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An effective medium theory is developed which goes beyond the quasistatic limit to accurately predict the
unusual properties of certain elastic metamaterials in two dimensions. The theory’s validity is numerically
verified through band-structure calculations for three different elastic metamaterials. The theory shows that the
effective bulk modulus �e, shear modulus �e, and mass density �e can be made negative near resonances by
choosing appropriate resonant scatterers, leading to eight possible types of wave propagation. The theory not
only provides a convenient tool to search for new metamaterials with desired properties, it also gives a unified
physical picture of these properties. Two examples are presented: one possesses large band gaps at low
frequencies; the other exhibits two regions of negative refraction, i.e., one for both longitudinal and transverse
waves and the other for longitudinal waves only.
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I. INTRODUCTION

During the past decade, our understanding of the propa-
gation of classical waves in complex media has seen enor-
mous development. Recently, artificial subwavelength elec-
tromagnetic �EM� materials, denoted metamaterials, have
significantly broadened the range of material responses
found in nature.1,2 Through the use of different metamateri-
als, various novel concepts have been successfully demon-
strated, including left-handed �LH� materials which exhibit
simultaneous negative permittivity and permeability.1,2

LH materials can support unusual phenomena like nega-
tive refraction1 and subwavelength focusing.2 The working
principle behind these unusual phenomena is the concept of
homogenization.3 It has been successfully demonstrated that
a LH metamaterial behaves like a homogeneous medium ca-
pable of producing negative effective permittivity �ef f and
effective permeability �ef f simultaneously in a frequency
range near some resonances of the building blocks of the
metamaterial.4 The building block of a metamaterial nor-
mally consists of one or more scatterers together with a back-
ground medium forming a unit cell. The first LH metamate-
rial was fabricated by using a split ring resonator and a thin
conducting wire as the unit cell.1

Knowing the effective medium parameters of a metama-
terial is useful for studying its wave propagation character-
istics. For example, in the study of superlensing, it is simple
and convenient to describe a slab of metamaterial in terms of
an effective medium and use its �ef f and �ef f in Maxwell
equations.2 Since the unusual properties of a metamaterial
arise from the built-in resonances of its building blocks,
those effective medium theories which are derived in the
quasistatic limit are no longer suitable. In the quasistatic
limit, the wavelengths in both the scatterers and the back-
ground are much larger than the size of the unit cell itself.
However, this is no longer true for metamaterials at frequen-
cies near the resonances of the building block. Thus, an ef-
fective medium theory for a metamaterial should go beyond
the quasistatic limit. To date, various methods have been
proposed for studying the effective medium properties of EM
metamaterials.5–8 Recently, the acoustic analog of metamate-

rials and the corresponding effective medium theories have
also been explored.9,10 An acoustic metamaterial made of
silicone rubber spheres suspended in water has been demon-
strated to possess negative effective mass density and nega-
tive effective modulus simultaneously.9

Compared with the work on EM metamaterials, much less
study has been devoted to elastic metamaterials. Here, the
term “elastic metamaterials” means that the host matrix of
the building block is a solid material. The solid host makes
the whole system elastic for small stresses. This results in
three independent effective parameters: effective bulk modu-
lus �e, effective shear modulus �e, and effective mass den-
sity �e. This is different from the acoustic metamaterials
mentioned earlier, where the host medium is a fluid and the
system can be described by two effective parameters, the
effective bulk modulus and effective mass density.9,10 In our
definition of elastic and acoustic metamaterials, the scatterers
�or inclusions� that are responsible for producing built-in
resonances are isolated in the host medium. Our definitions
do not include the case when the scatterers �or inclusions� are
not isolated and become indistinguishable from the host.

The three independent effective parameters in elastic
metamaterials can give rise to richer physics than in their
EM and acoustic counterparts. The negative values of each
single effective parameter and their various combinations
can produce eight types of wave propagation, as will be dis-
cussed later. However, to date, only a few kinds of elastic
metamaterials have been explored. A kind of locally resonant
sonic material which can support large band gaps at low
frequencies has been reported.11,12 The building block of
such an elastic metamaterial consists of a rubber-coated lead
sphere embedded in an epoxy host. An analytical model
based on a special configuration has been proposed to show
that the effective mass density of such a metamaterial can
turn negative near the resonances of the building block.13

However, since both the sphere and the matrix were consid-
ered as almost rigid, the proposed model cannot predict the
other two effective parameters, and may not apply to other
kinds of elastic metamaterials. In order to design a new
metamaterial with certain desired propagation properties, one
needs to know how to engineer the resonant properties of the
building blocks to produce the desired effective parameters.
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This would be facilitated by a valid effective medium theory
which relates all three effective medium parameters to the
resonant properties of the building block. However, most of
the existing effective medium theories for elastic waves were
derived in the quasistatic limit,14–18 and, therefore, are not
suitable for describing an elastic metamaterial.

