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The effects of spin-phonon interaction and magnetic anisotropy on the temperature dependence of the
infrared optical phonon modes in the antiferromagnetic �-MnSe are investigated by use of Green’s function
formalism within 1 /z perturbation framework. The renormalization effects are calculated explicitly as a func-
tion of temperature, phonon-phonon, and spin-phonon interaction constants. Temperature dependence of the
renormalized LO phonon frequencies of the F1u infrared active and combinational phonon modes are calcu-
lated and compared with experimental data. We have shown that the inclusion of anisotropy is necessary in
order to get a good quantitative agreement with the experiment.
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I. INTRODUCTION

Effects of spin ordering on the microscopic and macro-
scopic dielectric properties are investigated for many mag-
netic crystals as a function of either temperature or magnetic
field.1–3 In the present theoretical study, the influence of the
antiferromagnetic �AF� spin ordering on the observed far-
infrared reflectivity spectra of �-MnSe is considered in de-
tail. We apply the usual extension of Heisenberg model
which includes the spin-phonon interaction terms and per-
form a low-density perturbation expansion.4–6 The recent ex-
perimental findings7 have guided us in that direction. It will
be shown that simple noninteracting spin-wave theory is
enough to account for the relevant physical properties of
�-MnSe in far-infrared spectral region mainly because
magnon-magnon interactions do not lead to the two-magnon
bound states in this three-dimensional and high-spin AF sys-
tem. In addition, it also happens that the pseudodipolar mag-
netic anisotropy is of the vital importance for the explanation
of measured Raman scattering and infrared spectra.7,8 The
magnetic anisotropy has been taken into account in such a
direct way in order to explain mechanical properties of some
of the AF semiconductors. Because there is no structural
phase transition in this ideal cubic antiferromagnet �-MnSe,
no new phonon modes will appear below the magnetic tran-
sition temperature. Consequently, only magnetic degrees of
freedom are responsible for suitable explanation of the ob-
served spectra. In addition, we have extracted the exchange
parameters for the first �J1� and second �J2� neighbors by
making use of the magnetic susceptibility measurements of
�-MnSe.7

The hardening of the optical phonon modes is one of the
characteristic features of magnetic insulators �mainly antifer-
romagnets� in the low-temperature ordered phase �cf. Refs. 9
and 10 and references cited therein�, but without appropriate
microscopic explanation so far. Several earlier attempts were
performed on purely phenomenological basis and only with a
partial success.3,9–11 We have shown in this investigation that
the spin-phonon interaction, which arises due to a modula-
tion of the exchange interaction by ionic vibrations,12,13 can

describe accurately such a temperature dependence of pho-
non frequencies. Note also that the occurrence of the men-
tioned hardening is very typical in systems with pronounced
insulating properties, as �-MnSe is, in contrast to those sys-
tems exhibiting a metallic behavior.14

II. MAGNETIC HAMILTONIAN FOR THE
ANTIFERROMAGNETIC �-MnSe

In order to treat the dynamical properties of a type II AF
system such as �-MnSe �cf. Fig. 1�, characterized by the
high-spin value 5

2 localized on manganese atoms and large
number of interacting neighbors, we shall make an approxi-
mation which will enable us to use all benefits from repre-
senting spin operators in the spin-drone representation.15,16

More precisely, we are using the following ansatz, which our
further calculations will be relied on:

Ŝ5/2
z � 5Ŝ1/2

z , �1�

where the 5
2-spin states, � 5

2 , + 5
2 �, and � 5

2 , + 3
2 �, which are only

relevant states in describing low-temperature magnon dy-
namics, can be drone mapped as spin-up and spin-down
states of S= 1

2 , respectively. By this approximation, all the
second and higher order spin-flip processes, related to
magnon-magnon interactions, are neglected. In the tempera-
ture region below the Néel temperature, due to the condition
1 /zS�1, where z �=18� is the number of spins interacting
with any given spin of the absolute value S= 5

2 �cf. Fig. 1�,
we do not need to perform calculations beyond the frame-
work of linear spin wave theory and the introduced assump-
tion is expected to be quite suitable.17 A similar assumption
was applied by Spencer16 for the case of spin S=1. It was
furthermore shown18,19 that such an approach becomes
highly favorable in weakly coupled systems, such as in our
case �weak magnon- and magnon-phonon interaction�.

