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Investigation of band inversion in (Pb,Sn)Te alloys using ab initio calculations
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The electronic structure of the (Pb,Sn)Te alloy displays the so-called “band inversion” between its two end
members, PbTe and SnTe. Although the electronic structures of these two end members have been extensively
studied by first-principles calculations, there have been no reports of first-principles calculations of the evolu-
tion of the band gap with composition. We have studied systematically the band structure using first-principles
calculations within the generalized gradient approximation and have investigated the effects of compositional
disorder. By taking into account local disorder, we show that the calculated dependence of band gap on

composition is in good agreement with experimental results.
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The rocksalt-structure IV-VI semiconductor compounds—
such as PbTe, PbSe, PbS, and SnTe—have small band gaps,
high dielectric constants, and a variety of very unusual ther-
modynamic, vibrational, electronic, and infrared properties.1
These narrow band-gap semiconductors have been of great
interest for the last 4 decades for their fundamental physics
and their application in infrared devices and thermoelectric
materials. In fact, PbTe was one of the first materials studied
by loffe and his colleagues in the middle of the past century
when there was a revival of interest in thermoelectricity.?

These rocksalt-structure semiconductors show a series of
electronic anomalies relative to the usual II-VI semiconduc-
tors. For example, the direct band gap occurs at the L point
in the Brillouin zone, while the direct gap in II-VI semicon-
ductors occurs at the I' point. Also, the order of the band gap
E,(PbS) > E,(PbTe) > E,(PbSe) and the order of the valance
band maximum (VBM) energies Eypy(PbS) > Eypm(PbSe)
>Eypm(PbTe) are anomalous compared to that of II-VI
semiconductors, which show the opposite trend. Further-
more, the band-gap pressure coefficient of Pb chalcogenides
is negative, again in contrast to II-VI materials.

Among these compounds, Pb;_,Sn, Te displays what has
been called “band inversion,” that is, the band gap of SnTe is
“inverted” relative to PbTe. In the former, the gap occurs
between a valence band maximum with Ly~ symmetry and
the conduction band minimum with L,* symmetry, while in
the latter it is the opposite. This phenomenon was elucidated
by Dimmock, Melngailis, and Strauss® in 1966, who pointed
out that a level-crossing phenomenon occurs with increasing
x. According to Dimmock et al., with increasing Sn compo-
sition the energy gap initially decreases as the L and L~
states approach each other, goes to zero at some intermediate
composition where the two states become degenerate, and
then increases, with the L6Jr state now forming the conduc-
tion band edge and the Ly~ state forming the valence band
edge. The change in E, with alloying is ascribed to the dif-
ference between the relativistic effects associated with Pb
and Sn. This “band inversion” model is consistent with the
observed variation of £, with x and the change in the sign of
the temperature and pressure coefficients of £, in going from
PbTe to SnTe.

There have been numerous theoretical investigations on
the electronic structures of these IV-VI compounds*~!7 and
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of defects in these systems.!®2° Among those studies, Wei
and Zunger'# have carried out extensive electronic structure
calculations for lead chalcogenides using the local density
approximation as implemented by the linearized augmented
plane wave method and have argued that the above anoma-
lous electronic features can be attributed to the occurrence of
the Pb s band below the top of the valence band, setting up
coupling and level repulsion at the L point. Most recently,
Ahmad et al.'” have extensively studied the electronic struc-
ture of defects in PbTe. However, the only theoretical studies
in the band-gap evolution in SnTe-PbTe solid solution sys-
tems are the empirical tight-binding studies by Lent et al. in
1986'2 and Lee and Dow in 1987.13

In this Brief Report, we will discuss the results of our
attempts to further the understanding of the band-gap evolu-
tion in the (Pb,Sn)Te alloy using ab initio electronic structure
calculations. We will demonstrate that local compositional
disorder plays an important role in the band-gap formation in
the intermediate compositions. We will show that short-range
disorder breaks degeneracies near the band edge, giving rise
to the observed trends in band gap.

