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The higher lying bright exciton energies �E11
M ,E33

S ,E44
S ,E22

M ,E55
S ,E66

S ,E33
M � of single-wall carbon nanotubes

are calculated by solving the Bethe-Salpeter equation within an extended tight binding method. For smaller
diameter nanotubes, some higher Eii excitonic states are missing. In particular, some Eii’s on the one-
dimensional Brillouin zone �cutting line� are no longer relevant to the formation of excitons and are skipped in
listing the order of the Eii values. Thus the family patterns show some discontinuities in k space and this effect
should be observable in Raman G� band spectroscopy. The higher exciton energies E33

S and E44
S have a large

chirality dependence due to many body effects, since the self-energy becomes larger than the binding energy.
Thus the chirality dependence of the higher Eii comes not only from a single particle energy but also from
many-body effects.

DOI: 10.1103/PhysRevB.76.195446 PACS number�s�: 78.67.Ch, 78.67.�n, 71.35.Cc

I. INTRODUCTION

The exciton physics of single-wall carbon nanotubes
�SWNTs� have been investigated significantly for photolumi-
nescence �PL� and resonance Raman spectroscopy �RRS�,
which gives a rich information for sample characterization
and new exotic physics.1–8 The optically allowed transition
energies of an exciton for parallel polarization to a SWNT
axis are denoted by Eii, from lower energy
E11

S ,E22
S ,E11

M ,E33
S ,E44

S ,E22
M , . . .,9 for a transition between ith

conduction �an electron� and ith valence �a hole� energy
bands. Originally Eii

S denoted a van Hove singular energy for
the joint density of states for the one-particle energy bands of
a SWNT.9 Here we will use the same notation for the tran-
sition energies of the exciton which consists of the electron
and the hole wave function in the ith energy subbands.

The occurrence of the Eii energy is understood by the
singular joint density of states in which the ith cutting
line9–11 close to the K point �hexagonal corner� in the two-
dimensional �2D� Brillouin zone, has an energy minimum
�maximum� at kii for the conduction �valence� bands. Since
the electron energy dispersion of 2D graphene is approxi-
mated to be linear on k around the K point for a small k,12 the
order of Eii is thus determined by the distance of the cutting
lines from the K point. This situation does not generally
change for the exciton Eii in which some k states around the
energy minimum �maximum� are mixed to one another to
make spatially localized exciton wave function. However, for
smaller diameter �dt� SWNTs, the distance of two cutting
lines becomes larger, the trigonal warping effect and the cur-
vature effect might change the order of Eii values from the
ith cutting line, which is the subject of the present paper.
This phenomena is important especially for the assignment
of �n ,m� from the family pattern. For higher Eii values, a
clear definition of Eii itself is necessary.

In the experiment of PL and RRS, the Eii values as a
function of dt

−1 give similar energies to one another for the
same 2n+m of �n ,m� SWNTs, which we call the family

pattern.13,14 It is important for knowing the family value 2n
+m in the sprctra of PL or RRS, since the family pattern
makes the assignment for �n ,m� easy. Since a 2n+m=const
family has a similar diameter,11,12,15 the Eii values within the
2n+m family show a unique chiral angle dependence which
we call family spread. Depending on mod �2n+m ,3�=1 or 2,
the �2n+m� families divide into type I and II, semiconductor
SWNT family, respectively, while mod �2n+m ,3�=0 corre-
sponds to the metallic SWNT family. The direction of the
family spread is different for types I and II with the same Eii

S

from larger �an armchair SWNT� to smaller �a zigzag
SWNT� chiral angle. In the case of Eii

M, the joint density of
states for a �n ,m� SWNT split into two �the higher EiiH

M and
lower EiiL

M �, and the different direction of the family spread
for EiiH

M and EiiL
M are opposite to each other. The origin of the

family spread is due to �1� the trigonal warping effect of the
electronic energy,9 �2� the curvature effect,13 and �3� the en-
vironmental effect �or many body effect�.16–19

Eii values consist of one-particle energies and many-body
corrections which are further decomposed into an exciton
binding energy Ebd and a self-energy �. The one particle
energy is calculated by the extended tight binding �ETB�
calculation12,13,20 in which we consider the curvature effect.
The calculated results of the ETB method reproduce well the
family behavior, especially for smaller SWNTs. The differ-
ence of the observed Eii from the ETB Eii is many body
corrections. We showed that the many body correction for
E11

S and E22
S is expressed by a logarithmic function21 of dt.