In this work, an effective medium theory for certain two-
dimensional elastic metamaterials was developed. The sys-
tem consists of cylindrical scatterers arranged in a triangular
lattice embedded in a solid host. The elastic parameters of
both the scatterers and the host were assumed isotropic. The
theory relates the effective medium parameters, �e, �e, and
�e, to the scattering properties of the scatterers directly. In
order to check the validity of the theory, band-structure cal-
culations for three different metamaterials were performed.
The results show that the theory is capable of accurately
reproducing the band-structure results even at frequencies
close to the built-in resonances. Further, the theory was
shown to provide useful guidance in searching for metama-
terials with desired properties by altering the scattering prop-
erties of the scatterers. This will be demonstrated through the
design of two kinds of metamaterials: one possessing large
band gaps at low frequencies and the other exhibiting two
regions of negative refraction.

The derivation of the effective medium theory is pre-
sented in Sec. II. The application of the theory to a simple
metamaterial is given in Sec. III. Section IV considers two
more complicated metamaterials, in which simple scatterers
are replaced by coated scatterers. Finally, the conclusions are
summarized in Sec. V.

II. EFFECTIVE MEDIUM THEORY

The two-dimensional elastic metamaterial considered in
this study is composed of cylindrical inclusions of radius rs
with ��s ,�s ,�s� arranged in a triangular lattice in the x-y
plane embedded in a homogeneous matrix of ��0 ,�0 ,�0�.
Here, � denotes mass density, � represents shear modulus,
and � denotes bulk modulus satisfying �=�+�, where �
represents the Lamé constant. Due to the translational sym-
metry along the cylinder’s axis, say, z axis, the elastic modes
in the system can be decoupled into a scalar part, z mode,
and a vector part, xy mode, with vibrations along the z axis
and in the x-y plane, respectively. Here, the more compli-
cated case of the xy mode is studied.19,20 The displacement in
x-y plane can be described by the following wave equation:

��r��
�2ui�r��

�t2 = � · ���r�� � ui�r��� + � · ���r��
�u⇀�r��
�xi

�
+

�

�xi
���r�� � · u⇀�r��� , �1�

where u⇀ is the displacement field. In general, u⇀ can be de-
coupled into a longitudinal part and a transverse part, i.e.,

u⇀=��l+�� ��têz�, where �l and �t are the longitudinal and
transverse gauge potentials, respectively. In the frequency
domain, the solutions to �l and �t can be written as �	�s�
=�ma	m�s�Jm�k	sr�eim
 �	= l , t� in the cylinder and �	�0�

=�ma	m�0�Jm�k	0r�eim
+b	m�0�Hm
�1��k	0r�eim
 �	= l , t� in the

matrix. Here, Jm�x� and Hm
�1��x� are, respectively, the Bessel

and Hankel functions of the first kind, and kl�

=���� / ���+2���=���� / ���+��� and kt�=���� /�� are,
respectively, the longitudinal and transverse wave vectors in
the cylinder ��=s� or in the matrix ��=0�, and � is the
angular frequency. The longitudinal and transverse waves in
the matrix are coupled by the scatterings of the embedded
cylinders. The coefficients of those Bessel and Hankel func-
tions can be determined by considering the elastic boundary
conditions, which are the continuities of the radial and tan-
gential components of the displacement field, i.e., ur and u
,
and the continuities of the stresses, 
rr and 
r
, at the inter-
face. The stresses are defined as
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These continuities on the surface of a cylinder relate blm�0�
and btm�0� to alm�0� and atm�0� through blm�0�
=Dm

ll �s ,0�alm�0�+Dm
lt �s ,0�atm�0� and btm�0�=Dm

tl �s ,0�alm�0�
+Dm

tt �s ,0�atm�0�, where Dm
	��s ,0� �	 ,�= l , t� are the Mie-like

scattering coefficients determined by the boundary condi-
tions at the interface between the cylinder and the matrix.
Dm

