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A combined experimental and theoretical study is carried out in examining the important features of the
admittance spectroscopy �AS� of self-assembled GeSi quantum dot �QD� systems. In the experimental com-
ponent of the study, we measure the dependence of the AS on size of the GeSi QDs. From such measurements,
we determine the emission rate and activation energy of the carriers in different QDs. Theoretically, we
develop a simple approach to understand and reproduce those observed experimentally. It is found both
experimentally and theoretically that with increasing size of the QDs, the peak of the AS shifts to higher-
temperature regime, the activation energy of the carriers increases and the emission rate of the system de-
creases. These interesting phenomena can be well explained by the fact that in GeSi-based QD systems, the AS
is mainly induced by zero-dimensional to three-dimensional transition through hole interactions with acoustic
phonons via deformation potential coupling.

DOI: 10.1103/PhysRevB.76.245304 PACS number�s�: 73.20.At, 72.10.�d, 81.07.Ta

I. INTRODUCTION

The state-of-the-art material engineering and nanofabrica-
tion techniques have made it possible to realize advanced
semiconductor devices at atomic scales, such as quantum
dots �QDs� in which the electron or hole motion is quantized
in all spatial directions and the conducting carriers are con-
fined within the nanometer distances. Such systems can be-
have as artificial atoms and, therefore, be applied as ad-
vanced electronic and optical devices, such as memory chip,1

quantum computer,2 quantum cryptography,3 quantum-dot
laser,4 to mention but a few. At present, both electrical and
optical techniques have been widely used in the characteriza-
tion and investigation of GaAs-, InGaAs-, and GeSi-based
QD systems.5 In particular, in recent years the admittance
spectroscopy �AS� has become a powerful tool in the
electrical characterization of InGaAs- �Refs. 6–8� and
GeSi-based9,10 QD structures. When a QD is subjected to an
ac electric field, the conducting carriers in the dot can be
emitted to the continuum states of the systems and the carri-
ers in the continuum states can also be captured into the
bound states in the dot with the assistance of electronic scat-
tering mechanisms. In such a case, the number of carriers in
the dot alters with the intensity and frequency of the applied
ac field and, as a result, the conductance and capacitance can
be measured from the system. Hence, the AS measurement
can be applied to determine important device parameters
such as the activation energy of the carriers, the strength of
the quantum confinement, the energy level structure, the
emission and capture rates, etc. The experimental results ob-
tained very recently6–10 have indicated that in InGaAs- and
GeSi-based QD systems in which the conducting carriers are,
respectively, electrons and holes, the electronic emission rate
is about 1 /ms–1 /�s so that the AS can be measured under
the action of the ac fields with frequencies around
1 kHz–1 MHz at a temperature range from 50 K to room
temperature. Consequently, the AS is a simple, conventional

and powerful technique which measures electrically the elec-
tronic and transport properties of InGaAs- and GeSi-based
quantum dot systems.

In this work, we intend examining experimentally the ef-
fect of the size of self-assembled GeSi QDs on features of
the AS. It is known that the AS in a QD system is mainly
induced by charge transfer in different states, especially be-
tween bound and continuum states, due to the presence of the
electrical driving fields and electronic scattering mecha-
nisms. The variation of the size of the dot changes the
strength of the quantum confinement to the carriers in the dot
and, therefore, alters the possibility for electronic transition
in different energy levels. Hence, it is expected that the fea-
tures of the AS in QD systems are sensitive to the size of the
QD. In this study, the GeSi QDs are grown by the standard
technique of self-assemble on the basis of molecular-beam
epitaxy �MBE� growth. The AS measurements are under-
taken by a conventional transport experiment in the presence
of the ac driving fields.

In sharp contrast to quite intensive experimental work in
using AS for studying different QD systems,6–10 very little
theoretical work regarding the AS in QDs has been reported
so far. At present, there is a lack of corresponding theory in
analyzing and understanding the related experimental find-
ings. To fill this gap, in this study, we develop a tractable and
systematic theoretical approach to calculate the conductance
and capacitance in conjunction with the AS measurement for
GeSi-based QD systems. Very recently, we have proposed a
simple theory to study the AS in GeSi-based quantum well
systems.12 This theoretical approach is based on a mass-
balance equation derived from the semiclassic Boltzmann
equation and the obtained theoretical results agree very well
with those measured experimentally.12 In the present study,
we generalize this approach developed for a GeSi quantum
well to the case of self-assembled GeSi QDs. The validity of
this model calculation is examined by those obtained from
our current experimental measurements. On the other hand,
we can also use those obtained theoretically to understand
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our experimental findings and to reproduce those observed
experimentally. Thus, this combined experimental and theo-
retical study can achieve an in-depth understanding of the
features of the AS in GeSi-based QDs.