We employed the all-electron full-potential linearized
augmented plane wave (FLAPW) plus local orbital method?!
incorporated in WIEN2K.?? The generalized gradient approxi-
mation (GGA)?* for the exchange correlation potential was
adopted in our present study. Scalar relativistic corrections
were included and spin-orbit coupling was implemented us-
ing a second variational procedure.’* Convergence of the
self-consistent iterations was performed using 1000 k points
inside the first Brillouin zone of special quasirandom struc-
tures (SQSs) to within 107 Ry. For all the current studies,
calculations were performed using the fully optimized lattice
constants and relaxed ionic sites. The structural optimiza-
tions were performed using the projector augmented wave
(PAW) approach as implemented in the Vienna ab initio
simulation package (VASP).2

The random Pb,;_,.Sn,Te alloys are described using the
“special quasirandom structures” (SQSs).?® In the SQSs, the
alloy is modeled by occupying the cation sites in a supercell
with Pb and Sn atoms so that the first few structural correla-
tion functions are closely matched to the values in an infinite
random alloy. We have generated various SQS-N structures
(with N=8, 16 per unit cell for the cation Pb/Sn sublattice)
at composition x=0.125, 0.25, 0.5, 0.75, and 0.875 using the
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FIG. 1. Calculated relativistic band structures of pure PbTe and
SnTe. The Fermi level is put in the center of the band gap. (For
simplicity, the band structure for SnTe is displayed for the cubic
phase. As noted in the text, the rhombohedral phase of SnTe is very
slightly lower, and the rhombohedral distortion breaks the symme-
try between the six L points, but only very slightly.)

gensqs code in the alloy-theoretic automated toolkit
(ATAT).?” For each composition x, our procedure can be de-
scribed as follows: (1) Using gensgs, we exhaustively gener-
ate all structures based on the rocksalt lattice with 2N atoms
per unit cell and given composition. (2) We then construct
the pair correlation functions for each structure. (3) Finally,
we search for the structure(s) that best match the pair corre-
lation functions of random alloys, (2x—1)?, up to sixth near-
est neighbors. Then the selected SQSs were optimized with
VASP.

We note experimental evidence that the Pb-rich alloys are
cubic, while the alloys with more than 29% Sn content tend
to a rhombohedral distortion.?®2° Our calculations show that
the rhombohedral phase of SnTe is indeed very slightly fa-
vored over the cubic phase—only by 0.4 meV per SnTe pair.
In the cubic phase, the 6 L points are equivalent; the rhom-
bohedral distortion breaks the degeneracy into sets of 4 and
2, and the band gap is reduced from 0.12 eV in the cubic
structure to 0.09 eV in the rhombohedral structure. Overall,
the energetics involved in rhombohedral distortion are so
small, and the effect of the distortion on the bands is so
weak, that it is not an important consideration in understand-
ing the evolution of the band gap. Therefore in our following
discussions we only focus on cubic and cubic-based struc-
tures. However, we note that our structures are fully opti-
mized and structural distortions—including rhombo-
hedral—in the alloys are permitted.

Before presenting the band-gap evolution in (Pb,Sn)Te as
a function of alloy composition, we first briefly overview the
basic physics of the band structures obtained from our cur-
rent calculations, especially the band inversion between the
two end members, PbTe and SnTe. For clarity of presenta-
tion, we have plotted the results using cubic SnTe; the slight
rhombohedral distortion found in SnTe does not substantially
alter the discussion. The calculated band dispersions along
L-I'-X and their characters at the L point are shown in Figs.
1 and 2, respectively. Our results are in good agreement with
prior calculations.®!'* Direct band gaps open at L in both
systems. The band edges forming the gap have L¢" and L~
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FIG. 2. Same as Fig. 1 but with expanded scale. Characters of
the states at the L point are added.

