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We have carried out a quartz crystal microbalance experiment for multilayer 4He films adsorbed on graphite.
We analyzed changes in the resonance frequency and Q value using the multilayer model, and obtained the
sliding friction of the boundary between the atomic layers in the film, in addition to the boundary between the
film and the substrate. The sliding friction of the boundary of the first and second atomic layers is much smaller
than that of the boundary between the film and the substrate.
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I. INTRODUCTION

Slip of an atomic thick film is a particularly important
aspect of the sliding friction on a nanometer scale.1 Krim and
co-workers found that several physisorbed films adsorbed on
metal substrates undergo slipping relative to the oscillating
substrate.2,3 Mistura and co-workers also observed the slip of
films under certain conditions.4,5 In fluid mechanics, the slip
of shear flow past a solid surface is also a fundamental prob-
lem that has long been an object of discussion. One of the
simplest boundary conditions is the no-slip condition, for
which the relative velocity of fluid adjacent to the surface is
zero. However, experimental evidence of slip at the surface
was recently reported for Newtonian fluids.6,7

More recently, Casey et al. carried out measurements for
the slip of normal 3He thin slabs, and investigated the inter-
mediate region between the two limiting cases of flow of
bulk liquid past a planar surface and slip of an atomic mono-
layer film adsorbed on a substrate.8 They interpreted their
data in terms of an interfacial friction model, i.e., a 3He slab
as a rigid object is coupled by a frictional force to the oscil-
lating substrate. However, from a microscopic point of view,
it is not clear where the slip occurs with a frictional force. It
is therefore of great interest to determine which boundary
slips in the case of multilayer films, the boundary between
the film and the substrate or that between the atomic layers in
the film. It is well known that noble gases adsorbed on
graphite grow in layers. We have carried out a quartz crystal
microbalance �QCM� experiment for multilayer 4He films
adsorbed on Grafoil �exfoliated graphite�, and determined
the sliding friction of the boundary between the atomic lay-
ers in the film, in addition to the boundary between the film
and the substrate.

In the QCM experiment for monolayer film, the sliding
friction is obtained from the changes in the resonance fre-
quency and Q value of the quartz crystal.9,10 When the fric-
tion is proportional to the sliding velocity � as F=−�� /�� ·�,
where � is the areal mass density of the film, these changes
are related to the slip time � as

�fR

fR
= −

�

M

1

1 + ����2 , �1�

�� 1

Q
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2�

M

��

1 + ����2 , �2�

where M is the areal mass density of the crystal and � is the
angular frequency of oscillation. � can be calculated without
requiring the areal mass density of the film.

However, these equations are limited to monolayer film. If
the film is multilayer and the slip occurs at the boundary
between the atomic layers in the film, they must be modified.
In Sec. III, we explain the relation between the changes in
the resonance frequency and Q value and the sliding friction
of each boundary. In the multilayer model, the slip between
the atomic layers in the film is allowed. In Sec. IV, we de-
scribe our experimental results of multilayer 4He films ad-
sorbed on Grafoil. Then, in Sec. V, we analyze these results
and explain the sliding friction of the films.

II. EXPERIMENTAL PROCEDURE

The experimental procedure has been reported in detail
elsewhere;11 here, we describe it briefly. In our experiments,
the resonator is a 5.0 MHz AT-cut quartz crystal. Grafoil was
first baked in 5�10−5 Pa at 900 °C for 3 h, and a 300 Å
thick film of Ag was deposited onto it. To bond Grafoil on
the Ag electrode, the crystal and Ag-plated Grafoil were
pressed together and were heated in 1�10−5 Pa at 350 °C
for 2 h. After bonding, the excess amount of Grafoil was
removed. To retain good thermal contact, the crystal was
fixed to the metal holder with electrically conductive adhe-
sive. The Q value of the crystal was better than 104. After
being heated in 2�10−6 Pa at 130 °C for 5 h, the crystal
was mounted in the sample cell. During transport, it was
briefly �1 min or less� exposed to air. Then, the sample cell
was evacuated and cooled down to 4.2 K. To minimize the
effect of desorption, Grafoil disks were put on the bottom of
the cell.