22

The family spread for E11
S mainly come from the one particle

energy since the family spread for Ebd is canceled by that for
�.

However, the cancellation of Ebd and � does not work
well for higher Eii values. Araujo et al. claimed that for E33

S

and E44
S and that a universal curve for the many body correc-

tion for E33
S and E44

S apparently deviates from that for E11
S and

E22
S .24,25 The energy shift from the logarithmic function of the

many body correction is inversely proportional to the diam-
eter of a SWNT 1 /dt showing that the shift is related to the
many body effect.
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In a previous paper,26 we showed that E33
S and E44

S are
nothing but exciton states too and that the many body effect
also affects the family spread.26 Since the self-energy be-
comes larger than the absolute value of the exciton binding
energy with increasing i for Eii, the cancellation of the family
spread for the many-body effect does not occur any more for
E33

S and E44
S .

Furthermore, we found that the family spreads for E33
S and

E44
S overlapped with each other, especially for smaller diam-

eter SWNTs. In this case, the order of Eii as a distance of k
from the K point does not exist any more. In this paper, we
will investigate this behavior by showing the many body
interaction more explicitly and we try to show some verifi-
cation of this effect by comparing our results to previously
reported Raman spectroscopy results. We will also discuss
the behavior for E22

M , E55
S , and E66

S .
In Sec. II we show a brief explanation of the cutting line

distances and the method for the exciton calculation. In Sec.
III we present calculated results for the E11

M , E33
S , E44

S , E22
M ,

E55
S , and E66

S energies, which are then compared with E11
S and

E22
S . In Sec. IV, a summary is given.

II. CONDITION FOR THE CUTTING LINES AND THE
CALCULATIONAL METHOD

In the 2D Brillouin zone of graphene, a triangular region
which connects three M points around a K �or K�� point �see
Fig. 1� is important for exciton physics, since the energy
dispersion of the conduction �valence� band for a SWNT has
a minimum �maximum� only in the triangular region. Here-
after we call this triangle the 3M triangle. The remaining
region of the Brillouin is a hexagonal region which connects
six M points around the � point. In the hexagonal region, the
conduction �valence� band gives only a maximum �mini-
mum� which also gives a singular joint of density of states
but a minimum electron-photon matrix element at the singu-
lar point.27 Thus if a cutting line lies outside of the 3M
triangle, the cutting line does not contribute to the optical
absorption at Eii.

For example, we cannot see E33 optical absorption for a
�6, 1� chiral nanotube as shown in Fig. 1. Here we plot the
wave vectors for a �6, 1� chiral nanotube around the K point.
Three red color lines denote the wave vectors which can
contribute to Eii. Since the �6, 1� nanotube is classified as a
type I nanotube, we expect that E11 and E33 are on the left
side from the K point. However the cutting line, which is the
third nearest neighbor from the K point, cannot lie within the
3M triangle, and therefore E33 exists not on the left side but
E44 exists on the right side of the K point, as shown in Fig. 1.
E33 is thus skipped. In Sec. III, we show that some Eii values
from van Hove singular kii points change and skip when
listing the Eii levels in the order of their energy values. The
reason for this situation is the trigonal warping effect of the
single-particle electronic energy.9 The important fact that the
singular point of E33 does not exist on the third closest cut-
ting line to the K point is seen in the G�-band Raman spectra
around 2700 cm−1 since the G�-band frequency depends on
the q vector of phonons in a double resonance Raman
process.28,29