In this paper, the details of the sample growth, device
fabrication, experimental setup, and measurement are de-
scribed in Sec. II. In Sec. III, we present the theoretical ap-
proach to calculate the conductance and capacitance in con-
junction with AS measurement in self-assembled GeSi QDs.
The experimental and theoretical results obtained from this
study are presented and discussed in Sec. IV. The main con-
clusions drawn from the present study are summarized in
Sec. V.

II. SAMPLES AND MEASUREMENTS

The samples used in the present study are prepared by the
techniques of self-assemble on the basis of the MBE growth.
The growth of the GeSi islands is achieved in an ultrahigh-
vacuum MBE system �Riber Eva-32� with two electron-
beam evaporators as Ge and Si sources. The base pressure of
the growth system is less than 5�10−10 Torr. A p-type Si
�001� wafer is employed as substrate with a resistivity of
about 1–10 � cm. The substrate is chemically cleaned using
the Shiraki method.13 The protecting oxide layer on the sub-
strate is desorbed at 1000 °C for 10 min in the growth cham-
ber. The temperature is then lowered to 500 °C and a
100-nm-thick Si buffer layer is grown with a growth rate of
0.1 nm /s to achieve an epitaxial surface. Afterward, three
layers of Ge are deposited and these Ge layers are separated
by 45-nm-thick Si spacer layers. The self-assembled GeSi
dots are formed using the Stranski-Krastanov growth mode
during which the Si diffuses into the QD layers. During the
growth of the Si spacer layers, the Boron � doping takes
place with the concentration about 1�1016 /cm−3. These
�-doped layers can provide conducting holes in the QDs.
Here, a two-step growth method has been adopted in island
growth at a rate of 0.02 nm /s and a temperature at about
500 °C in order to improve the uniformity of the GeSi is-
lands. Finally, after depositing a Si cap layer with 320 nm
thickness, the substrate temperature is immediately cooled
down to room temperature and the GeSi QD sample is
prepared.

In general, the size of self-assembled GeSi QDs relies on
the growth temperature and the widths of the Ge layer and
the Si spacer layer. Usually, the size of the GeSi QDs in-
creases with the growth temperature and with the thickness

of the Ge layer.14,15 In the present study, to investigate the
effect of the size of the QDs on the AS, three samples �A, B,
and C, as shown in Table I� are prepared at almost the same
growth temperature and rate, the same Boron �-doping layer,
and the same Si spacer layers but with different widths of the
Ge layers. Thus, the QD size is mainly determined by the
thickness of the Ge layers. The quality and the size of the
dots can be examined and determined by the transmission
electron microscopy �TEM� and atomic force microscopy
�AFM� with good accuracy. The cross-section TEM and the
AFM images show a uniform spatial distribution of the dots,
where the nonuniformity of the QD size is estimated to be
less than 10%. The TEM and AFM images also show that
these QDs have a roughly circular symmetry along the direc-
tion perpendicular to the growth direction. The sample
growth parameters and the sample parameters are shown in
Table I. For three samples A, B, and C with the Ge layer
widths being, respectively, 13, 15, and 17 Å, the areal den-
sity of the QDs, the height of the QDs along the growth
direction, and the QD diameter perpendicular to the growth
direction shown in Table I are determined by the techniques
of TEM and AFM. It can be found that the areal density of
the QDs decreases with increasing size of the Dots. We note
that the QD sizes and the areal densities of our samples are
quite similar to those grown by other groups.16 The Ge con-
tent in a GeSi dot shown in Table I is estimated by the
Raman spectra, where the intensities of the Raman scattering
induced by Si-Si, Si-Ge, and Ge-Ge optic-phonon modes are
sensitive to the Ge composition.17–19 From Table I, we see
that with increasing slightly the thickness of the Ge layer, the
size of the QD increases significantly along both the growth
direction and the direction perpendicular to the growth direc-
tion, in line with those observed by other groups.16

To measure the AS, the QD devices are fabricated with a
Schottky diode structure, where an Al electrode with the di-
ameter of 1 mm without alloying is placed at the front side
and an Ohmic contact is at the back side. In the present
study, the admittance is measured along the growth direction,
namely, the dc and ac fields are applied along the growth
direction and the conductance and capacitance are measured
along this direction as well. The conductance is measured by
a commercial HP 4284A LCR meter which can also apply
the dc and ac bias voltages to the sample systems. The mea-
surements are carried out within a temperature range from
80 to 250 K in the presence of the weak ac voltage with a
frequency f =� /2� range from 1 kHz to 1 MHz provided by
the 4284A LCR meter. The temperature of the measurement
is applied by a thermocouple with a Keithley 2400 sourcem-

TABLE I. Sample growth parameters �left panel� and the AS peak position and peak half-width obtained
experimentally and theoretically �right panel�.