The graphite crystallites of Grafoil are oriented with their
basal planes parallel to the lateral oscillation. The full width
at half maximum of the c-axis distribution is 12°, as deter-
mined by x-ray scattering. From the specific surface area of
15.4 m2g, and the change in the resonance frequency from
bare Ag to Grafoil/Ag electrodes, the sensitivity for the mass
loading of 4He is estimated to be 4.2 Hz /atoms nm2.12

The resonance frequency and Q value were measured us-
ing a transmission circuit.13 In the circuit, the quartz crystal
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was placed in series with a coaxial line connecting a 50 �
cw signal generator and a homemade phase-sensitive detec-
tor. The frequency of the signal generator was then con-
trolled in order to keep the in-phase signal zero, and was
locked to the resonance frequency. The quadrature signal at
this frequency is the resonance amplitude, and the change in
the Q value is calculated from this amplitude.

III. MULTILAYER MODEL

We consider the QCM experiment for the multilayer film
in the case that the slip occurs at the boundary between the
atomic layers of the film, in addition to the boundary be-
tween the film and substrate. Figure 1 shows the bilayer
model as an example. The first atomic layer slides relative to
the substrate, and the second atomic layer also slides relative
to the first one. At the atomic scale, the sliding friction de-
pends on the sliding velocity. In the model, we assume that
the sliding friction is proportional to the sliding velocity,14

i.e., the friction per unit area acting on the first atomic layer
from the substrate is expressed as F1=−��1 /�1���1st−�sub�. In
the same manner, the friction acting on the second atomic
layer from the first one as F2=−��2 /�2���2nd−�1st�. Here,
�1st, �2nd, and �sub are the velocities of the first and second
atomic layers and the substrate, �1 and �2 are the areal mass
densities of the first and second atomic layers, and �1 and �2
are the slip times, respectively. Then, we obtain the equation
of motion with respect to each atomic layer of the bilayer
film as

�1
d�1st

dt
= −

�1

�1
��1st − �sub� +

�2

�2
��2nd − �1st� , �3�

�2
d�2nd

dt
= −

�2

�2
��2nd − �1st� . �4�

It should be noted that the reaction of F2 acts upon the first
atomic layer, together with F1.

In the QCM experiment, the crystal oscillates laterally by
the application of an alternating voltage between the elec-
trodes. To calculate the motion on the oscillating substrate,
we substitute �sub=�sub,0 exp�j�t� into Eq. �3�, where �sub,0 is
the velocity amplitude of the substrate and � is the angular
frequency of oscillation. Then, we can obtain its motion and
the sliding friction acting on the substrate Fsub which is the
reaction of F1 as

Fsub = Fsub,0 exp�j�t� , �5�

where
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Without restricting the bilayer film, we describe Fsub in Ap-
pendix A.

When an oscillating shearing stress acts upon the surface
of the crystal, the resonance frequency and Q value of the
crystal change slightly. As shown in Appendix B, the
changes in the resonance frequency and Q value are affected
by the ratio of Fsub,0 to �sub,0 as

�fR
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= −
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We examine the changes in the resonance frequency and
Q value as a function of ��1 and ��2. Here, it is useful to use

the dimensionless relationship between
�fR

��fmax� and 1
2 ·

��1/Q�

��fmax�/fR
,

where �fmax is the mass loading, i.e., the maximum decrease
when the film is completely locked to the oscillating sub-
strate at ��1=0 and ��2=0.

For example, we illustrate the case of �1=�2. Figure 2�a�
shows the relationship under the condition when ��2 is fixed
and ��1 varies 0→	. It draws a semicircle when the second
atomic layer is locked to the first one, i.e., ��1 varies 0

→	 at ��2=0. Then, the maximum value of 1
2 ·

��1/Q�

��fmax�/fR
is 1
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FIG. 1. Bilayer model.
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and
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as a function of ��1 and ��2 in the case of �1=�2. �a�

��1 varies 0→	 under the condition when ��2 is fixed. Each solid
line corresponds to a different value of ��2, and the direction of the
arrow indicates the increase of ��1. �b� ��2 varies 0→	 under the
condition when ��1 is fixed.
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at
�fR

��fmax� =
1
2 . As ��2 increases, the semicircle ends halfway

and shrinks and 1
2 ·

��1/Q�

��fmax�/fR
becomes small. Figure 2�b� shows

the relationship under the condition when ��1 is fixed and
��2 varies 0→	. When the first atomic layer is locked to the
substrate, i.e., ��1=0, it draws a small semicircle when ��2
varies 0→	. As ��1 increases, the position of the semicircle
moves. It should be noted that when ��1 is finite and ��2 is
above a certain value, the resonance frequency decreases
with increasing ��2, which means that, in contrast to the
monolayer film, the increase of Fsub�=−F1� may cause the
increase in the resonance frequency. This behavior comes
from the phase difference in the oscillating motion between
the first and second atomic layers.