Applying the ansatz �Eq. �1��, we can obtain the following
relations for the modified spin-drone representation, on the
lattice sites i,j belonging to two different sublattices:

Ŝi
+ = �5ĉi

†�̂i, Ŝj
+ = �5�̂ jĉ j ,
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Ŝi
z = 5ĉi

†ĉi − 5
2 , Ŝj

z = 5
2 − 5ĉj

†ĉj ,

�̂i = d̂i
† + d̂i, �̂ j = d̂j

† + d̂j , �2�

where ĉ and d̂ are fermion anticommuting operators:

	ĉi , ĉj
†
=�ij, 	d̂i , d̂j

†
=�ij.
The Fourier transformation into reciprocal space is given

by

ĉi
† =

1
�N

�
q

eiq·liĉ1q
† , �̂i =

1
�N

�
q

eiq·li�̂1q,

ĉj
† =

1
�N

�
q

e−iq·ljĉ2q
† , �̂ j =

1
�N

�
q

e−iq·lj�̂2q, �3�

where N is the number of sites in each sublattice �equal to
number of unit cells�.

We shall use the slightly modified Heisenberg Hamil-
tonian for S= 5

2 which includes the exchange interaction be-
tween the nearest neighbors �nn�, J1, next-nearest neighbors
�nnn�, J2, and small magnetic anisotropy term in addition,

Ĥ = �
�i,i��

nn

ŜiĴ1Ŝi� + �
�j,j��

nn

Ŝ jĴ1Ŝ j� + �
�i,j�

nn

ŜiĴ1Ŝ j + �
�i,j�

nnn

ŜiĴ2Ŝ j ,

�4�

Ĵi = Ji � 1 0 0

0 1 0

0 0 1 + gi
�, i � 	1,2
, g1 � g2 � g .

�5�

According to Fig. 1, �i , i�� and �j , j�� indices correspond to
spin-up and spin-down sublattices, respectively, while g de-
notes the pseudodipolar anisotropy contribution to the ex-
change constants.20,21 Due to the fact that g1,2�1, the sim-
plification we made, g1�g2�g, is not seriously limiting our
further conclusions.

By means of standard implementation of the spin-drone
representation in the mean field approximation, one can ob-
tain the sublattice magnetizations,22,23

M1,2�T� = �Ŝ1,2
z �T = 5�− 1�1,2� 1

2
+ ĉ1,2ĉ1,2

† �
T

=
5

2
tanh�5

2

1

kBT
M1,2�T��A�0� − B�0��� , �6�

where A�q� and B�q� are the off-diagonal and diagonal
q-space exchange interactions, respectively,

A�q� = 2J1�cos
x + y

2
+ cos

y + z

2
+ cos

z + x

2
�

+ 2J2�cos x + cos y + cos z� ,

B�q� = 2J1�cos
x − y

2
+ cos

y − z

2
+ cos

z − x

2
� , �7�

with

x = qxa, y = qya, z = qza, �8�

where a=5.464 Å, Ref. 24.
The Néel temperature is determined by solving Eq. �6�

with respect to T when the sublattice magnetization becomes
finite. Similarly, by converting A�0� into −A�0�, we come up
with � temperature, which is an analog to the Curie-Weiss
temperature when, hypothetically, all the spins in the system
are turned to be ferromagnetically aligned. Then, one can
easily obtain that

kBTN =
75

2
�1 + g�J2, �9�

− kB� =
75

2
�1 + g��J2 + 2J1� . �10�

Formulas �9� and �10� are in good agreement with the respec-
tive ones obtained by use of the Holstein-Primakoff repre-
sentation for 5

2 spins on manganese atoms in Ref. 25. This is
the trump for the justification of our starting approximation
�Eq. �1��.