Sample
No.

Ge content
in QD

x

Growth
temperature

�°C�

Ge layer
width
�Å�

QD
diameter

�Å�

QD
height

�Å�

QD areal
density

�108 cm−2�

Peak position
�expt. vs theor.�

�K�

Peak half-width
�expt. vs theor.�

�K�

A 0.75 500 13 130 30 8 166 vs 165 28 vs 20

B 0.75 510 15 200 35 3 184 vs 182 30 vs 22

C 0.75 500 17 600 45 1 233 vs 232 31 vs 26
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eter as the voltage indicator. Both meters are controlled by
the computer through the IEEE-488 interfaces.

The results of the AS obtained for three samples with
different QD diameters and heights are shown in Fig. 1 at a
fixed ac field frequency. With the experimental data mea-
sured at different ac field frequencies, the emission rate �E
and activation energy Ea of the carriers in the QD can be
determined, respectively, by using

G =
	�E�2

�E
2 + �2 , �1�

and

�E = 
T exp�− Ea/kBT� , �2�

where G is the measured conductance and 	 and 
 are coef-
ficients independent on temperature and ac field frequency.
These equations will be obtained theoretically in the next
section of the paper. With Eq. �1�, the emission rate can be
determined simply by one of the following experiments. �1�
�E��p with �p being the ac field frequency at which the
peak of the conductance is observed at a fixed temperature in
the measurement or �2� �E�� at a temperature correspond-
ing to the peak of the conductance when f is fixed in the
measurement. The results of �E and Ea for different samples
are shown, respectively, in Figs. 2 and 3.

From the above mentioned experimental setup and sample
and measurement configurations, we know that the AS mea-
sured experimentally is mainly induced by electronic transi-
tion from zero-dimensional �0D� �or bound� states in the QD
to the three-dimensional �3D� �or continuum� states of the
sample system. In particular, because the applied ac and dc
voltages in the measurements are along the growth direction,
the electronic transition takes place along this direction as
well.

In the present study, we also carry out the capacitance-
voltage �C-V� measurements for different QD samples. From
these results, we can determine the effective carrier concen-
tration in a QD along the direction of the lateral confinement
through the relation9,11

Nc =
C3

e��0A2�− dC/dV�
, �3�

where C=��0A /Ld is the capacitance with � and �0 being,
respectively, the material and vacuum dielectric constants, A
is the area of the electrode, and Ld is the depletion length.
This carrier density can be used to determine the filling fac-
tor � of a QD, which is defined as the ratio of the carrier
concentration Nc and the areal density of the dots Nd in the
direction perpendicular to the growth direction. Using Nd
obtained from TEM and AFM images and shown in Table I
and Nc obtained from the C-V measurements, the filling fac-
tors are about 5–20 for samples A, B, and C shown in Table
I. The filling factor � connects directly to the characteristic
frequency of a QD.20

FIG. 1. Experimental �upper panel� and theoretical �lower panel�
results for conductance as a function of temperature in GeSi-based
QDs with different dot sizes �the lateral diameters in the xy plane
are 13, 20, and 60 nm for, respectively, samples A, B, and C shown
in Table I�. The results are obtained by applying an ac field with a
frequency f =1 MHz.

FIG. 2. Experimental �symbols� and theoretical �curves� results
of the emission rate for different samples A, B, and C. The experi-
mental results are obtained by applying the ac fields with different
frequencies.

FIG. 3. Experimental �symbols� and theoretical �curves� results
for ln��E /T� as a function of 1 /KBT for different samples A, B, and
C. Here, Ea is the activation energy and �E is the emission rate.
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III. THEORETICAL APPROACH

In conjunction with the AS measurement of a GeSi-based
QD system, our theoretical investigation can be undertaken
on the basis of following considerations. �i� A dc gate voltage
and an ac electric field are applied along the growth direction
of the QD to measure the capacitance and conductance. The
dc bias plays mainly a role in varying the hole subband struc-
ture in the QD, and the ac field can be taken as a driving field
which alters the number of holes in the QD in the presence of
the dc bias. �ii� The AS is a consequence of the carriers going
in or out of QD driven by the small ac electric field applied
to the QD. �iii� The change of the hole numbers in the QD is
mainly due to transitions of holes from bound states �0D� to
continuum states �emission process� or from continuum
states �3D� to bound states in the dot �capture process�. �iv�
The transition of holes among different states is a conse-
quence of the presence of the ac field and of the electronic
scattering mechanisms.