Furthermore, it should be noted that in any case of ��1
and ��2, the dimensionless relationship is plotted in the re-
gion which is surrounded by the semicircles. In the bilayer
film, any point in the region corresponds to the only set of
��1 and ��2. Using this character, we can determine the set
of F1 and F2 uniquely from the changes in the resonance
frequency and Q value.

Lastly, we comment on the trilayer film. In the same man-
ner, the dimensionless relationship is also plotted in the re-
gion surrounded by the semicircles. However, we cannot de-
termine uniquely the set of F1, F2, and F3. Here, F3 is the
sliding friction acting on the third atomic layer from the
second one.

IV. EXPERIMENTAL RESULTS

We have carried out the QCM experiment for various 4He
areal densities down to 0.35 K. It is well known that 4He
film adsorbed on Grafoil grows up to more than five-atom
thick film in layers.15,16 Figure 3 shows the variation of the
resonance frequency as a function of temperature. These sets
of data were taken during cooling, and the oscillation ampli-
tude of the crystal is about 0.4 nm. The resonance frequency
does not greatly change from the empty up to 10 atoms /nm2,
and decreases suddenly at around 11 atoms /nm2.

As the areal density increases further, it decreases gradu-
ally at high temperature with increase in the areal density. At
the areal density between 14 and 20 atoms /nm2, a steplike
increase in the resonance frequency is observed below TS
and TS�. �Here, we define TS and TS� as the intersection of the
extrapolation from high temperatures and the extension of
the steepest increase.� This demonstrates that decoupling of
the 4He film from the oscillating substrate occurs below
these temperatures. Similar behavior of He films has previ-
ously been reported.17,18 It was found that TS shifts to lower
temperature rapidly around the second layer promotion of
20.4 atoms /nm2. Above 22 atoms /nm2, the increase below
TS becomes clear, while the increase below TS� is smeared
out. In addition, TS appears above the second layer promo-
tion of 12.0 atoms /nm2. It is concluded that TS and TS� are
closely related to the layer structure of the 4He film. Decou-
pling of the 4He film below TS has been reported
elsewhere.11

Above 32 atoms /nm2, decoupling due to superfluidity is
observed at TC, which is in good agreement with torsional

oscillator measurements.16 For the thinner films, we ob-
served no signature of superfluidity.

Figure 4 shows the areal density dependence of the
changes in the resonance frequency and Q value from the
empty at several temperatures. The vertical dotted lines cor-
respond to the layer promotions. The estimated mass loading
is represented by the solid line of 4.2 Hz /atoms nm2 in �a�,
while the solid one in �b� is the maximum value of ��1 /Q�,
which takes place under the condition that the decrease in
resonance frequency is half of the mass loading.

Regardless of temperature, it was found that the decrease
in resonance frequency is largely suppressed from the maxi-
mum, which means that the film undergoes slipping relative
to the oscillating substrate. There also exist some distinct
features: �a� The resonance frequency does not change very
much in the one-atom thick film, and decreases drastically at
around the second layer promotion of 12.0 atoms /nm2. As
the areal density increases further, the frequency decreases
gradually but shows some structures. �b� In the three-atom
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FIG. 3. �Color online� �a� Variation of the resonance frequency
for various 4He areal densities as a function of temperature. Differ-
ent colors correspond to different film thicknesses. �b� Expanded
view for the two-atom thick film.
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thick film, the decrease in the resonance frequency at 0.45 K
becomes smaller than that of 1.8 and 1.0 K. �c� ��1 /Q�
shows a small peak slightly below the layer promotions.

V. DISCUSSION

A. Calculation procedure

We analyze the present results using the multilayer model.
It is found that the calculation of the monolayer film using
Eqs. �1� and �2� cannot be applied to more than the two-atom
thick film: Using these equations, both the slip time � and the
areal mass density �� per unit the area of electrode are ob-
tained from the changes in resonance frequency and Q value.
Above the two-atom thick film, however, �� is obviously
smaller than the estimated value from the surface area of
Grafoil on the electrode.19

The discrepancy is caused by a small value of ��1 /Q�
compared to the decrease in resonance frequency, and sug-
gests that the slip at the boundary between the atomic layers
takes place in addition to that at the boundary between the
film and substrate. We then applied the multilayer model
above the second layer promotion, and used the following
procedure to calculate the slip time for the two- and three-
atom thick films:

�a� At 12.0 atoms /nm2, which is the areal density of the
second atomic layer promotion, we treat the film as a mono-
layer film and use Eqs. �1� and �2�. Then, we obtain the slip
time � and the areal mass density �, and determine the ex-
perimental mass loading.