	��s ,0� �	 ,�= l , t� are functions of kls, kts, kl0, kt0, and rs.
21

The explicit expressions for Dm
	��s ,0� are displayed in Ap-

pendix A. The effective medium formulas for such a system
can be derived by considering the scattering of elastic waves
by a coated cylinder embedded in the effective medium with
effective parameters ��e ,�e ,�e�.6,9,22,23 Figure 1 shows the
coated cylinder consisting of the cylindrical scatterer sur-
rounded by a shell of the matrix. The inner and outer radii,
which are denoted by rs and r0, respectively, satisfy
�rs

2 /�r0
2= p, where p is the filling fraction of the system. The

effective parameters �e, �e, and �e are determined by the
condition that the total scattering of the coated cylinder van-
ishes. This condition together with the boundary conditions
on the surface of the coated cylinder at r=r0 provides an-
other two relations: blm�0�=Dm

ll �e ,0�alm�0�+Dm
lt �e ,0�atm�0�

Effective Medium

κe, µe, ρe κ0, µ0, ρ0

r0

rs

κs, µs, ρs

FIG. 1. Microstructure of the effective medium.
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and btm�0�=Dm
tl �e ,0�alm�0�+Dm

tt �e ,0�atm�0�, where Dm
	��e ,0�

�	 ,�= l , t� can be obtained by replacing �s, �s, �s, kls, kts,
and rs in Dm

	��s ,0� �	 ,�= l , t� with �e, �e, �e, kle, kte, and r0,
respectively. Here, kle and kte are the longitudinal and trans-
verse wave vectors in the effective medium. These relations
together with the previous relations give the following effec-
tive medium condition:

Dm
	��e,0� = Dm

	��s,0� �	,� = l,t� . �2�

In the long wavelength limit where kl0r0�1, kt0r0�1, kler0
�1, and kter0�1,24 the following effective medium equa-
tions for the elastic metamaterial can be obtained:

��0 − �e�
��0 + �e�

=
4D̃0

ll�s,0�
i�r0

2kl0
2 , �3a�

��0 − �e�
�0

= −
8D̃1

ll�s,0�
i�r0

2kl0
2 , �3b�

�0��0 − �e�
��0�0 + ��0 + 2�0��e�

=
4D̃2

ll�s,0�
i�r0

2kl0
2 , �3c�

where D̃m
ll �s ,0� is the Dm

ll �s ,0� after taking the leading terms
of Jm�x� and Hm

�1��x� with x	kl0rs and kt0rs. The derivation of
Eqs. �3a�–�3c� is given in Appendix B. It is interesting to
point out that �e, �e, and �e are independently determined by

D̃m
ll �s ,0� of the embedded cylinders alone, with m=0, 1, and

2, respectively. It should also be pointed out that Eqs.
�3a�–�3c� require the wavelengths in both the host and the
effective medium to be much larger than the size of the unit
cell. However, it does not impose any restriction on the
wavelengths inside the scatterer. If the condition of klsrs�1,

ktsrs�1 is further considered in D̃m
ll �s ,0�, the quasistatic

limit is reached24 and Eqs. �3a�–�3c� become

��0 − �e�
��0 + �e�

= p
��0 − �s�
��0 + �s�

, �4a�

��0 − �e� = p��0 − �s� , �4b�

��0 − �e�
��0�0 + ��0 + 2�0��e�

= p
��0 − �s�

��0�0 + ��0 + 2�0��s�
, �4c�

where p is the filling fraction of the scatterer. The quasistatic
limit requires that the wavelengths for both the longitudinal
and transverse waves inside the scatterer are much larger
than the size of the scatterer itself, which is not required in
the long wavelength limit. In the limit of small p, Eqs. �4a�
and �4c� converge to Eqs. �3.15� and �3.16� of Ref. 17. The
three-dimensional results were reported by Berryman in Ref.
15 decades ago. It should be pointed out that the elastic
effective medium theory cannot recover the acoustic effec-
tive medium theory by setting all the shear moduli to be
zero, because the boundary conditions of elastic waves and
acoustic waves are different.