A. Conductance and capacitance

In this section, we develop a general theory to study the
conductance and capacitance in a QD system in conjunction
with the AS measurement. For simplicity, we employ the
semiclassic Boltzmann equation as the governing transport
equation to calculate the AS induced by charge transfer be-
tween the bound and continuum states in a QD. Because the
applied ac field in the admittance measurement is time de-
pendent and we consider relatively high-temperature and
low-density samples, we can start our calculation from time-
dependent Boltzmann equation in nondegenerate statistics.
For a hole in the continuum �3D� and bound �0D� states, the
Boltzmann equations can be written, respectively, as

�f�3,t�
�t

= gs�
0

�f�0,t�W�0;3� − f�3,t�W�3;0��

+ gs�
3�

�f�3�,t�W�3�;3� − f�3,t�W�3;3���

�4�

and

�f�0,t�
�t

= gs�
3

�f�3,t�W�3;0� − f�0,t�W�0;3��

+ gs�
0�

�f�0�,t�W�0�;0� − f�0,t�W�0;0��� .

�5�

Here, 0 and 3 are quantum numbers to describe, respec-
tively, the bound �or 0D� and continuum �or 3D� hole states,
f�0 , t� and f�3 , t� are time-dependent distribution func-
tions, respectively, for a hole at a 0D state 0 and for a hole
at a 3D state 3, gs=2 counts for spin degeneracy, and
W� ;�� is the steady-state electronic transition rate for scat-
tering of a hole from a state  to a state �. The first term on
the right-hand side of Eqs. �4� and �5� comes from electronic
transition between the bound and continuum states, and the

second term is induced by scattering events within the bound
or continuum states. Furthermore, the effect of hole interac-
tions with scattering centers has been considered within the
electronic transition rate, the effect of the dc bias has been
included within the hole wave function and energy spectrum,
and the effects of the ac field are implied in the time-
dependent hole distribution functions. Thus, to avoid double
counting, the force terms caused by the ac and dc fields do
not show on the left-hand side of the Boltzmann equation. In
general, there is no simple and analytical solution to Eqs. �4�
and �5�. In this work, we apply the usual balance-equation
approach to solve the problem.21 The advantage of this ap-
proach is that one can detour the difficulties of solving Bolt-
zmann equation directly and the interested physical proper-
ties can be calculated approximately on the basis of the
statistical distribution functions.21 For the first moment, the
mass-balance equation �or rate equation� can be derived by
multiplying gs�3

and gs�0
to both sides of, respectively,

Eqs. �4� and �5�. Thus, we can obtain a rate equation

dQ0�t�/dt = Q3�t��C − Q0�t��E, �6�

and the condition of hole number conservation:

dQ0�t�/dt = − dQ3�t�/dt .

Here, Q0�t�=gs�0
f�0 , t� is the hole number in the bound

states in the QD, Q3�t�=gsV�3
f�3 , t� is the hole number in

the continuum states in the system with V being the volume
of a QD,

�C =
4

Q3�t� �
0,3

f�3,t�W�3;0� �7�

is the capture rate which measures the strength for transition
of holes from the 3D states to the 0D states, and

�E =
4

Q0�t� �
0,3

f�0,t�W�0;3� �8�

is the emission rate which measures the strength for transi-
tion of holes from bound states �0D� to continuum states
�3D�. Equation �6� reflects a fact that the change of the
charge number in the bound states of a QD is induced by
electronic scattering between 0D and 3D states. The condi-
tion of hole number conservation implies that the increase in
the hole numbers in the continuum states comes from the
decrease in the hole numbers in the bound states of a QD.
Under the action of the ac field, a charge transfer can be
achieved in the QD system. For example, if holes in the 0D
states are emitted into the 3D states within the first half circle
of the ac field, holes in the 3D states are captured into the 0D
states within the second half circle of the ac field. Thus, a
current circuit can be formed due to this kind of change
transfer. Using Eq. �6�, the current in the circuit is

I�t� = − dQ0�t�/dt = Q0�t��E − Q3�t��C. �9�

Under the action of an ac driving field �Vt=V0ei�t, with V0
and � being, respectively, the strength and frequency of the
ac field, the hole number at the 0D states in a QD is the
difference between the mobile hole number �Q0�t� and the
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emitted hole number in a field circle �Q0�t�=�0
t dtI�t�,

namely, Q0�t�=�Q0�t�−�Q0�t�. For the case of a weak ac
field so that a linear response is achieved, we have �Q0�t�
=	�Vt=	V0ei�t and I�t�= I0ei�t. Here, a coefficient