In the �n ,m� assignment it is useful for us to know the
maximum Eii transition observed for a given �n ,m� SWNT.
Here we derive the formulas for how many cutting lines exist
within the 3M triangle. The coordinates of the three M points
around the K point are �see Fig. 1�

Ml = � �

�3a
,
�

a �, Mm = � 2�

�3a
,0�, Mr = ��3�

a
,
�

a
� ,

�1�

where a is the lattice constant. Here we consider the �n ,m�
SWNTs with chiral angles in the range 0° ���30°, which
corresponds to 0�m�n in the standard notation.12 In this
case, all cutting lines are in the 3M triangle, where � crosses
the MlMr line segment on which the number of crossing
points correspond to the number of possible Eii values. Here
we consider cutting lines with infinite length.

When we defined the cutting lines as the one-dimensional
Brillouin zone,12 the lines are finite with the length 2� /T �T
in the unit vector of a SWNT� in k space. However, if we
consider the cutting lines with finite length, the situation is
not simple. Thus we consider here a straight line for extend-
ing the cutting lines in the direction of the cutting line.

Then a k point on the �th cutting line for an �n ,m� SWNT
is expressed by as follows:

k = �K1 + tK2 =
1

N
��tm − �t2�b1 + ��t1 − tn�b2� � �kx,ky� ,

�2�

where −�	 t	� and � is taken as the number of the line
which we label starting from �=0 at the � point. Ki and bi
�i=1,2� are, respectively, reciprocal lattice vectors of the
SWNT and of 2D graphite as defined by12

K1 =
1

N
�− t2b1 + t1b2�, K2 =

1

N
�mb1 − nb2� �3�

and

Κ

Μrrrr

Μllll

Μmmmm

µ=3 µ=4 µ=5

µ=6
E22222222

E44444444

E11111111

FIG. 1. �Color online� Wave vectors of a �6, 1� nanotube around
the K point are shown. The wave vector lines must cross the MlMr

line segment in order to have an Eii within the 3M region.
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b1 = � 2�

�3a
,
2�

a �, b2 = � 2�

�3a
,−

2�

a � , �4�

where integers t1 and t2 are defined by

t1 =
2m + n

dR
, t2 = −

2n + m

dR
, �5�

where

dR = GCD�2n + m,2m + n� . �6�

Here the function of GCD is defined as the greatest common
divisor of two integers.12 From Eq. �2�, we get the formulas
for �kx ,ky�

kx =



�3
��m − n�t + 3�m + n��� , �7�

ky = 
��m + n�t − �m − n��� , �8�

with


 =
�

�n2 + m2 + nm�a
. �9�

Then the �th cutting line is expressed by a linear function of
kx and ky as follows:

�m − n�ky = �3�n + m�kx −
4�

a
� . �10�

In the case of armchair nanotubes �n=m�, Eq. �10� gives a
vertical line in the �kx ,ky� plane and for the other cases �n
�m�, and ky is given by a function of kx, f�kx�:

m = n: kx =
4��

�3a�m + n�
, �11�

m � n: f�kx� = ky = �3
m + n

m − n
kx −

4�

a�m − n�
� . �12�

Equations �11� and �12� can have a crossing point on the
MlMr line segment whose condition is given by

m = n:
�

�3a
	 kx 	

�3�

a
, �13�

m � n:
�

a
	 f� �

�3a
� and f��3�

a
� 	

�

a
. �14�

From Eqs. �13� and �14�, we get the conditions for �,

m = n: n + m 	 4� 	 3�n + m� , �15�

m � n: n 	 2� 	 2n + m . �16�

Thus the possible number of Eii is less than �n+m� /2 for the
above two cases. Although this statement is easy to remem-
ber, we must check each � one by one in the real case since
we did not consider in the above equations the curvature
effect and the many body �exciton� effects of SWNTs.