In nature, no elastic material has a negative mass density
or a negative bulk or shear modulus. However, for metama-

terials, it is possible to achieve negative values in any of �e,
�e, and �e when the frequency is near the resonant frequen-

cies of D̃m
ll �s ,0�, m=0, 1, and 2. These negative effective

parameters as well as their combinations can give rise to
various interesting properties unseen in natural materials. For
instance, since the effective phase velocities are cle

=��e+2�e
�1/�e=��e+�e

�1/�e and cte=��e
�1/�e for lon-

gitudinal and transverse waves, respectively, a single nega-
tive �e in a frequency window leads to imaginary cle and cte,
which, in turn, implies the existence of a simultaneous band
gap for both longitudinal and transverse waves. On the other
hand, simultaneous negative �e and �e make the refractive
index negative for the transverse waves. Table I lists eight
possible types of wave propagation in elastic metamaterials
with different combinations of signs in �e+�e, �e, and �e.
Here, it should be pointed out that the effective bulk modulus
and shear modulus �e and �e determined according to Eq. �3�
do not satisfy the well-known bounds25,26 on the effective
elastic moduli as these bounds are derived in the quasistatic
limit. This has been pointed out previously �see Ref. 9� in the
study of the effective medium properties of acoustic metama-
terials.

III. APPLICATION TO SIMPLE ELASTIC
METAMATERIALS

In order to search for elastic metamaterials with different
types of wave propagation, we start from the following
simple metamaterial: a triangular lattice of silicone rubber
cylinders with radius 0.3a �a is the lattice constant� embed-
ded in an epoxy host.27 Since silicone rubber possesses very
small longitudinal and transverse wave speeds, wavelengths
inside the silicone rubber cylinder may be comparable to or
even much smaller than the size of the cylinder at low fre-
quencies. Thus, Mie-like resonances may occur, which serve
as the built-in resonances required for metamaterials. Figure
2�a� shows the band structures near the � point calculated by
the multiple-scattering method21,28 in dimensionless fre-

quency f̃ = �� /2���a /ct0�, where ct0=��0
�1/�0. Multigap

structures associated with various resonances are clearly seen

in the frequency range f̃ �0.05. In this system, the long

wavelength conditions hold when f̃ �0.3. In Figs. 2�b�, 2�c�,
and 2�d�, the real parts of �e, �e, and �e calculated from Eq.
�3� are plotted, respectively. The imaginary parts are 15 or-
ders of magnitude smaller and can be ignored. It is clear that
Figs. 2�b�–2�d� exhibit very rich resonant behaviors for each

TABLE I. Various wave propagation properties under different
combinations of signs in �e, �e, and �e+�e. Positive �negative� n
indicates positive �negative� propagating bands. l and t represent
longitudinal and transverse waves, respectively.

�e+�e�0
�e�0

�e+�e�0
�e�0

�e+�e�0
�e�0

�e+�e�0
�e�0

�e�0 nl�0; nt�0 nl�0; t: gap nt�0; l: gap l, t: gap

�e�0 l, t: gap nt�0; l: gap nl�0; t: gap nl�0; nt�0
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of the three effective medium parameters even at such low
frequencies. The dispersion curves of the system can also be
obtained from Eq. �3� through �= ���e+�e /��e�K �longitu-
dinal� and �= ���e /��e�K �transverse�. These results are also
plotted in Fig. 2�a� in solid and dashed curves for the longi-
tudinal and transverse branches, respectively. The excellent
agreement between the open circles and solid �or dashed�
curves shows the validity and accuracy of Eq. �3�. The dotted
lines in Fig. 2�a� denote the dispersion curves obtained from
the quasistatic theory, i.e., Eq. �4�, which gives the following
frequency independent effective parameters: �e=1.0333�0,
�e=0.24824�0, and �e=0.44935�0. Obviously, the quasi-
static theory fails to predict the band structures above the
lowest resonance. In Fig. 2, a few narrow band gaps for both
longitudinal and transverse waves can be found in the re-

gions of single negative �e. Two obvious ones are at f̃
= �0.01871,0.02011� and �0.02222, 0.02391�. Figure 2 also
exhibits regions of single negative �e or �e. However, no
double negative region is found in Fig. 2. Even such a simple
system can already produce various types of wave propaga-
tion listed in Table I. We also notice that the regions possess-
ing negative effective parameters shown in Fig. 2 are too
narrow to be useful. In the next section, we will demonstrate
how to use Eq. �3� as a guide to engineer the scatterers to
search for more interesting properties.