Relying on the magnetic susceptibility measurements car-
ried out in Ref. 7 and on the assumption that there are no
structural changes below the magnetic phase transition tem-
perature, one can come up with �=−335 K, TN=130 K, and
the exchange interaction parameters, J1=1.94 cm−1 and J2
=2.46 cm−1 as well. Respecting the fact that the AF ex-
change interaction J2 stabilizes the system in some kind of
AF ordered state, contrary to the AF interaction J1 that
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FIG. 1. �Color online� The fcc lattice of �-MnSe in the antifer-
romagnetic phase with an arbitrary spin direction. Here, 1–12 are
the labels for the nearest-neighbor ions and 13–18 are respective
labels for the next-nearest neighbors.
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frustrates it, and bearing in mind the calculated ratio,
J2 /J1=1.27�1 /2, the stability of the suggested AF ordering
is maintained.25,26

After justifiably omitting all magnon-magnon interaction
terms, the magnon dispersion relation can be calculated in
the order of �1 /z�1 from the following transversal magnon
propagator:22,23

T mn
�1��k,�� = ��̂Ŝmk

− ���Ŝnk
+ �0�� , �11�

where m,n are the sublattice indices �1 or 2� and �̂ is the time
ordering operator. Upon solving the corresponding Dyson’s
equation, the expression for this propagator in the imaginary
time representation, T m,n

�1� �k , i	�, is given by

T̂ �1��k,i	� =
2M

Ek
2 + 	2 � ��+�k,i	� A�k�M

A�k�M �−�k,i	�
� , �12�

where

�
�k,i	� = 
 i	 + �1 + g��A�0� + B�0��M − B�k�,

M = �M1,2� , �13�

and the magnon dispersion relation reads

Ek�T� = M�T��	�1 + g��A�0� + B�0�� − B�k�
2 − A2�k� .

�14�

The same dispersion relation can be found in Ref. 17. This is
additional factor in favor of our starting ansatz �Eq. �1��.

Diagonalizing T̂ �1��k , i	� by means of the Bogoliubov’s
canonical transformation,

T̃�k,i	� = S†�k�T̂ �1��k,i	�S�k� , �15�

we come up with

T̃�k,i	� = 2M
1

Ek − i	
0

0
1

Ek − i	
� ,

S�k� = � �k − �k

− �k �k
� , �16�

�k
2 =

1

2
��1 − � A�k�

�1 + g��A�0� + B�0�� − B�k��
2�−1/2

+ 1� ,

�k
2 − �k

2 = 1. �17�

Unlike the transversal magnon propagator T̃�k , i	�, the lon-
gitudinal one does not have terms of the order of �1 /z�1.
Even if one wanted to take into account longitudinal spin-
fluctuation phenomena in higher orders �1 /z�n�1, such con-
tributions would be irrelevant because of the �	0 factor in-
volved in the longitudinal propagator, whereas we are
interested in the finite frequencies optically active phonon
modes.22

III. SPIN-PHONON INTERACTION IN �-MnSe

This section gives details of the spin system influence
upon the lattice dynamics in the ordered phase of �-MnSe.
Our calculations are carried out for the extended form of the
Heisenberg Hamiltonian �4� that includes spin-phonon inter-
action terms in a standard way by expanding the exchange
integrals in the powers of ionic displacements.12,13 The spin-
phonon interaction terms in the extended Heisenberg Hamil-
tonian are easily obtained by taking into account only the
first derivative with respect to atomic displacements of the J2
exchange integral. This is a consequence of the evident fact
that, for the infrared active phonon modes7 and the suggested
magnetic ordering, all the �nn� contributions exactly cancel
each other �every Mn ion is surrounded by the equal number
of spin-up and spin-down ions�. Thus, the spin-phonon inter-
action in �-MnSe with the suggested AF ordering is driven
only by the last term in the modified Heisenberg Hamiltonian
�4�. The expansion of that term in ionic displacements gives

Ĥsp-ph = �
�i,j�

nnn

Ŝi	�xi − x j� · �	�̂Ri−Rj
Ĵ2�Ri − R j�
�0
Ŝ j , �18�

where li and l j enumerate equilibrium ionic position in up
and down spin sublattices, and

Ri,j = li,j + xi,j , �19�

Ĵ2�li + xi − l j − x j� � Ĵ2�li − l j� + �xi − x j�

· �	�̂Ri−Rj
Ĵ2�Ri − R j�
�0,

Ĵ2�li − l j� � Ĵ2. �20�

The expansion of displacements xi from their equilibrium
position li in normal modes is given by

xi =� �

2NMi
�
q,

1
��q,

w�q,�eiq·li�b̂q, + b̂−q,
† � . �21�

Here, the phonon field operator is given by �̂q,

= b̂q,+ b̂−q,
† , �q, is the normal mode frequency with wave

vector q and branch index  �LO, TO, TA,…�, w�q ,� is the

polarization vector of the normal mode, b̂q,
† and b̂q, are

phonon creation and annihilation operators, N is the number
of unit cells in the crystal, and Mi stands for the ionic mass.