	 =
�Q0�t�

�Vt
=

dQ0�t�
dVt

= gse�
0

�f�E0
�

��t

��t

�Vt

can be evaluated by assuming that the effect of the ac field is
mainly on the Fermi energy �or chemical potential� �t of the
system, where f�x� is the Fermi-Dirac function and E0

is the
energy spectrum for a hole in a bound state. We note that for
a weak ac field which results in a linear response ��t /�Vt
=e, we have

	 =
2e2

kBT
�
0

f�E0
��1 − f�E0

�� . �10�

Inserting these results into Eq. �9�, we get

I�t� = �	V0ei�t − 	
0

t

dtI�t�
�E − Q3�t��C

and, as a result,

İ�t� = �i�	V0ei�t − I�t���E − Q̇3�t��C. �11�

When the system is in equilibrium, the total hole number
in the system should be conserved so that

Q̇0�t� = − Q̇3�t� = − I�t� .

Thus, Eq. �11� can be solved analytically. After using the
definition for conductance G= I0 /V0 and for capacitance
C=−dQ0�t� /dVt=−�dQ0�t� /dt� / �dVt /dt�, we obtain

G =
i	��E

�E + �C + i�
and G = Re G =

	�2�E

��E + �c�2 + �2 ,

�12�

and

C =
	�E

�E + �C + i�
and C = Re C =

	�E��E + �C�
��E + �c�2 + �2 .

�13�

For case where the measurement is carried out at a rela-
tively high-temperature for a relatively low carrier density
sample, we can employ a statistical energy distribution such
as the Maxwillian as the distribution function for a hole in
the QD. Taking f� , t�=C�t�e−E/kBT where c�t� is a normal-
ization factor determined by Q0�t�=C0�t�gs�0

e−E0
/kBT for a

0D hole and Q3�t�=C3�t�Vgs�3
e−E3

/kBT for a 3D hole, the
capture and emission rates become, respectively,

�C =
4

A3V
�

0,3

e−E3
/kBTW�3;0� �14�

and

�E =
4

A0
�

0,3

e−E0
/kBTW�0;3� , �15�

which are time independent, with Ei
being the energy spec-

trum for a hole at a state i and Ai=gs�i
e−Ei

/kBT. If the elec-
tronic transition rate W� ;�� is known, we can calculate the
emission and capture rates induced by the corresponding
transition events and then calculate the conductance and
capacitance.

B. GeSi-based quantum dot systems

It is known that in a GeSi-based QD, light and heavy
holes are conducting carriers. At relatively high tempera-
tures, the hole-phonon scattering is the principle mechanism
for relaxation of excited holes in GeSi-based material sys-
tems. In this study, we consider a hole-phonon system with a
Hamiltonian

H = Hh + Hp + Hh−p, �16�

where Hh=P2 /2m*+U�x ,y ,z� is the single-particle Hamil-
tonian for a hole, where P= �px , py , pz� with px=−i�� /�x be-
ing the momentum operator along the x direction, m* is the
effective mass for a hole in the system, and U�x ,y ,z� is the
confinement potential for a hole in the dot, Hp
=�Q��QbQ

† bQ is the phonon Hamiltonian, where Q
= �qx ,qy ,qz� is the phonon wave vector and bQ

† �bQ� is the
creation �annihilation� operator for a phonon, and Hh−p
=�Q�VQeiQ·RbQ+VQ

* e−iQ·RbQ
† � is the hole-phonon interaction

Hamiltonian, where R= �x ,y ,z� and VQ is the strength of the
hole-phonon coupling. Taking the hole-phonon interaction
Hamiltonian as a perturbation, the electronic transition rate
induced by hole-phonon coupling in a QD can be derived
using Fermi golden rule, which reads

W�0;3� =
2�

�
�
Q
� NQ

NQ + 1

��3�eiR·Q�0�2�VQ�2

���E0
− E3

± ��Q� �17�

for transition from a bound state �0 to a continuum state
�3, and

W�3;0� =
2�

�
�
Q
� NQ

NQ + 1

��0�eiR·Q�3�2�VQ�2

���E3
− E0

± ��Q� �18�

for transition from a continuum state �3 to a bound state
�0. Here, the upper �lower� case refers to absorption �emis-
sion� of a phonon, NQ= �1−e��Q/kBT�−1 is the phonon occu-
pation number, and ��Q is the phonon energy. Furthermore,
�0 and �3 are wave functions for a hole at, respectively,
bound and continuum states with the corresponding energy
spectra E0

and E3
. They can be determined by a

Schrödinger equation regarding to the Hamiltonian Hh.
For a self-assembled GeSi QD as described in Sec. II, the

finite thickness along the growth direction �taken along the z
direction� is typically much narrower than the lateral exten-
sion of the electrostatic confinement along the direction per-
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pendicular to the growth direction �taken along the xy plane�.
This feature has been indicated in Table I. As a result, the
confining potential to a hole along the z direction is much
stronger than that along the xy plane. For simplicity, in this
study, we model the confinement potential along the growth
direction as a narrow rectangle quantum well. Due to circular
symmetry of the QD in the xy plane, the effective confine-
ment has also a roughly circular symmetry in the xy plane.22