IV. APPLICATION TO COMPLICATED ELASTIC
METAMATERIALS

In the following two examples, we will show how to en-

gineer the scatterers �or D̃m
ll �s ,0�� in a way to �i� widen the

gaps shown in Fig. 2�a�, which is equivalent to enlarging the
negative regions of �e, and �ii� create a band with negative

refractive index, which is equivalent to making the negative
regions of both �e and �e or/and �e+�e overlap. For these
purposes, we need to understand the mode structures near the
resonances of �e, �e, and �e. In Figs. 3�a�, 3�b�, and 3�c�, we
plot the displacement fields of the Bloch states at the � point
corresponding to the lowest resonances of �e, �e, and �e,
respectively, as marked by “A,” “B,” and “C” in Fig. 2. The
brightness and the arrows indicate, respectively, the magni-
tude and the direction of the displacement field u⇀ at a certain
time. Figure 3�a� shows that the core part of the silicone
rubber scatterer oscillates as a whole. This mode can be re-
garded as a simple “mass-spring” harmonic oscillator, with
the core part serving as “mass” and the edge part serving as
“spring.” Figure 3�b� exhibits that the shape of the silicone
rubber cylinder is deformed in oscillation, with its cross-
sectional area conserved, and Fig. 3�c� shows that the shape
of the silicone rubber cylinder is fixed, with its cross-
sectional area oscillating in time. The above mode structures
provide useful guidance for the engineering of the silicone
rubber cylinders. For instance, replacing the inner region of
silicone rubber with another heavier cylinder, e.g., lead,27

will enhance the field oscillation of the silicone rubber,
which, in turn, will widen the resonant region of �e. It is
straightforward to generalize the effective medium theory of
Eq. �3� to the case where the scatterers are layered cylinders.

In this case, the quantities D̃m
ll �s ,0� can be obtained by using

the standard transfer-matrix method.21 Figure 4�a� shows the
results of both band-structure calculations �in open circles�
and Eq. �3� �in solid and dashed curves� when the radius of
the lead cylinder is rlead=0.9rs. Compared to Fig. 2�a�, it is
interesting to see that the lead replacement has significantly
widened the negative region of �e at the first resonance as
shown in Fig. 4�b� and a large band gap with gap-midgap

ratio � f̃ / f̃ c=0.74 is created. Thus, Eq. �3� can be used to

search for metamaterials which possess large � f̃ / f̃ c. Figure

4�c� shows the calculated � f̃ / f̃ c as a function of rlead /rs at
different values of rs /a. It is seen that a ratio as large as

� f̃ / f̃ c=1.2 can be achieved. It should be mentioned that the
above three-component metamaterial has been studied
before.11 Recently, the analysis of a simple model based on a
stiff matrix also suggests a negative effective mass density in
such materials.13 However, the model cannot provide any
information on the effective moduli.

In the following, we use Eq. �3� to search for elastic
metamaterials with negative refractive index. In this case, the

FIG. 2. �Color online� �a� Dispersion relation along the �K di-
rection for a triangular lattice of silicone rubber cylinders �rs

=0.3a� embedded in epoxy host. Open circles are obtained by band-
structure calculation, curves are determined from Eqs. �3a�–�3c�,
and solid black and dashed red curves represent longitudinal and
transverse branches, respectively. Dotted lines are obtained from
Eqs. �4a�–�4c�. �b�, �c�, and �d� are the effective bulk modulus,
effective mass density, and effective shear modulus obtained from
Eqs. �3a�–�3c�, respectively.

FIG. 3. �Color online� �a�, �b�, and �c� correspond to the dis-
placement fields at frequencies marked by “A,” “B,” and “C” in
Fig. 1, respectively. Brightness represents the magnitude and arrows
denote the directions.
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resonances of both �e and �e or/and �e need to be consid-
ered. Figures 3�b� and 3�c� suggest that if we want to en-
hance these resonances, we need to make the scatterer easier
to deform and compress. Thus, we replace the core region of
the silicone rubber with air.27 The radius of the air core rair is
chosen such that the negative regions of both �e and �e or/
and �e overlap. The results of band-structure calculation with
rair=0.87rs are shown in Fig. 5�a� in open circles, which
coincide with the results of Eq. �3� shown in solid and