Equations �18� and �21� give for the effective spin-phonon
Hamiltonian,

Ĥsp-ph = �
�i,j�

nnn

�
q,

�̂q,ŜiK̂�li,l j,q,�Ŝ j , �22�

with

K̂�li,l j,q,� =� �

2NM�q,
�eiq·li − eiq·lj�

��	�w�q,� · �̂Ri−Rj
�Ĵ2�Ri − R j�
�0. �23�

Accordingly, for the infrared active phonon mode �q�0,
�q,���, we can write
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K���li,l j,q,� � i� �

2NM�
q · �li − l j�

��	�w�q� · �̂Ri−Rj
�J2

���Ri − R j�
�0,

which after the Fourier transformation and in the limit of
small phonon wave vectors becomes

K���Q,q � 0� � i�q ·
�

�Q
�	�w�q� · Q�J2

���Q�
 . �24�

Finally, we are making an ultimate simplification which is
expected to be appropriate for the optical infrared phonons
we are dealing with in the present work. Instead of the
Q-dependent spin-phonon interaction tensor, the constant di-
agonal tensor describing the magnon-phonon interaction is
thus introduced as

1

2
�K̂�Q,q � 0�� � K 0 0

0 K 0

0 0 �1 + g�K
� . �25�

Magnon-phonon interaction constant K is expected to be
much smaller than the characteristic frequency of optical
modes in crystals �cf. Table I in the present work�. The ap-
proximation �Eq. �25�� provides the simplest possible way of
connecting the theory with the experimental data. This is
allowed by the fact that Eq. �24� possesses very small q
factor which smoothes the Q dependence of the whole ex-
pression.

The diagrammatic expression for the magnon-phonon in-
teraction is given in Fig. 2, where the shaded circle repre-
sents the magnon-phonon interaction vertex with the addi-
tional vertex condition m�n1, caused by the fact that the

magnon-phonon interaction has been obtained through the
expansion of exchange interaction J2 connecting different
sublattices.

Renormalizing the bare optical phonon propagator
��0��q�0 , i�� by the magnon-phonon interaction terms, we
come up with the following Dyson’s equation:

��0,i�� =
1

1

��0��0,i��
− ��0,i��

, �26�

with the self-energy ��0, i�� represented by four intersub-
lattice pair-bubble parts27 in the diagram given in Fig. 3.

After straightforward, but analytically tedious manipula-
tions, one can show that the explicit expression for the pho-
non self-energy operator is

��0,i�� =
4K2M2

�N
�
k

�
n=−�

n=+�

��k
2 + �k

2�2

�� 1

i	n + Ek

1

− i	n − i� + Ek

+
1

− i	n + Ek

1

i	n + i� + Ek
�

+ 4�k
2�k

2� 1

i	n + Ek

1

i	n + i� + Ek

+
1

− i	n + Ek

1

− i	n − i� + Ek
� . �27�

Performing the Matsubara summation over the imaginary bo-
son frequencies by converting the sum to a contour integral27

yields the result,

��0,��T�� = − 16K2M2�T�
1

N
�
k

��k
2 + �k

2�2 coth�Ek�T�
2kBT

�
�

Ek�T�
4Ek

2�T� + �i��T��2 + i�
, �28�

where �k represents summation over all the magnon degrees
of freedom. Thus, we obtain the renormalized phonon fre-
quency as

�R�T� = ��T� + ���T� . �29�

Here,

TABLE I. The phonon-phonon and magnon-phonon fitting pa-
rameters of the LO phonon mode �01 and the one combinational
two-phonon mode �02. .

