transmission phase � which exhibits a
nonmonotonic behavior. Across the main resonance peak, �
continuously rises by a value of �. This result is consistent
with the previous theoretical and experimental findings.2,8,9

Because of the e-ph interaction, � drops between the main
peak and the next subpeak or between two adjacent sub-
peaks, and rises again across a subpeak, such that a dip ap-
pears around −	̄0=n�0. These dips are much more pro-
nounced than the subpeaks in the transmission probability
�t0�2. For example, for �=0.8 the second phonon-assisted
subpeak is so small that it is hardly visible �see Fig. 1�a��;
however, even the fourth dip can be clearly seen �see Fig.
1�b��. The sensitivity of the transmission phase � to the e-ph
interaction provides an additional way to detect the strength
of the e-ph interaction.

In the calculations above, the tunneling coupling strength
� ��=�L=�R� between the leads and the QD is set to be
quite weak, �=0.1��0. With an increase of �, the phonon-
assisted subpeaks and the main peak in the curve of �t0�2– 	̄0
gradually merge together and become indistinguishable, and
the dips in the curve of �– 	̄0 are also gradually getting
smaller �see Fig. 2�. When ���0 �e.g., �=0.7�, all subpeaks
and all dips are almost invisible. Consequently, in order to
experimentally detect the phonon-induced dips of the phase
� or the phonon-assisted subpeaks, the coupling strength �
should be tuned to be less than �0 /2. In fact, the condition
���0 /2 is normally satisfied in experiments.12

Let us study the amplitude tm�	� �m=1,2 , . . . � of the in-
elastic tunneling process. In this inelastic tunneling process,
an incident electron emits m phonons while tunneling
through the QD. However, it is prohibited when Vbias
�m�0. In the small bias case Vbias��0 and at zero tempera-
ture, all inelastic tunneling processes are prohibited and the
tunneling through the QD is coherent. On the other hand,
with Vbias��0, inelastic tunneling processes occur and the
tunneling through the QD is partly noncoherent. In the limit
of larger bias voltage, Vbias��0, the total dephasing trans-
mission probability Td�	� is Td�	�=�m=1


 � tm�2. Figure 3
shows the dephasing transmission probability Td �or Td /Ttot�
versus renormalized level 	̄0 and the e-ph interaction
strength �, while, without the e-ph interaction �namely, �
=0�, no inelastic tunneling process happens and thus Td=0.
When ��0, the inelastic tunneling process occurs and Td is

FIG. 1. �Color online� Transmission probability �t0�2 �a� and
transmission phase � �b� vs the renormalized level 	̄0 for the differ-
ent e-ph interaction strengths � with �=0.1. The inset in �a� is the
schematic diagram for the phonon-assisted tunneling process.

FIG. 2. �Color online� Transmission probability �t0�2 �a� and
transmission phase � �b� vs the renormalized level 	̄0 for different �
with the e-ph interaction strength �=0.7.
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no longer zero. A series of peaks are exhibited in the curve of
Td– 	̄0 and the interval between the two adjacent peaks is �0
�see Fig. 3�a��. As is seen from Fig. 3�a�, a higher peak must
correspond to a larger value of � �including the peak at 	̄0
=0�. This means that the dephasing probability Td monotoni-
cally increases with �, regardless of the position of the renor-
malized level 	̄0. Next, in Fig. 3�b� we show the relative
dephasing transmission probability Td /Ttot versus the e-ph
coupling strength � in the resonant tunneling region �namely,
	̄0=0�. When � is small ���0.2�0�, the relative dephasing
transmission probability Td /Ttot increases parabolically with
�, but the dephasing probability Td /Ttot is found to increase
linearly with increasing � in the range 1���0.4. For the
large � case ���1�, Td /Ttot�0.6 and the dephasing inelastic
tunneling processes dominate. In an experiment the param-
eter g= �� /�0�2 is generally in the range from 0.1 to 1,13

though some special devices18 show a big variable range of
g. In this � region, the degree of dephasing is linearly depen-
dent on the e-ph coupling strength.