dashed curves. In the region of 0.122 40� f̃ �0.122 53,
negative-n bands of both longitudinal and transverse waves
are found, which implies that �e, �e+�e, and �e are all nega-
tive. These negative values are induced only by the reso-
nances of �e and �e as shown in Fig. 5�b�. While in another

region of 0.123 40� f̃ �0.123 56, a negative-n band is found
only for longitudinal waves, which implies that �e and �e
+�e are both negative. These negative values arise from
resonances of both �e and �e. Figure 5�a� shows that there
exist small discrepancies between the band-structure calcula-
tion and the effective medium prediction for the longitudinal
branches. The reason is that the values of kl0r0 and kt0r0 are
not much less than 1 for the frequencies shown in Fig. 5�a�.

Thus, the approximation which was used to derive Eq. �3�
becomes less accurate. For example, when f̃ =0.1230, kl0r0
=0.185, and kt0r0=0.406, the errors induced by taking lead-
ing terms are 5% in H0

�1��kl0r0�, 0.1% in H1
�1��kl0r0�, 0.02% in

H2
�1��kl0r0�, 3% in H0

�1��kt0r0�, 0.9% in H1
�1��kt0r0�, and 0.2%

in H2
�1��kt0r0�. Thus, the errors introduced are larger in H0

�1�

than in H1
�1� and H2

�1�. In other words, �e is less accurate than
�e and �e. Therefore, the discrepancies between band-
structure calculation and effective medium prediction can
only be found for the longitudinal branches, which involves
�e, but not for transverse branches.

V. CONCLUSIONS

In conclusion, we have developed an effective medium
theory for certain two-dimensional elastic metamaterials.
Such materials are composed of isotropic scatterers embed-
ded in a solid host in a triangular structure. The theory was
derived in the long wavelength limit, where the wavelengths
in both the host and the effective medium are large compared
to the size of the unit cell, while the wavelengths in the
scatterer can be comparable to or smaller than the size of the
scatterer itself. The theory shows that the effective param-
eters, �e, �e, and �e, are independently determined and can
turn negative near resonances. Comparing this theory with
the band-structure calculations of three different elastic
metamaterials shows explicitly that the theory is accurate in
the long wavelength limit, even near resonances, where the
quasistatic theory fails. The theory not only yields a better
understanding of various types of wave propagation in elas-
tic metamaterials under a unified framework, but also pro-
vides a convenient tool to search for metamaterials with de-
sired properties. We have demonstrated two examples of
designing elastic metamaterials: one with a large band gap at
low frequencies, and the other with double negative bands
for both longitudinal and transverse branches.

Finally, it is worth noting that the dispersion relations for
elastic waves are, in general, not isotropic near the � point,
even at low frequencies.29 However, it can be shown analyti-
cally that isotropy holds for the case of the triangular lattice
considered here.
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APPENDIX A: CALCULATING THE SCATTERING
COEFFICIENTS Dm

��
„s ,0…

The coefficients Dm
	��s ,0�, determined by boundary con-

ditions, connect the scattered field to the incident field at
each scatterer. The explicit expressions of Dm

	��s ,0� take the
following forms:

Dm
ll �s,0� =

1

Mm

a1

l b1
t c1

l c1
t

a2
l b2

t c2
l c2

t

a3
l b3

t c3
l c3

t

a4
l b4

t c4
l c4

t

 , �A1a�

FIG. 4. �Color online� �a� The same as in Fig. 1�a�, but the
central region of the silicone rubber cylinder is replaced with a lead
cylinder with radius rlead=0.9rs. �b� The effective parameters, i.e.,
�e �solid and black line�, �e �dashed and red line�, and �e �dash-
dotted and blue line�, of the above system obtained from Eqs.
�3a�–�3c�. �c� Gap-midgap ratio obtained from Eqs. �3a�–�3c�. A, B,
C, and D correspond to rs=0.4a, 0.3a, 0.2a, and 0.1a, respectively.