�b� In the two-atom thick film, we calculate the slip times,
�1 and �2, using the bilayer model by employing the areal
mass density of each atomic layer from the above-mentioned
mass loading and the well-known layer structure.15,16

�c� In the three-atom thick film, we calculate the slip
times, �2 and �3, using the trilayer model under the condition
that �1 is given.

At 12.0 atoms /nm2, it was found that the experimental
mass loading depends weakly on temperature, and becomes
small at high temperature: 3.76 Hz /atoms nm2 at 0.45 K,
3.59 Hz /atoms nm2 at 1.0 K, and 3.48 Hz /atoms nm2 at
1.25 K. At the moment, the temperature dependence is still
an open question, and the experimental values are slightly
smaller than the estimated value of 4.2 Hz /atoms nm2.20

However, in comparing the experimental and estimated val-
ues, it is concluded that most of the film slides uniformly
relative to the oscillating substrate around the second layer
promotion. Thus, since the structure of the first atomic layer
does not change drastically, it is expected that the two- and
three-atom thick films slide uniformly, at least when the areal
density of the upper atomic layer is adequately large or the
temperature is high. In the following, the slip time is calcu-
lated using the experimental mass loading at each tempera-
ture.

B. Areal density dependence

Figure 5 shows the areal density dependence of the slip
time of each boundary for several temperatures.21 It was
found that the entire behavior of the areal density depen-
dence does not depend strongly on temperature.

For the two-atom thick film, �1 is approximately 10 ns,
and decreases slightly with increasing areal density. On the
other hand, �2 increases with increasing areal density, and
has a maximum around 17 atoms /nm2. At this density, �2 is
1 order of magnitude larger than �1. From the comparison
between �1 and �2, it is concluded that the sliding friction of
the boundary between the film and the substrate is large, and
the second atomic layer undergoes slipping relative to the
first atomic layer with a weak sliding friction.

It is interesting to compare the areal density dependence
with the phase diagram of the second atomic layer, as shown
in Fig. 5�d�. It was found that both �1 and �2 change discon-
tinuously at 17 atoms /nm2 at each temperature. In addition,
�1 decreases rapidly above 20.5 atoms /nm2 at 1.0 and
1.25 K, and this decrease disappears at 0.45 K. These char-
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value. The different colors represent different temperatures. The
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density dependence of the change of the Q value from the empty.
The solid line is the possible maximum value, which takes place
under the condition that the decrease in resonance frequency is half
of the maximum decrease.
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acteristic areal densities correspond to the phase boundaries,
thus demonstrating that the structure of the second atomic
layer has an effect on the sliding friction.

For the three-atom thick film above 22.5 atoms /nm2, we
assume that �1 is fixed to the extrapolated value from the
two-atom thick film at each temperature.21 Here, we adopt
��1=0.01 and 0.001 at 1.0 and 1.25 K. It was found that �2
shows no significant difference by the choice of ��1, and lies
on the extrapolated curve from the two-atom thick film. On
the other hand, �3 depends only weakly on this choice. At
0.45 K, we adopt ��1=0.1. Although �2 does not depend
strongly on this value, �3 is sensitive. �In Fig. 5�c�, we do not

plot �3.� We conclude that regardless of temperature, �2 re-
mains large in the same manner as the two-atom thick film,
and that �3 is also large above 1.0 K at high density.

Lastly in this subsection, we comment on the boundary
condition of flow past the surface of Grafoil. Although there
exists no direct evidence, the multilayer model may be ap-
plied to the surface in contact with liquid. Ramesh and May-
nard measured solid adsorption isotherms on Grafoil in liq-
uid 4He. They found that there exists solid film on Grafoil
and it grows in layers with increasing pressure.22 Thus, we
expect that the solid film in liquid 4He is much the same as
the adsorbed film in our experiments. For the multilayer
model, we define the effective viscosity as 
eff= �� /�� ·a,
since the sliding velocity is converted to the effective veloc-
ity gradient as � /a, where a is the thickness of one atomic
layer. If we adopt �2=29 ns and �2=5.6�10−8 kg /m2 from
a three-atom thick film of 28 atoms /nm2 at 1.25 K �a
=0.36 nm from 4He atom�, then 
eff=7.0�10−10 Pa s. This
value is much smaller than the normal fluid viscosity �
n
=1.61�10−6 Pa s at 1.25 K �Ref. 23��. From the above dis-
cussion, in the case of a shear flow adjacent to the surface,
the no-slip condition does not hold and the flow slips at the
surface.24