IV. THE AB RING DEVICE

In Secs. II and III, we consider only a simple device con-
sisting of a QD coupled to two leads. However, in a real
experiment to measure the transmission phase �, the device

is an open AB ring with a QD embedded in one of the arms.2

Therefore, it is of experimental relevance to study the open
AB ring device in this section. A QD is embedded in one arm
of the ring, and the other arm is the reference arm with the
transmission amplitude tref. Due to openness of the open AB
ring device, the process of circling multiple times around the
ring is negligible. Note that only elastic tunneling process
t0�	i� is in interference with the reference arm. TAB�	 f ,	i�,
defined as the probability that an electron of energy 	i inci-
dent from the left lead will be transmitted with energy 	 f into
the right lead, can therefore be written as

TAB�	 f,	i� = �
m=0





�	i − 	 f − m�0��tm�	i� + 
m,0ei�tref�2, �8�

where � is the magnetic flux inside the ring. In the absence
of the reference arm �namely, tref=0�, TAB�	 f ,	i� is reduced
to T�	 f ,	i�=�m=0


 
�	i−	 f −m�0� � tm�	i��2, and this result is
the same as that in the work by Wingreen et al.16 Using the
transmission probability TAB�	 f ,	i�, the current flowing
through the AB ring is16

JAB =
2e

h
� d	i� d	 fTAB�	 f,	i�fL�	i��1 − fR�	 f��

−
2e

h
� d	i� d	 fTAB�	 f,	i�fR�	i��1 − fL�	 f�� , �9�

FIG. 4. �Color online� Current JAB vs the renormalized level 	̄0

for different e-ph interaction strengths � with �=0.1, �=0, and
tref=0.1.FIG. 3. �Color online� �a� e-ph coupling strength � dependence

of the dephasing probability Td. �b� Relative dephasing probability
Td /Ttot vs �. The parameter �=0.1 in �a� and �b�. The dotted line in
�b� is a guide to the eye.
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FIG. 5. �Color online� �a�,�c�,�e� Differential conductance GAB vs the level 	̄0 for the bias Vbias=0 �a�, 0.2 �c�, and 1.5 �e� at �=0.
�b�,�d�,�f� Differential conductance GAB vs the magnetic flux � for the bias Vbias=0 �b�, 0.2 �d�, and 1.5 �f�. The other parameters are �
=0.1 and tref=0.1.
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where fL�	i�= f�	i−�L� and fR�	 f�= f�	 f −�R� with the
chemical potential �L�R�= ±eVbias /2, and f�	� is the Fermi
distribution function. Finally, the differential conductance
GAB can be obtained from GAB=dJAB /dVbias.

Based on Eq. �9�, we show the numerical results for the
current JAB flowing through the open AB ring in Fig. 4.
Figures 4�a� and 4�b� correspond to the small and large bias
voltage cases, respectively. In both cases, phonon-assisted
subpeaks can be seen on the right-hand side of the main
peak, and the subpeak height increases with increasing e-ph
coupling strength �. These results for the current are similar
to those in a previous paper.16

Next, we focus on the differential conductance GAB
�GAB=dJAB /dVbias� and its dependence on the renormalized
level 	̄0 or on the magnetic flux �. In fact, 	̄0 and � can be
well controlled and are continuously tunable in an experi-
ment. The differential conductance GAB is always a periodic
function of the magnetic flux � with a period of 2�. Figures
5�a� and 5�b� show the linear conductance GAB at zero bias
voltage. Here a series of phonon-assisted subpeaks is exhib-
ited in the curve of GAB versus 	̄0, similar to that in the
transmission probability �t0�2 �see Fig. 1�a�� because of the
small value of tref. In addition, the phonon-assisted tunneling
processes can also be observed from the amplitude of the
GAB oscillation versus the magnetic flux � �see Fig. 5�b��.
When 	̄0=0 or −1 �i.e., at the main peak or the first subpeak�,
the AB oscillation amplitudes are quite large since the
phonon-assisted elastic tunneling processes play a role here.
But at the position between two adjacent peaks �e.g.,
	̄0=−0.5 or −1.5�, the AB oscillation amplitude is quite
weak. When a small bias voltage is applied between the left
and right leads, all peaks in the curve of GAB– 	̄0, including
the main peak and phonon-assisted subpeaks, split into two
�see Fig. 5�c��, and their positions are at 	̄0=m�0±Vbias /2.
The reason is that, at these values of 	̄0=m�0±Vbias /2, the
renormalized level 	̄0 is in line with the left or the right
chemical potential �L,R= ±Vbias /2, or the distance between
	̄0 and �L,R is just m�0. The behavior of the conductance
GAB versus the magnetic flux � for small bias is similar to

that of the linear conductance �see Figs. 5�b� and 5�d��. Note
that at zero or small bias �Vbias��0� all tunnelings through
the QD are completely coherent, and the small amplitude
oscillation in GAB is due to the small transmission probabil-
ity �t0�2. Finally, we investigate the large bias case �Vbias

