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We present a theoretical investigation on the dynamics of excitons, excitonic distribution functions, and
absorption spectra of a single quantum dot driven by terahertz electric fields using the femtosecond laser pulse.
In particular, we observe optical sidebands at frequencies of 2n��L away from the exciton resonance due to
coherent quantum superposition of Floquet states induced by the terahertz field. These frequency-doubled
sidebands can occur at twice the frequency typically observed in bulk, quantum well, and superlattice struc-
tures. We have also obtained the oscillating excitonic densities for Floquet states as a function of the terahertz
field strengths.
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Modern technologies such as micromachining, nanotech-
nology, and ultrafast optical techniques have boosted a new
area of terahertz research in physics, chemistry, and biology.
As a result, terahertz time-domain biological spectroscopy,
terahertz biomedical imaging, terahertz remote sensing, and
terahertz satellite communications have been successfully
demonstrated.1–4 In efforts to further develop terahertz radia-
tion and related technologies, semiconductor nanostructures
have attracted much attention since their optical properties
are strongly modified and can be controlled by a terahertz
electric field. This is primarily due to the efficient coupling
of the terahertz electric fields to collective intraband excita-
tions in semiconductors.5–7

At present, fascinating new phenomena for generation of
optical sidebands in terahertz-driven semiconductors are
widely investigated. Terahertz optical sidebands on a near-
infrared �NIR� carrier beam are produced when the NIR field
is resonant with an excitonic transition and a terahertz elec-
tric field resonantly couples to intersubband transitions or
two excitonic transitions.5–16 These optical phenomena,
which have been recently generated in various semiconduc-
tor systems �i.e., bulk GaAs,5 quantum wells,6–11 and linear
arrays of quantum dots12� using intense pulses of coherent
terahertz radiation from a free electron laser, are mainly due
to mixing of optical and terahertz frequencies.6–10 Generating
both even and odd sidebands requires breaking inversion
symmetry in symmetric coupled quantum wells5,10 and only
even sidebands were observed from confined magnetoexci-
tons in multiple quantum wells.11

The dynamics including the terahertz field were in-
vestigated by introducing a moving coordinate frame
with electron-hole operators in the semiconductor Bloch
equations.17,18 The resonant tunneling through time-
dependent barriers and the nonperturbative method were also
adopted to explain the sideband generation in quantum
wells.19 In order to understand the formation of optical side-
bands in a single quantum dot, a Hamiltonian describing ex-
citons in the presence of terahertz electric fields with a
second-quantized formalism was employed.20,21 The excitons
consist of the products of electron and hole creation opera-
tors, of which states are determined by the excitonic station-
ary states and energy levels obtained using the Floquet theo-
rem and the excitons have bosonic behavior at low densities.

Thus, it is reported that the Floquet states strongly affect the
formation of the optical sidebands.21,22

In this paper, we describe the dynamics of excitons which
consist of the Floquet states of a single parabolic quantum
dot system in the presence of time-dependent fields with a
second quantization. We present that optical sidebands in the
isolated single quantum dot can be generated at frequencies
2n��L away from the excitonic resonance driven by a tera-
hertz field with frequency �L, where n is an integer. We show
that the generation of optical sidebands results from coherent
quantum superposition of generated Floquet states by the
terahertz fields. We also obtain the oscillating excitonic den-
sities of the Floquet states with increasing the strength of the
terahertz field.

The Hamiltonian for an exciton in a single quantum dot
structure driven by the terahertz field of intensity F0 and
frequency �L can be written as

Hex = H0 + ezF0 cos �Lt , �1�

where H0 is the effective-mass Hamiltonian for an electron-
hole pair in a quantum dot and z is the relative distance
between the electron and hole. The Hamiltonian of an inter-
acting electron-hole pair is given by

H0 =
�2pe

2

2me
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�2ph
2

2mh
−

e2

�0�re − rh�
+
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2
�0

2�mere
2 + mhrh

2� , �2�

where pe and ph are the electron and hole momenta and �0 is
the static dielectric constant. The last terms are the parabolic
confinement potential of the electron and hole with a com-
mon parabola frequency of �0�� /mrR0

2 �R0 is the quantum
dot radius and mr is the reduced mass�.

Using the coordinate r=re−rh and R=
me

M re+
mh

M rh, the ef-
fective Hamiltonian is separable in terms of the relative co-
ordinate r and center-of-mass coordinate R, that is, the rela-
tive momentum p=��r / i and the center-of-mass momentum
P=��R / i as

pe = p + P
me

M
, ph = − p + P

mh

M
. �3�

Substituting Eq. �3� in the effective Hamiltonian yields

PHYSICAL REVIEW B 76, 245318 �2007�

1098-0121/2007/76�24�/245318�4� ©2007 The American Physical Society245318-1

http://dx.doi.org/10.1103/PhysRevB.76.245318


Hex =
�2P2

2M
+

1

2
MR2�0

2 +
�2p2

2mr
−

e2

�0�r�
+

1

2
mrr

2�0
2

+ ezF0 cos �Lt , �4�

where M =me+mh is the total mass and mr=memh /M. There-
fore, the exciton wave function consists of the relative coor-
dinate part and center-of-mass coordinate part which is the
wave function of a harmonic oscillator and the exciton en-
ergy has the sum of the relative coordinate part and center-
of-mass coordinate part. The eigenfunctions and eigenener-
gies of the Hamiltonian H0 in the single parabola quantum
dot are described in detail using the exact numerical diago-
nalization method with the basis set of the Hermite
polynomials.23