This potential then can be modeled by a simple isotropic
harmonic oscillator taken popularly for lateral confinement
of a QD along the xy plane. Thus, we can use a parabolic
potential for a QD in the direction perpendicular to the
growth direction. Hence, the wave function and energy spec-
trum for a hole at a bound state in the dot can be written,
respectively, as

�0 = �� =
eim�

�2�
RNm�r����z� , �19�

and

E0
= E� = �2N + �m� + 1���0 + ��. �20�

Here, r= �x ,y�= �r ,��, �= �N ,m ,�� refers to all quantum
numbers in the dot, m=0, ±1, ±2, . . .. is the angular quantum
number, N=0,1 ,2 , . . .. is the radial quantum number, � is the
quantum number along the growth direction,

RmN�r� =
1

l0
� 2N!

�N + �m��!
e−�2/2��m�LN

�m���2� ,

where �=r / l0, l0= �� /m*�0�1/2, and LN
m�x� is a Laguerre

polynomial. The characteristic frequency of a parabolic po-
tential in a QD can be evaluated by20

�0
2 =

2e2�

���0m*�3 , �21�

where � is the filling factor of a QD which can be determined
experimentally, � is the diameter of a QD along the xy plane,
and � and �0 are, respectively, the material and vacuum di-
electric constants. To simplify the analytical and numerical
calculations, we take the usual square-well approximation to
model the confining potential along the growth direction. In
doing so, we have

���z� = �2/L�1/2 sin���z/L� , �22�

and

�� = �2�2�0, �23�

where L is the height of the QD along the growth direction
and �0=�2 / �2m*L2�.

Furthermore, considering a parabolic valence-band struc-
ture in the GeSi compound, the wave function and energy
spectrum for a hole in the continuum states are given, respec-
tively, by

�3 = �K = eiK·R and E3
= EK =

�2K2

2m* + U0, �24�

where U0 is height of the confining potential along the
growth direction and K= �k ,kz�= �kx ,ky ,kz� is the wave vec-
tor for a hole in a continuum state.

Applying the wave functions and energy spectra for a
GeSi-based QD to the electronic transition rate induced by
hole-phonon scattering, we have

W��;K� =
2�

�
�
Q
� NQ

NQ + 1

�VQ�2R��L�kz + qz��

�SNm�l0�k + q����E� − EK ± ��Q� �25�

for transition from a bound state �� to a continuum state �K,
and

W�K;�� =
2�

�
�
Q
� NQ

NQ + 1

�VQ�2R��L�kz − qz��SNm

��l0�k − q����EK − E� ± ��Q� �26�

for transition from a continuum state �K to a bound state ��.
Here, k= �kx ,ky�, q= �qx ,qy�,

R��x� = 4L����21 − �− 1�� cos x

�����2 − x2�2 ,

and

SNm�y� =
4�l0

2N!

�N + �m��!
y2�m�e−y2

�LN
�m��y2��2.

C. Emission and capture rates

In a GeSi-based structure, the hole-phonon scattering is
mainly achieved by interaction with acoustic-phonon modes
via deformation-potential coupling.23 In such a case, the
strength of the hole-phonon coupling is

�VQ�2 = ��Q/2����L
2/uL + �T

2/uT� ,

corresponding to the intravalley scattering,24 where � is the
density of the material, uL and uT are, respectively, the lon-
gitudinal and transverse sound velocities, and �L=�d
+�u cos2 � and �T=�u cos � sin �, with �d and �u being,
respectively, the dilatation and uniaxial deformation poten-
tials and � an angle to the z axis �i.e., cos �=qz /Q and
sin �=q /Q�. Here, we have included the contributions from
both longitudinal and transverse acoustic-phonon couplings
and �Q=uLQ or �Q=uTQ is the corresponding phonon fre-
quency. In the present study, we consider a situation where
the measurement is carried out at a relatively high-
temperature so that ��Q�kBT. For case where the transfer
of holes is achieved along the growth direction with a strong
confinement, the condition �EK−E�����Q can be satisfied.
Thus, using Eqs. �14� and �15�, the emission and capture
rates induced by hole–acoustic-phonon scattering in a QD
are obtained, respectively, as
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�E =
m*kBT