C. Temperature dependence

Figure 6 shows the temperature dependence of the slip
time for several areal densities of the two-atom thick film. It
was found that �1 and �2 show different temperature depen-
dences. �1 decreases gradually with decreasing temperature,
and shows a weak structure. �2 also decreases slightly down
to TS; however, it increases below this temperature. Thus, we
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can conclude that the increase in the resonance frequency
below TS, as shown in Fig. 3�b�, is mainly attributable to the
slip of the boundary between the first and the second atomic
layers.

Next, we compare this dependence with the phase dia-
gram of the second atomic layer, as shown in Fig. 5�d�. For
16.0 atoms /nm2, the phase boundary between F and G+L
does not coincide with TS; rather it corresponds to the tem-
perature when �2 shows a maximum value. On the other
hand, for 18.0 and 20.0 atoms /nm2 the phase boundary be-
tween F and C+F is close to TS. It is found, however, that �2
changes gradually around the phase boundary.

VI. SUMMARY

We have carried out a QCM experiment for multilayer
4He films adsorbed on graphite. Because 4He film is com-
posed of a well-defined multilayer structure at low tempera-
tures, we analyzed the changes of the resonance frequency
and Q value using the multilayer model, and obtained the
sliding friction of each atomic boundary. It was found that
the sliding friction of the boundary between the first and
second atomic layers is much smaller than that of the bound-
ary between the film and the substrate.

APPENDIX A

In the multilayer model, the sliding friction acting on the
substrate can be summarized as

Fsub = −
�1

�1

� + j��

1 + � + j��
exp�j�t� . �A1�

Here, � is the compound slip time and � is a constant. As an
example, in the trilayer film, � and � can be written as

� = �1 +
�2�1

�1�2

�2 +
�3�2

�2�3

�3

1 + ���3�2

D
, �A2�

� =
�2�1

�1�2
−

�2�1

�1�2

1 +
�3�2

�2�3

���3�2

1 + ���3�2

D
, �A3�

where

D = �1 +
�3�2

�2�3

���3�2

1 + ���3�2	2

+ ���2 +
�3�2

�2�3

��3

1 + ���3�2	2

.

�A4�

APPENDIX B

We consider the resonance of the thickness-shear oscilla-
tion of a Y�AT�-cut quartz crystal under an oscillating shear-
ing stress acting upon its surfaces. As shown in Fig. 7, we
take the x2 axis as the thickness direction and apply plating
to the surfaces normal to this axis. Here, we take the x1 axis
as the direction of deformation.

Since the sectional area normal to the x2 axis is constant,
the current density i2=�D2 /�t does not vary with the x2 di-
rection and

�D2

�x2
= 0. �B1�

For sides normal to the thickness, the stresses on the surface
are zero,

S4 = S5 = 0. �B2�

The relations between the shearing stress T6, the electric dis-
placement D2, the strain S6, and the electric field E2 can be
written in the form

T6 = c66
E S6 − e26E2, �B3�

D2 = �22
S E2 + e26S6, �B4�

where c66 is the elastic stiffness, �22 is the dielectric constant,
and e26 is the piezoelectric constant. Superscript E indicates
that the electric field is held constant, while superscript S that
the strains are held constant. By eliminating E2 from the first
equation, we obtain

T6 = c66
D S6 − e26D2, �B5�

where c66
D =c66

E �1+e26
2 /c66

E �22
S �.

When x2=d /2 and −d /2 are the surfaces, the applied volt-
age between the electrodes is given by

� = 

−d/2

d/2

E2 dx2 = 

−d/2

d/2 1

�22
S D2 dx2 − 


−d/2

d/2 e26

�22
S S6 dx2.