FIG. 5. �Color online� �a� The same as in Fig. 1�a�, but the
central region of the silicone rubber cylinder is replaced with an air
cylinder with radius rair=0.87rs. �b� The effective parameters, i.e.,
�e �solid and black line�, �e �dashed and red line�, and �e �dash-
dotted and blue line�, of the above system obtained from Eqs.
�3a�–�3c�.
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Dm
lt �s,0� =

1

Mm

a1

t b1
t c1

l c1
t

a2
t b2

t c2
l c2

t

a3
t b3

t c3
l c3

t

a4
t b4

t c4
l c4

t

 , �A1b�

Dm
tl �s,0� =

1

Mm

b1

l a1
l c1

l c1
t

b2
l a2

l c2
l c2

t

b3
l a3

l c3
l c3

t

b4
l a4

l c4
l c4

t

 , �A1c�

Dm
tt �s,0� =

1

Mm

b1

l a1
t c1

l c1
t

b2
l a2

t c2
l c2

t

b3
l a3

t c3
l c3

t

b4
l a4

t c4
l c4

t

 , �A1d�

where

Mm = 

b1

l b1
t c1

l c1
t

b2
l b2

t c2
l c2

t

b3
l b3

t c3
l c3

t

b4
l b4

t c4
l c4

t

 .

The matrix elements in Eqs. �A1a�–�A1d� have the fol-
lowing forms:

a1
l = − kl0Jm� �kl0rs� , �A2a�

a2
l =

im

rs
Jm�kl0rs� , �A2b�

a3
l = − ��0 + 2�0�kl0

2 Jm� �kl0rs� −
�0

rs
kl0Jm� �kl0rs�

+ m2�0

rs
2 Jm�kl0rs� , �A2c�

a4
l = − 2

im

rs
�0kl0Jm� �kl0rs� + 2

im

rs
2 �0Jm�kl0rs� , �A2d�

a1
t = −

im

rs
Jm�kt0rs� , �A2e�

a2
t = − ktsJm� �kt0rs� , �A2f�

a3
t = 2

im

rs
2 �0Jm�kt0rs� − 2

im

rs
�0kt0Jm� �kt0rs� , �A2g�

a4
t = �0kt0

2 Jm� �kt0rs� −
�0

rs
kt0Jm� �kt0rs� + �0

m2

rs
2 Jm�kt0rs� ,

�A2h�

b1
l = kl0Hm

�1���kl0rs� , �A2i�

b2
l = −

im

rs
Hm�kl0rs� , �A2j�

b3
l = ��0 + 2�0�kl0

2 Hm
�1���kl0rs� +

�0

rs
kl0Hm

�1���kl0rs�

− m2�0

rs
2 Hm

�1��kl0rs� , �A2k�

b4
l = 2

im

rs
�0kl0Hm

�1���kl0rs� − 2
im

rs
2 �0Hm

�1��kl0rs� , �A2l�

b1
t =

im

rs
Hm

�1��kt0rs� , �A2m�

b2
t = kt0Hm

�1���kt0rs� , �A2n�

b3
t = − 2

im

rs
2 �0Hm

�1��kt0rs� + 2
im

rs
�0kt0Hm

�1���kt0rs� ,

�A2o�

b4
t = − �0kt0

2 Hm
�1���kt0rs� +

�0

rs
kt0Hm

�1���kt0rs� − �0
m2

rs
2 Hm

�1��kt0rs� ,

�A2p�

c1
l = − klsJm� �klsrs� , �A2q�

c2
l =

im

rs
Jm�klsrs� , �A2r�

c3
l = − ��s + 2�s�kls

2 Jm� �klsrs� −
�s

rs
klsJm� �klsrs� + m2�s

rs
2 Jm�klsrs� ,

�A2s�

c4
l = − 2

im

rs
�sklsJm� �klsrs� + 2

im

rs
2 �sJm�klsrs� , �A2t�

c1
t = −

im

rs
Jm�ktsrs� , �A2u�

c2
t = − ktsJm� �ktsrs� , �A2v�

c3
t = 2

im

rs
2 �sJm�ktsrs� − 2

im

rs
�sktsJm� �ktsrs� , �A2w�

c4
t = �skts

2 Jm� �ktsrs� −
�s

rs
ktsJm� �ktsrs� + �s

m2

rs
2 Jm�ktsrs� .