character in both compounds, but the order is “inverted”
relative to each other. That is, the valence band maximum is
L¢" in PbTe but L~ in SnTe (shown more clearly in Fig. 2).
The L state is mainly contributed by Pb/Sn s electrons plus
Te p electrons, and the L~ state is mainly contributed by
Pb/Sn p electrons plus Te s electrons. The calculated band
gaps with GGA optimized lattice parameters are 0.12 eV for
PbTe and 0.09 eV for rthombohedral SnTe (0.12 eV in its
cubic case)—in reasonable agreement with the experimental
results (0.18 eV for PbTe, 0.30 eV for SnTe at low tempera-
ture). It is noted here that the agreement for PbTe is better
than that of SnTe. It is typical for LDA or GGA to underes-
timate band gaps; we find in the following calculations that
the band gap is underestimated more on the Sn-rich side of
SnTe-PbTe solid solutions.

We began by studying the band-gap evolution using or-
dered Pb,_,Sn,Te structures, that is, Ca;Ge type structure for
x=0.125 and 0.875, L1, for x=0.25 and 0.75, and L1, for
x=0.50. (Here, Ca,Ge type structure, L1, and L1, are all
referred to the Pb and Sn sublattice.) To understand more
carefully what happens, we first consider the cases where
there are no Sn substitutions in Ca;Ge type structure, L1,
and L1, PbTe. These structures are then simply the 2 X2
X2 supercell of primitive PbTe, 1 X1X 1 and % X 72 X1
conventional cells of rocksalt PbTe, respectively. Therefore,
because of zone folding, the band gap of these structures
should open at the I' point of the Brillouin zone of the
Ca,Ge-type structure, at the R point (% , % , %) for the L1,-type
structure, and at the R point (%,0, %) for the L1,-type struc-
ture, respectively. The degeneracy at these ordered structures
should be 16, 8, and 4, respectively. Incorporating Sn in
these structures forming the ordered Pb,_.Sn,Te, we expect
the band gap will open at the corresponding high symmetry
points mentioned above if these ordered structures are semi-
conductors. The calculated band structures of these ordered
structures are shown in Fig. 3. Clearly, at x=0.25 and 0.75
with L1, structures, and at x=0.125 and 0.875 with
“Ca;Ge-type structure,” all systems are semimetals rather
than semiconductors.

To illustrate why these ordered structures are not semi-
conducting, we show in Fig. 3 the characters of several
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FIG. 3. (Color online) Calcu-
lated relativistic electronic struc-
tures of ordered (Pb,Sn)Te alloys

(see text). Again, as in Fig. 2,
band dispersions are shown on an
expanded energy scale and also
expanded in the wave vector for
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oms (s and p orbitals) in ternary
alloys. In the pure PbTe and SnTe
systems, the “fat” bands denote
contributions from Pb-p orbital
and Sn-p orbital contributions, re-
spectively. In all these figures,
each single color represents one
irreducible representation.

bands around the Fermi level using “fat” bands. Except the
band inversion in the two end members, the Sn s- and p-like
bands in these ordered structures are simply pushed upward
above the Fermi level and the Pb s- and p-like bands are
pushed downward below the Fermi level at the high symme-
try points in all the ordered structures. Furthermore, some
bands close to the Fermi level in Ca;Ge-type structures and
L1, structures are highly degenerate, resulting in the semi-
metal behavior in the band structures in these systems.

Having established that ordered Ca;Ge-type structure and
L1, and L1 structures do not represent the observed trends,
we next hypothesize that the disorder expected in a solid
solution will be important. The introduction of disorder re-
duces the symmetry of each structure, thereby breaking the
degeneracy of the states near the Fermi level. In this way,
disorder on the (Sn,Pb) sublattice creates band gaps in SnTe-
PbTe solid solutions. It is noted that typically disorder intro-
duces states in the gap, and that the present case is a coun-
terexample. This is the central result of this work.