�B6�

Under the condition of oscillating shearing stresses acting
upon both surfaces, T6� d

2 , t� and T6�− d
2 , t�, the boundary con-

ditions of the surfaces can be written from Eq. �B5� as

�u1

�x2
�d

2
,t� =

1

c66
D T6�d

2
,t� +

e26

c66
D �22

S D2�d

2
,t� , �B7�

x2

x1

x3

d

E

FIG. 7. Y�AT�-cut crystal.
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�u1

�x2
�−

d

2
,t� =

1

c66
D T6�−

d

2
,t� +

e26

c66
D �22

S D2�−
d

2
,t� , �B8�

where the deformation of the crystal is expressed by u1�x2 , t�
and S6=�u1 /�x2. Because of the symmetry against the x2
direction, we can write the deformation with time as

u1�x2,t� = u1,0 sin� �

�q
x2�exp�j�t� , �B9�

where

u1,0 =
�T6,0

c66
D +

e26D2,0

c66
D �22

S �
�

�q
cos� �d

2�q
� . �B10�

Here, �q is the sound velocity of the crystal, which is related
to the stiffness c66 and the density 
 as �q=�c66

D /
. Subscript
0 in u1,0 indicates the amplitude of the deformation at the
surface of x2=d /2. In the following equations, we use sub-
script 0 as the amplitude of the corresponding quantity at the
surface.

By substituting S6=�u1 /�x2 with Eq. �B9� into Eq. �B6�
and integrating the equation, the applied voltage is expressed
by

��t� =
d

�22
S D2 −

e26

�22
S �u1�d

2
,t� − u1�−

d

2
,t�	

=
d

�22
S �1 − �k26

2 +
e26

c66
D

T6,0

D2,0
� tan �

�
	D2,0 exp�j�t� ,

�B11�

where k26
2 =e26

2 /c66
D �22

S , which is called the coupling constant,
and �=�d /2�q. For simplicity, we define the effective cou-
pling constant as

k26�
2 = k26

2 +
e26

c66
D

T6,0

D2,0
. �B12�

Since the current density is given by i2=�D2 /�t and i2,0
= j�D2,0, Eq. �B11� expresses the relation between the ap-
plied voltage and the current density. Then, the complex ad-
mittance defined by Y = I /� is written in the crystal as

Y = Y0 + YP, �B13�

where

Y0 = j�C0, �B14�

YP = j�C0

k26�
2 tan �

�

1 − k26�
2 tan �

�

. �B15�

Here, C0= ��22
S /d�S is the capacitance, where S is the area of

the electrode. Corresponding to the division of the admit-
tance, we define the divided current i2PS=YP�. By compari-
son of i2P with Eq. �B9�, we found that this current density is

directly related to the velocity at the surface, �1� d
2 , t�

=�u1� d
2 , t� /�t, as

i2P =
2e26

d
�1�d

2
,t� . �B16�

At the resonance, i2P becomes maximal, and the denominator
of Eq. �B15� becomes zero,

1 − k26�
2 tan �

�
= 0. �B17�

Since k26�
2 is small, the fundamental resonance fR is obtained

as

fR = �1 −
4

�2k26�
2� �q

2d
. �B18�

Next, we consider the change of the resonance from the
condition under no stresses on the surfaces to the condition
under the oscillating shearing stress acting upon its surfaces.
With reference to Eq. �B18�, we obtain the change �fR as

�fR = −
4

�2 �k26�
2 − k26

2 �
�q

2d
= −

2�q

�2d

e26

c66
D

T6,0

D2,0
. �B19�

At the resonance, i2P becomes large and i2,0� i2P,0. Then,
using Eq. �B16�, the electric displacement D2,0= i2,0 / j�R is
related to the velocity at the surface as

D2,0 =
1

j�R

2e26

d
�1,0. �B20�

By substituting Eq. �B19� into Eq. �B20� and using �q

=�c66
D /
, the resonance is expressed by

�fR = − j4�fR

�q
2

c66
D d

T6,0

�1,0
= − j

4�

M

T6,0

�1,0
. �B21�

Since k26�
2 is small, we use the relation fR��q /2d in the last

modification. It is known that the real part of Eq. �B21� is
related to the resonance frequency, and the imaginary part is
the Q value. In this calculation, the oscillating shearing
stresses act upon both surfaces. When the stress acts only on
one side, we obtain the changes of the resonance frequency
and the Q value as

�fR

fR
= −

1

�RM
Re� jT6,0

�1,0
� , �B22�

�� 1

Q
� = −

2

�RM
Im� jT6,0

�1,0
� . �B23�

They are related to the ratio between the amplitudes of the
shearing stress and the velocity at the surface.
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