��0�. At large bias the peaks in the curve of GAB versus 	̄0

clearly split into two with an interval of Vbias. Moreover,
some extra subpeaks emerge even on the left of the main
peak. For example, the subpeak marked by B in Fig. 5�e�
stands on the left of the main peak at 	̄0=−Vbias /2, and their
interval is �0. In fact, this peak is from the inelastic tunnel-
ing process t1�	� and a phonon is left in the QD with an
electron tunneling through the dot. Figure 5�f� shows the
conductance GAB versus the magnetic flux � while the level
	̄0 is fixed on the peak positions of Fig. 5�e�. The amplitude
of the AB oscillation of the peak B is very weak, but the
amplitudes are quite large for other three peaks. This gives a
proof that the peak B is indeed from the inelastic tunneling
process, and the corresponding tunneling electron loses its
phase coherence.

Since the differential conductance GAB is a periodic func-
tion of the magnetic flux �, one can make the Fourier expan-
sion GAB���=GAB

0 +GAB� cos��+�0�. Here the initial phase
�0 is a directly experimentally measurable quantity. Let us
compare the measured phase �0 with the transmission phase
�. Figure 6 shows the phase �0 versus 	̄0 for different bias
Vbias. At zero bias voltage the characteristics of the phase �0,
including the phonon-induced dips, are completely the same
as for the transmission phase � �see Fig. 1�. When a small
bias voltage �e.g., Vbias=0.2��0� is applied between the two
leads, the phase �0 changes slightly but can still reflect the
transmission phase � quantitatively. So at zero or small bias
the transmission phase �, including the intriguing character-
istics due to the e-ph interaction, can be directly observed
through the measurement of the differential conductance ver-
sus the intradot level. For a molecular QD device, the pho-
non frequency �0 is usually from 5 to 35 meV,11,12 so the
condition Vbias��0 is easily reachable. On the other hand, at
large bias �e.g., Vbias=1.5�0�, the phase �0 deviates substan-
tially from the transmission phase �.

V. CONCLUSIONS

In summary, we study the influence of the electron-
phonon �e-ph� interaction on the transmission phase and the
dephasing while electrons tunnel through a molecular quan-
tum dot. It is found that the transmission phase versus the
intradot level exhibits a nonmonotonic behavior, and a pro-
nounced dip emerges when the renormalized level is located
at the position of the phonon-assisted subpeaks. In particular,
phonon-induced dips in the transmission phase are much
more apparent than the phonon-assisted subpeaks in the con-
ductance. In addition, phonon-induced dephasing increases
monotonically with the e-ph interaction strength �. The
dephasing probability Td is proportional to �2 at small �, but
Td�� for large �. In addition, an open AB ring device is
investigated. At zero or small bias, the measurement phase
from the differential conductance versus the magnetic flux is

FIG. 6. �Color online� Phase �0 vs the level 	̄0 for the different
bias Vbias. The other parameters are �=0.6, �=0.1, and tref=0.1.
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found to have the same characteristics as the transmission
phase, including the phonon-induced dips.

ACKNOWLEDGMENTS

We are grateful to Jianing Zhuang for his helpful discus-
sions. This work is supported by U.S. DOE under Grant No.
DE-FG02-04ER46124, NSF under Grant No. CCF-052473,
and NSF China under Grants No. 10474125 and No.
10525418.

APPENDIX

In this appendix, we present a detailed derivation of
the transmission amplitude tm�	i�, Eq. �6�. Because those
states are normalized according to 
	 ,n ,� �	� ,n� ,���

=
n,n�
�,��
�	−	��, only the last term in the S matrix �Eq.
�4�� contributes to the scattering matrix element tm�	 f ,	i�.16

Therefore the scattering matrix element tm�	 f ,	i� is reduced
to

tm�	 f,	i� = 
	 f,m,R�S�	i,0,L�

= − �
−



 �
−





dt1dt2��t2 − t1�e−���t1�+�t2��

� ei�	f+m�0�t2−i	it1
	 f,m,R�H1e−iH�t2−t1�H1�	i,0,L� .