2�4�3�Q0
�

�

��E� − U0�e−E�/kBT

�	0
�dqqSNm�l0q�	

−�

�

dqzR��qz�F−�q,qz� �27�

and

�C =
m*kBT

2�4�3�N3V
�

�

��E� − U0�e−E�/kBT

�	0
�dqqSNm�l0q�	

−�

�

dqzR��qz�F+�q,qz� , �28�

where Q0=2��e−E�/kBT is the hole number in the bound states
in a dot, N3=2�Ke−EK/kBT is the hole density in the con-
tinuum states in the system,

F±�q,qz� =
2�a�u

2

uL
2 ��d

2

�u
2 −

B*A±

128aQ9 +
C

96Q8
 ,

a = �2m*�E� − U0�/�2, Q = �q2 + qz
2, B* = �Q2 − a2�2B ,

A± = log
a2qz + qzQ

2 ± Q�a2 + Q2 + 2aQ � 2aqz�
a2qz + qzQ

2 ± Q�a2 + Q2 − 2aQ ± 2aqz�
,

B = q2�24a2qz
2 − 11a2q2 − 3q2Q2�X* + 8�q6 − 3q2qz

4 − 2qz
6��*

+ �3q4�a2 + q2� + 3q2qz
2�Q2 − 8a2� + 8qz

4�a2 − Q2�� , �29�

with X*= �uL /uT�2, �*=�d /�u, and

C = �3q4�− 3a4 + 6a2q2 + q4� + 6�12a4q2 − 19a2q4 + 15q6�qz
2

+ �− 24a4 − 92a2q2 + 171q4�qz
4 + �40a2 + 84q2�qz

6�X*

+ 24�q2 + qz
2�2�q2�a2 + q2� + �− 2a2 + 7q2�qz

2 + 6qz
4��*

+ �9a4q4 − 6a2q6 + 9q8 + �− 72a4q2 + 114a2q4 + 18q6�qz
2

+ �24a4 + 56a2q2 + 81q4�qz
4 − 16�4a2 − 9q2�qz

6 + 72qz
8� .

D. Further considerations

In this study, we consider the contributions to the AS from
both light and heavy holes in the GeSi QDs. Due to the
diffusion of Si into Ge QD during the MBE growth, the
content of Ge in the GeSi dots can be estimated reasonably
by popularly used methods proposed previously.25,26 We find
that for samples A, B, and C described in Sec. II, the Ge
content is x=0.75, as shown in Table I. The value of energy
band offset on the alignment of valence band along the
growth direction is25 Ev=U0=0.75x eV. The effective
masses for heavy and light holes and the relative dielectric
constant for material GexSi1−x can be evaluated by the lin-
early interruption with the Ge content x through26,27

�mh

ml

�m0 = �− 2.8369

− 0.1432

x3 + �4.6844

0.3618

x2 + �− 2.8700

− 0.3669

x

+ �0.8956

0.2534

 ,

and

� = 11.7 + 4.5x .

In the calculation, we take the width of the quantum well L
along the growth direction to be the QD height shown in
Table I and the diameter of the QD � along the xy plane to
be the QD diameter shown in Table I as well. The character-
istic frequency �0 of a QD is evaluated using Eq. �26� in
which the QD diameter � and filling factor � are determined
experimentally �see Sec. II�. The volume of a dot is also
calculated using L and �. Moreover, other material param-
eters taken in the calculations for hole-phonon scattering are
listed in Table II.

IV. RESULTS AND DISCUSSIONS

In Fig. 1, we show experimental and theoretical results of
the admittance spectroscopy for three QD samples with dif-
ferent dot sizes at a fixed ac field frequency f =1 MHz. With
the increasing size of the dot, the peak of the conductance
shifts to higher temperature. The peak positions and half-
widths for three samples A, B, and C are shown in Table I for
experimental and theoretical values. As can be seen, with
increasing the dot size the half-width of the conductance
peak increases.

The results obtained from numerical calculations indicate
that the emission rate �E given by Eq. �27� is about 2–3
orders of amplitude larger than the capture rate �C given by
Eq. �28�. Thus, we can take �E��C and use Eq. �1� to find
out the emission rate experimentally. In Fig. 2, the experi-
mental and theoretical results of the emission rate are plotted
as a function of temperature for different samples A, B, and
C. To determine experimentally the emission rate for a QD
sample, we measure the conductance as a function of tem-
perature for different frequencies of the ac fields. The emis-
sion rate �E is then the ac field frequency �=2�f at the
temperature corresponding to the peak of the conductance.
Theoretically, �E is calculated using Eq. �27�. We see from

TABLE II. Material parameters �Ref. 27–29�.