Here the SQS-8 structures are introduced to describe the
disorder. The resultant band gaps are listed in Table I. We can
see that compositional disorder does create the band gaps in

these systems, and the trend of the band gap vs Sn compo-
sition compares well with both experimental results® and re-
sults obtained from model calculations for both cubic and
rhombohedral phases with band structure parameters derived
from the Shubnikov—de Haas study.?® Careful study of the
band characters of valence band maximum (VBM) and con-
duction band minimum (CBM) of these SQSs shows that the
band inversion proceeds in the way as proposed by Dim-
mock et al. The resultant band characters are also listed in
Table I. In Fig. 4 we compare our calculated band gap vs
composition with the sketch of how this should happen from
Dimmock er al. (Dimmock, Melngailis, and Strauss de-
scribed the band inversion by using the unusual convention
of a “negative band gap.” Though the discussion of a “nega-
tive band gap” requires a little explanation, we have contin-
ued the practice because the trend of the band crossing is
easy to display with this convention.) Our results are consis-
tent with the hypothesis that local compositional disorder
plays a role in the observed trends. Our estimated crossover
is around x=0.23, at which the band gap is zero. This value
is somewhat smaller than what Dimmock et al. proposed. It
is also shown here that the band gap is underestimated more

TABLE I. The calculated band gaps and main contributions to the valence band maximum (VBM) and
conduction band minimum (CBM) of SQS-8 structures.

Main contribution

Band gaps (eV)

Concentration x VBM CBM Calculated Expt./Interpolated
PbTe Pb-s and Te-p Pb-p and Te-s 0.12 0.18
0.125 (Pb,Sn)-s and Te-p (Pb,Sn)-p and Te-s 0.06 0.12
0.25 (Pb,Sn)-p and Te-s (Pb,Sn)-s and Te-p 0.013 0.05
0.50 (Pb,Sn)-p and Te-s (Pb,Sn)-s and Te-p 0.022 0.08
0.75 (Pb,Sn)-p and Te-s (Pb,Sn)-s and Te-p 0.11 0.20
0.875 (Pb,Sn)-p and Te-s (Pb,Sn)-s and Te-p 0.10 0.25
SnTe Sn-p and Te-s Sn-s and Te-p 0.12 0.30
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FIG. 4. (Color online) The calculated band gaps vs Sn concen-
tration compared with an interpolation of the experimental results
from Refs. 3 and 29. Following the convention set by other authors
in prior publications, the crossing of levels which form the band
edges is plotted in terms of a “band inversion,” in which the band
gap is depicted as going negative. The negative trend of the band
gap with composition originates with the interchange of band edge
symmetry. See Table I for greater detail.

on the Sn-rich side than that on the Pb-rich side.

It is noted that SQS-8 approximates only short-range dis-
order, but because the cell is periodic there is, in fact, a
long-range order. By using a larger cell (going to SQS-16)
we can increase the range of the short-range disorder. In Fig.
5, we compare the density of states of Pb-5Snj,sTe with
SQS-8 and SQS-16 structures. We can see that further in-
crease in the range of the local disorder does not substan-
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FIG. 5. The total density of states (DOS) per unit cell for SQS-8
and SQS-16 at Sn concentration of 0.25, demonstrating that the
DOS is not significantly changed by going to a larger SQS cell.

tially change the electronic structure. This indicates that
long-range interactions do not play a significant role in de-
termining the band gap, which is consistent with the under-
lying assumption of the SQS approach.

In conclusion, the band-gap evolution in (Pb,Sn)Te
through the range of composition was studied by first-
principles GGA calculation, using SQS. It is shown that the
local disorder plays an important role in the band-gap forma-
tion in the intermediate composition. Introducing short-range
disorder into this system breaks the degeneracies near the
band edge and produces a semiconducting behavior, which is
in agreement with the experimental results. The calculated
band gaps and the trend vs composition are in reasonable
agreement with experimental results. The estimated cross-
over concentration is also in reasonable agreement with ex-
perimental results.
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