In the presence of time-dependent terahertz fields with the
z direction, the Hamiltonian is periodic in time with period
T=2� /�L, Hex�t+T�=Hex�t�. Thus, according to the Floquet
theorem, the solution of the Schrödinger equation with the
Hamiltonian periodic in time is given by22

��z,t� = �
�

e−i��t/� �
n=−�

�

C�,ne−in�Lt	��z� , �5�

where ��z , t� denotes the quasiexciton states. The excitonic
states, 	��z�, without time-dependent interaction are chosen
as the basis set with a finite number of basis states and ob-
tained by the numerical matrix diagonalization of the relative
Hamiltonian matrix, �� �H0 ����.23 The coefficients, C�n, are
the nth Fourier coefficients in the expansion of � Floquet
states and are called the Floquet modes of � state. The coef-
ficients are determined by the infinite Floquet matrix eigen-
value equation as follows:

�
�,n

��E� − 
 − n��L��n,n���,�� +
eF0

2
��,����n�,n+1

+ �n�,n−1�	C�,n = 0, �6�

where E� denotes the eigenenergy of H0 and ��,��
= �	� �z �	��� are the dipole matrix elements coupling zero-
field states. The quasiexciton wave functions ��z , t� are
solved nonperturbatively by diagonalizing the Floquet
matrix.7,14 In practice, the Floquet matrix must be truncated
up to ±N photons. N can be made arbitrarily large for an
arbitrarily precise result at high-field strengths.24 In this case,
the eigenvalues and eigenvectors of Eq. �6� are numerically
obtained by


�,m = E� + m��L, C�,m
n = Jm+n
 eF0z

��L
� . �7�

The quasienergies 
�,m refer to the m-photon representation
with the corresponding eigenvectors C�,m

n and Jn denotes the
nth-order Bessel function of the first kind. Note that quantum
dot models, including the parabolic model, affect the exci-
tonic eigenenergy E�, but 
�=
�,m±1−
�,m� does not vary.
The total energy of the quasiexcitons is given by

Eex��,m,K� =
�2K2

2M
+ Eg − 
�,m. �8�

The eigenfunction of the most general electron-hole pair
state is given by A�

+�0�=�ckk�ak
+bk�

+ �0� where ak
+�ak� and

bk�
+ �bk�� are the electron and hole creation �annihilation� op-

erators, and �0� is the vacuum state for pair generation. One
obtains A�

+ =�k,k�	��r�ak
+bk�

+ and denoted original exciton
states, 	��r�, are obtained by diagonalizing the matrix
�� �H0 ����. To investigate the excitonic dynamics in a single
quantum dot under the terahertz fields, we describe a Hamil-
tonian in terms of excitonic operators of A�,n

† �A�,n� which
create �destroy� excitons with Floquet states �� ,n� as fol-
lows:

H = �
�,n

���,nA�,n
† A�,n − �

�,n
d�nE�t��A�,n

† + A�,n� , �9�

where ���,n=
�,n denote the quasienergies and the interband
optical dipole moment d�n couples the excitonic system to
the external optical field E�t�. The time-dependent optical
dipole moment in the spectral Floquet representation is given
by

d�n = e−i�
�+n�L�t/�C�,n� dz�	��z,t = 0��r�0�

= e−i�
�+n�L�t/�C�,n��0, �10�

where ��0= �	��z , t� �r �0�. The Floquet states of pair states
in a single quantum dot are schematically shown in Fig. 1.
The indices 0 and � refer to the ground and pair states and
e= �� ,n� states denote the Floquet states. The excitonic op-
erators obey the Pauli commutation rules20,21

A�,n,A��,n�
† � = ������nn� − 2�A��,n�

† A�,n� ,

A�,n,A��,n�� = A�,n
† ,A��,n�

† � = 0, �11�

where � parameters describe phase-space filling.
We introduce the definitions of interband and intraband

correlations as follows:

Xe0 � �A�,n�, Xee� � �A�,n
† A��,n�� . �12�

FIG. 1. Scheme of the Floquet states for pair states in a single
quantum dot.
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Then, the polarization P�t� and excitonic distribution func-
tion Fe�t� can be defined as �ede,0E�t��Xe0

* +Xe0� and Xee,
respectively, and the absorption coefficient is obtained by

����� Im P���

E����. The resulting dynamical equations of mo-

tion for Xe0 and Xee� are

i
dXe0

dt
= − ��e − i�2�Xe0 +

deE�t�
�

�1 − Fe� − �
e�

2de�0E�t�

�
Xe�e,

i
dXee�

dt
= ��e − �e� − i�ee��Xee� +

E�t�
�

�de�Xe
* − deXe�� , �13�

where interband and intraband dephasings �2 and �ee� have
been included phenomenologically. If e=e�, then �ee�=T1
�excitonic population decay time�, whereas if e�e�, then
�ee�=T2 �intraband dephasing time�. It was found to enhance
numerical stability without changing our results. We note
that, to second order in the optical field, the exciton-exciton
interaction does not appear in the dynamical equations.