�A2x�
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APPENDIX B: DERIVATION OF EFFECTIVE MEDIUM
EQUATIONS

Taking J0�x��1− �x2 /4� and H0
�1��x�� i�2/��ln x, for x

	kler0, kter0, kl0r0, and kt0r0 in Dm
	��e ,0� when m=0, we

find, to the lowest order in �,

D0
ll�e,0� �

i�r0
2�2�0��0 + �0 − �e − �e�

4��0 + 2�0���0 + �e + �e�
=

i�r0
2kl0

2 ��0 − �e�
4��e + �0�

,

�B1a�

D0
lt�e,0�,D0

tl�e,0�,D0
tt�e,0� � 0. �B1b�

We take the same approximations in J0�x� and H0
�1��x� as

above for x	kl0rs and kt0rs in D0
	��s ,0� to obtain

D0
ll�s,0� � D̃0

ll�s,0� , �B2a�

D0
lt�s,0�,D0

tl�s,0�,D0
tt�s,0� � 0. �B2b�

Equations �B1a� and �B1b� together with Eqs. �B2a� and
�B2b� and the effective medium condition, i.e., Eq. �2�, gives
Eq. �3a�.

Also, when m=1, the Bessel and Hankel functions in
D1

	��e ,0� take the forms of J1�x���x /2�− �x3 /16� and
H1

�1��x�� i��x /�� ln�x /2�− �2/�x��, for x	kler0, kter0, kl0r0,
and kt0r0. Then D1

	��e ,0� changes to

D1
ll�e,0� � −

i�r0
2�2��0 − �e�

8��0 + 2�0�
= −

i�r0
2kl0

2 ��0 − �e�
8�0

,

�B3a�

D1
lt�e,0� = − D1

tl�e,0� �
kt0

kl0

�r0
2�2��0 − �e�

8��0 + 2�0�
, �B3b�

D1
tt�e,0� � − � kt0

kl0
�2 i�r0

2�2��0 − �e�
8��0 + 2�0�

. �B3c�

The same approximation of J1�x� and H1
�0��x� can be taken

for x	kl0rs and kt0rs in D1
	��s ,0�. Then D1

	��s ,0� changes
into the following forms:

D1
ll�s,0� � D̃1

ll�s,0� , �B4a�

D1
lt�s,0� = − D1

tl�s,0� � i
kt0

kl0
D̃1

ll�s,0� , �B4b�

D1
tt�s,0� � � kt0

kl0
�2

D̃1
ll�s,0� . �B4c�

It is clearly seen that D1
lt�e ,0�, D1

tl�e ,0�, and D1
tt�e ,0� are

proportional to D1
ll�e ,0� in the same ways as D1

lt�s ,0�,
D1

tl�s ,0�, and D1
tt�s ,0� are proportional to D1

ll�s ,0�. Thus, Eq.
�2� gives four identical equations, which have the form
shown in Eq. �3b�.

Similarly, when m=2, we have J2�x���x2 /8�− �x4 /96�,
H2

�1��x�� i�−�4/�x2�− �1/��� for x	kler0, kter0, kl0r0, and
kt0r0 in D2

	��e ,0� and obtain

D2
ll�e,0� �

i�r0
2�2�0�0��0 − �e�

4��0 + 2�0���0�0 + ��0 + 2�0��e�

=
i�r0

2kl0
2 �0��0 − �e�

4��0�0 + ��0 + 2�0��e�
, �B5a�

D2
lt�e,0� = − D2

tl�e,0�

� − � kt0

kl0
�2 �r0

2�2�0�0��0 − �e�
4��0 + 2�0���0�0 + ��0 + 2�0��e�

,

�B5b�

D2
tt�e,0� � � kt0

kl0
�4 i�r0

2�2�0�0��0 − �e�
4��0 + 2�0���0�0 + ��0 + 2�0��e�

.

�B5c�

Again, after taking the same approximation of J2�x� and
H2

�1��x� for x	kl0rs and kt0rs in D2
	��s ,0�, we get the follow-

ing expressions for D2
	��s ,0�:

D2
ll�s,0� � D̃2

ll�s,0� , �B6a�

D2
lt�s,0� = − D2

tl�s,0� � i� kt0

kl0
�2

D̃2
ll�s,0� , �B6b�

D2
tt�s,0� � � kt0

kl0
�4

D̃2
ll�s,0� . �B6c�

We find again that D2
lt�e ,0�, D2

tl�e ,0�, and D2
tt�e ,0� are pro-

portional to D2
ll�e ,0�, with the same ratios as those appearing

in the ratios of D2
lt�s ,0�, D2

tl�s ,0�, and D2
tt�s ,0� to D2

ll�s ,0�,
respectively. Then, the last effective medium equation, i.e.,
Eq. �3c�, can be obtained.
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