Quantity Symbol Value Unit

Longitudinal sound
velocity

uL 5247 m/s

Transverse sound
velocity

uT 3267 m/s

Dilatation deformation
potential �Ge�

�d 2.0 eV

Uniaxial deformation
potential �Ge�

�u −2.16 eV

Density �Ge� � 5.323 g /cm3
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Fig. 2 that with increasing the QD size the emission rate
decreases and with increasing temperature the emission rate
increases rapidly.

From Eq. �27�, we see that theoretically the emission rate
of a GeSi QD is in a form of �E=
T�� exp�−E� /kBT�, with

 being a coefficient independent on temperature. This im-
plies that the emission rate can also be written as �E
=
T exp�−Ea /kBT�, with Ea being the activation energy of
the carriers. Thus, using the results shown in Fig. 2, the
activation energy can be determined experimentally by
Arrhenius plot. The Arrhenius plot is shown in Fig. 3 for
three QD samples A, B, and C, where the corresponding
theoretical results are also presented for comparison. We see
that with increasing the QD size, the activation energy
increases.

As shown in Figs. 1–3, the theoretical results for tempera-
ture dependence of the conductance and emission rate along
with the Arrhenius plot for different samples are quite in line
with those measured experimentally. In samples A, B, and C,
the Ge content in the dot is almost the same x�0.75 so that
the energy barrier for heavy and light holes along the growth
direction U0 is almost the same. In such a case, a larger QD
height along the z direction L corresponds to the lower sub-
band energies along the growth direction �see Eq. �28��. It
can be seen from Table I that for samples A, B, and C, the
QD height along the z direction is L=30, 35, and 45 Å. Be-
cause the AS measured here is induced by electronic transi-
tion along the growth direction, the lower hole subband en-
ergies imply that the holes in the bound states in a dot need
more energy to overcome the energy barrier U0 to be emitted
into the continuum states. Together with the fact that the
lower energy subbands are more possibly occupied by holes,
with increasing size of the dots the peak of the conductance
shifts to the high-temperature regime, the emission rate de-
creases and the activation energy increases. In GeSi-based
QD systems, the electron–acoustic-phonon scattering via de-
formation potential coupling is the principal channel for
electronic transition between the bound states in the dot and
the continuum states in the systems. Under the action of an
ac field, holes in the QD can gain the energy from this driv-
ing field and loss the energy via hole-phonon scattering and
via electronic transition from lower-energy bound states to
the higher-energy continuum states. Because phonon occupa-
tion number increases with temperature, the strength of hole-
phonon scattering increases with T and, consequently, the
emission rate increases rapidly with increasing temperature.

The obtained experimental and theoretical results indicate
that the emission rate in GeSi-based QD systems is about
1–2 order of amplitude smaller than that in GeSi-based quan-
tum wells.12 In a GeSi QD, the confinement of hole motion
in all spacial directions implies that the momentum conser-

vation law does not hold anymore during a scattering event.
Thus, the hole-phonon scattering can only occur among the
quantized energy levels so that the effective hole-phonon
scattering can be reduced in a QD. This is the main physics
reason behind a lower emission rate observed in a QD than
in a quantum well. Furthermore, the theoretical and experi-
mental results suggest that in a GeSi QD, the emission rate is
in a form �E=
T exp�−Ea /kBT�, in contrast to �E

=
T1/2 exp�−Ea /kBT� for a GeSi quantum well.12

It should be noted that in this study, we take a single QD
for theoretical modeling. In contrast, the samples used in the
measurements are multidots with different areal densities
�see Table I�, although the nonuniformity of the QD size is
less than 10% in each sample. We believe this is the main
reason why the results obtained theoretically do not agree
fully quantitatively with those measured experimentally.
Nevertheless, our theoretical model can reproduce rightly
those observed experimentally with a reasonably good
agreement.

V. SUMMARY

In this study, we have examined experimentally the effect
of the size of self-assembled GeSi QDs on features of admit-
tance spectroscopy measured along the growth direction. We
have found that with increasing the QD size, the peak of the
conductance shifts to higher temperature, the emission rate
decreases, and the activation energy increases. In conjunc-
tion with these experiments and experimental findings, we
have developed a simple and systematic theoretical approach
to calculate the admittance spectroscopy in GeSi-based QD
systems and obtained the corresponding analytical and nu-
merical results. Using this model calculation, we can obtain
the conductance and emission rate of carriers in a QD due to
the presence of the applied ac field and electronic scattering
mechanisms. The proposed theoretical modeling is based on
the known sample and material parameters. Thus, the ob-
tained theoretical results are in line with those measured ex-
perimentally. We have applied the theoretical analysis to un-
derstand the experimental findings. We hope this combined
experimental and theoretical study can lead to an in-depth
understanding of electronic properties of GeSi-based quan-
tum dot systems.
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