The system we are modeling is a single CdS quantum
dot with radius R0=1.3 nm. The following parameters in
the single CdS quantum dot were used for the numerical

calculation:25 electron mass me�CdS�=0.18m0, hole mass
mh�CdS�=0.7m0 �m0 is the electron mass in free space�, and
dielectric constant �d�CdS�=8.5. We modeled the sample to
be optically excited by a 20 fs Gaussian pulse and employed
an interband dephasing time of �2=0.5 ps and intraband
dephasing time �ee=� and N=20 photons.

In Fig. 2�a�, we present the quasienergy ladders of the 1S
exciton state obtained by numerical diagonalization of the
Floquet matrix as a function of driving terahertz field
strength of f =eF0R /��L. The quasienergies are almost
equally spaced by ��L up to f �17. Photon representations
with large photon numbers are needed for more accurate re-
sults of the Floquet states as the intensity of the terahertz
field increases. The equally spaced quasienergies will present
the Stark ladders on the optical spectrum as shown in semi-
conductor superlattices.6,8,9,16 Figure 2�b� shows results of
the calculation for the n=0,1 ,2 ,3 Fourier components of the
eigenvector, corresponding to the 1S exciton level in the
zero-photon representation of N=20 photons, as a function
of the strength of the external terahertz field, f . The coeffi-
cients of eigenvectors n=0,1 ,2 ,3 with zero-photon repre-
sentation behave like the Bessel functions of J0 ,J1 ,J2 ,J3,
respectively. The Bessel functions are approximate solutions
of the Floquet equation for intense driving terahertz fields.
Therefore, the Bessel functions are closely related to the op-
tical transition of the Floquet states induced by the terahertz
field in the single quantum dot.

Figure 3�a� displays the excitonic absorption spectra of
the single quantum dot for different f with a fixed terahertz
frequency of ��L=10 meV. All optical sidebands are re-

FIG. 2. �a� Quasienergies of 1S exciton with ladder indices n
=0, ±1, ±2 and �b� their eigenvectors with m=0 as a function of
terahertz field strengths.

FIG. 3. �a� Absorption spectra and �b� sideband intensities with
ladder indices of n=0,1 ,2 ,3 as a function of terahertz field
strengths f . From bottom to top: F0=10,100,200,300,400,
500,600,700,800,900,1000 kV /cm. �f =0.185,1.853,3.706,
5.559,7.412,9.265,11.118,12.971,14.824,16.677,18.536.�
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placed with the ��L spacing. The generation of optical side-
bands is due to the absorption of free 1S excitons. Especially,
for high f , there are regimes where even and odd sidebands
do not exist simultaneously. Consequently, the optical side-
bands appear with spacing 2��L in the high f �11 regime.
Figure 3�b� shows the sideband intensities for ladder indices
n=0,1 ,2 ,3 as a function of f . This behavior is closely re-
lated to the dipole moment of the Floquet states. Exciton
peak with n=0 is changed by the zero-order Bessel func-
tions. The sideband intensities with ladder index n are
changed by the absolute value of the n-order Bessel function.
Odd sidebands appear around f for Jn�f�=0 with even inte-
gers n and even sidebands appear around f for Jn�f�=0 with
odd integers n. This means that the intensities of the optical
odd sidebands have maximum values around f where the
intensities of the optical even sidebands are zero. Conse-
quently, the optical sidebands can be spaced by 2��L over
f �11, which is similar to intersubband optical transitions
induced by the terahertz field in quantum wells26 and relates
to the symmetry of the system under space inversion. The
generation of optical sidebands can be explained by coherent
quantum superposition of generated Floquet states by the
terahertz field.

Figure 4 shows the distributions of the 1S quasiexcitons at
t=2 ps for different terahertz intensities with the laser pulse
tuned to the undriven 1S exciton energy. The distribution of
excitons decreases with increasing terahertz intensity since
the stronger terahertz field causes more nonresonant excita-
tion. This change in exciton distribution is closely related to
the optical dipole moment of the Floquet states, which are
determined by solutions of the Floquet equation.

In summary, we have studied the dynamics of excitons

using Floquet theorem in a single quantum dot driven by
terahertz fields. The generation of optical sidebands and os-
cillating excitonic densities for the Floquet states results
from coherent quantum superposition of generated Floquet
states by the terahertz fields which create excitonic quasien-
ergy levels with spacing ��L and excitonic Floquet states
such as Bessel functions. The intensities of the optical side-
bands are strongly coupled to the terahertz field strength.
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