Phonon
frequency
�cm−1�

Phonon-phonon
parameter

�cm−1�

Magnon-phonon
parameter

�cm−1�

�01=230.40 C1=0.81 K1=2.37

�02=224.60 C2=1.78 K2=2.33

FIG. 2. The magnon-phonon interaction diagram.

FIG. 3. The self-energy represented by four intersublattice pair-
bubble parts.
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��T� = �0 − C�1 +
2

e���0/2kBT� − 1
� �30�

is the renormalized bare phonon frequency �0 on the basis of
the standard Balkanski’s procedure which takes into account
phonon-phonon interaction terms,28 C is the phonon-phonon
interaction strength, and

���T� = Re	��0,��T��
 �31�

is presently calculated renormalization due to the magnon-
phonon interaction. Note, just for completeness, that the
renormalized optical phonon has the infinitesimally small
damping up to the i� factor.

IV. RESULTS AND DISCUSSION

Let us proceed further with the comparison of theoretical
model presented in previous sections with the recent infrared
reflectivity measurements in �-MnSe.7 These experimental
data clearly point to the additional phonon frequency hard-
ening for temperatures below the AF transition temperature
at 130 K �cf. Fig. 4�. There are two basic fitting parameters:
C and K which, as we already mentioned, represent the

phonon-phonon and magnon-phonon interaction strength
constants, respectively. In addition, we have introduced the
small anisotropy parameter g. It occurs that a slight exten-
sion of the the Heisenberg Hamiltonian �4�, in order to in-
clude an anisotropy, is particularly relevant for getting quan-
titative agreement with the experiments. We have found that
the anisotropy parameter should be g�10−2, if one wanted to
obtain suitable order of phonon hardening. This is in accor-
dance with a common wisdom regarding the coupling of the
magnetic system with the crystal lattice through the magnetic
anisotropy energy. Using the one-magnon Raman excitation
observed at �18 cm−1 in �-MnSe �Ref. 8� enables us to fix
the true value of the anisotropy parameter, i.e., g�3�10−2.

Note here that the anisotropies induced in the vibrational
spectrum of transition-metal monoxide MnO �closely related
to �-MnSe�, solely by AF ordering, were investigated theo-
retically on the basis of accurate ab initio �mostly density-
functional� and semiempirical calculations.29 These authors
found the anisotropy important both in the q=0 optic phonon
frequencies and in the dynamical charge tensor. They re-
vealed that manganese monoxide MnO below TN, despite
having a cubic ionic arrangement and a practically cubic
electron density, has a noncubic electronic response with
strong enhancement of the weak anisotropy influenced by
low-symmetry perturbations.

At last, we performed fitting the recently measured infra-
red phonon frequencies in the temperature range of 5–300 K
�one LO phonon mode and one combinational two-phonon
mode� using the microscopically calculated expression for
the renormalized phonon frequencies �R�T� �Eq. �29��. Our
results are presented in Fig. 4 and Table I. Almost perfect
agreement with the experimental results, as well as the fitting
parameters which have clear physical meaning, makes this
straightforward approach very promising. One can infer from
Table I that the fitting parameters take quite reasonable val-
ues. Thus, we have right to expect that the fitting function
could also be useful for predicting eventual phonon softening
in the region of phonon frequencies of the order of 100 cm−1

and less.
In conclusion, we have developed a microscopic approach

for the renormalization of the phonon spectra due to the spin-
phonon interaction terms. By means of detailed comparison
between theory and experiment for the infrared optical pho-
non hardening in the antiferromagnetic phase of �-MnSe, the
phonon-phonon and spin-phonon interaction parameters are
estimated for this compound, as well as the exchange inter-
actions for the nearest and next-nearest neighbors. We have
found that the inclusion of the anisotropy has been essential
for obtaining quantitative agreement with the experimental
results.
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FIG. 4. �a� The visual survey of longitudinal optical phonon
mode �01 and �b� combinational two-phonon mode �02 as a func-
tion of temperature. Squares with the error bars are the experimen-
tal results �Ref. 7�, the full lines are our theoretical curves, whereas
the triangles represent the residue of phonon hardening due to the
phonon-phonon anharmonicity.
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