�A1�

Taking the change of variables t1= t1 and t= t2− t1, the inte-
gration over t1 now yields a 
 function of energies as �
→0+, and tm�	 f ,	i� changes to

tm�	 f,	i� = 
	 f,m,R�S�	i,0,L� = − 2�
�	i − 	 f − m�0��
−





dt ��t�ei	it � 
	 f,m,R�H1e−iHtH1�	i,0,L�

= − 2�
�	i − 	 f − m�0��
−





dt ��t�ei	it�
k�

�
k

tRk�tLk
* 
	 f,m,R�cRk�

† de−iHtd†cLk�	i,0,L�

= − 2�
�	i − 	 f − m�0��
−





dt ��t�ei	it � tR�	 f�tL
*�	i�
m�de−iHtd†�0�

= − 2�
�	i − 	 f − m�0��
−





dt ��t�ei	it � tR�	 f�tL
*�	i��0� bm

	m!
de−iHtd†�0�

= − 2�
�	i − 	 f − m�0��
−





dt ��t�ei	it � tR�	 f�tL
*�	i��0� bm�t�

	m!
d�t�d†�0� , �A2�

where �tL�R��	��2=�k � tLk�Rk��2
�	−	Lk�Rk��.8,16 At zero tem-
perature, the above equation can be rewritten as

tm�	 f,	i� = − 2�
�	i − 	 f − m�0�
tR�	 f�tL

*�	i�
	m!

� �
−





dt ��t�ei	it Tr�bm�t�d�t�d†� . �A3�

In order to calculate Tr�bm�t�d�t�d†�, we apply a canonical

transformation with19 H̄=esHe−s and s= �� /�0��b†−b�d†d,.
Under this canonical transformation, Hamiltonian �1� be-
comes

H̄ = H̄el + H̄ph, �A4�

where

H̄el = �
�,k

	�kc�k
† c�k + 	̄0d†d + �

�,k
�t̄�kc�k

† d + H.c.� , �A5�

H̄ph = �0b†b , �A6�

where 	̄0=	0−g�0 is the renormalized level of the QD and
t̄�k= t�kX, with g��� /�0�2 and X�exp�−�� /�0��b†+b��.
Next we employ the same approximation as the one in Ref.
15, t̄�k� t�k. Under this approximation, the e-ph interaction
can be decoupled and tm�	 f ,	i� in Eq. �A3� becomes

tm�	 f,	i� = − 2�
�	i − 	 f − m�0�
tR�	 f�tL

*�	i�
	m!

��
−





dt ��t�ei	it Tr�bm�t�d̄�t�X�t�d̄†X†�

= − i2�
�	i − 	 f − m�0�
tR�	 f�tL

*�	i�
	m!

��
−





dt ei	itḠr�t�e−�m�t�, �A7�
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where Ḡr�t�=−i��t�Trel�d̄�t�d̄†�=−i��t�
0 � d̄�t�d̄† �0� and
e−�m�t�=Trph�bm�t�X�t�X†�. Using the method of Feynman
disentangling of operators,19 e−�m�t� can be obtained:

e−�m�t� = Trph�bm�t�X�t�X†� = 
0�bm�t�X�t�X†�0�ph

= e−�u
0�bm�t�eb†u*
e−bu�0�ph

= e−�ue−im�0t
0�bmeb†u*
�0�ph

= e−�ue−im�0t �u
*�m

m!

0�bm�b†�m�0�ph = e−�ue−im�0t�u*�m,

�A8�

where u=��1−e−i�0t�. Substituting Eq. �A8� into Eq. �A7�,
we have

tm�	 f,	i� = − i2�
�	i − 	 f − m�0�
tR�	 f�tL

*�	i�
	m!

��
−





dt ei	itḠr�t�e−�ue−im�0t�u*�m

=−
i

	m!
�e−�2�

l=0

m
�− 1�m−lm!

l ! �m − l�!

��
n=0



�2n+m

n!
Ḡr�	i − n�0 − l�0� , �A9�

where Ḡr�E� is the Fourier transform of Ḡr�t�. Here we have
assumed symmetric coupling � tL�	i�= tR�	i�� and considered
the wideband limit case, so �=2�tL�R��	 f�tL�R�

* �	i� is indepen-
dent of the energy 	i and 	 f. In the wideband limit the

Green’s function Ḡr�	� is easily calculated following the
standard procedure,15,20,21

Ḡr�	� =
1

	 − 	̄0 + i�
. �A10�

From tm�	 f ,	i�, the transmission amplitude tm�	i� can be ob-
tained: tm�	i�=�d	 ftm�	 f ,	i�, and the result is given in Eq.
�6� in the text.
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