In the case of Fig. 1, for example, the number of Eii for
the �6, 1� nanotube is three, given by Eq. �16�

3 	 � 	
13

2
, � = 4,5,6. �17�

Since the K point for the �6,1� SWNT corresponds to a ra-
tional � value �K= �2n+m� /3=13 /3	4.3 �see Eq. �4.2� in
Ref. 12�, we also know that the order of the cutting lines is
not regular. In fact, the regular pattern for �K	4.3 for E11

S ,
E22

S , and E33
S would be �=4,5, and 3 �not 6�. Thus we can

check the irregular order of the cutting lines for all �n ,m�
values without any difficulty.

The bright exciton energies of SWNTs are calculated by
solving the Bethe-Salpeter equation �BSE� in which the one-
particle energies are given by the ETB method.23 The formu-
lation of the BSE is given in a previous paper.23 We consider
the Coulomb interaction only for � electrons for simplicity
and we adopt the random phase approximation for a polar-
ization function of the � electrons. The Ohno potential
which is widely used for one-dimensional conductors is
adopted for describing the Coulomb interaction. As for the
surrounding materials of a SWNT, we express this environ-
mental effect on the exciton binding energy by a static di-
electric constant �. Here we used the value of �=2.22 in the
calculation which reproduces the experimental values of the
Raman Eii or PL Eii for SWNT bundle samples.23 For the
other samples, we need to consider a correction to the envi-
ronmental effect,19 which we will not discuss here. In this
calculation, we use the same function as Eq. �3.8� in Ref. 30
with a cutoff energy �10 eV� and a parameter of �=4. We
have checked that the self-energies for E33

S and E44
S do not

change by changing these parameters.
Because of time-reversal and spatial symmetries, any ex-

citons state is an irreducible representation of the symmetry
group31 and only the A2 singlet exciton is an optically dipole-
allowed state �bright exciton� and the other symmetry exci-
tons are dark excitons. Here we will consider only the bright
exciton states since the resonance Raman spectra and the
one-photon PL spectra are related to the optical dipole tran-
sition of the bright exciton. Further we will discuss only the
lowest exciton states for each Eii value and we did not con-
sider here the exciton excited states. In fact, the optical tran-
sition matrix element becomes sufficiently small for the ex-
cited states, and therefore we will not see the excited exciton
states in the Raman excitation profile unless the experimen-
talists pay special attention to see such an effect.

III. CALCULATED RESULTS AND DISCUSSION

A. Semiconducting SWNTs

Figure 2 shows the calculated results for the bright exci-
ton Kataura plot in the diameter range between 0.3 and
3.0 nm. Red, blue, and black symbols denote type I, type II
semiconducting, and metallic nanotubes, respectively. Eii is
calculated up to E66

S and E33
M . The integers in Fig. 2 denote

2n+m family numbers. If one knows the family number up
to E11

M , the same family number for the higher Eii values can
be applied for the same diameter and for the same nanotube
type.
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The eight diamond symbols in Fig. 2 are experimental
results for suspended SWNTs by Sauvajol et al.32 in which
they succeeded with an assignment of �n ,m� for SWNTs
with diameters up to 3 nm using an electron-diffraction tech-
nique in their Raman-TEM experimental setup. Even though
their results are for isolated suspended SWNTs, and the cal-
culation is for bundles, the calculated results for their as-
signed �n ,m� values reproduce all eight points within the
environmental effect shifts �up to 80 meV�. Since the results
of Sauvajol et al.32 are for isolated SWNTs and since we
used the � value �=2.22� in the calculation which is fitted to
bundle SWNTs, we expect some shifts in Eii because of the
environmental effect. In their previous paper, they compared
their measurements with another theoretical calculation
which does not consider the excitonic effect, and they then
needed to shift their data by about 0.3–0.4 eV from the the-
oretical calculation for fitting.32 However, the present calcu-
lation does not need any shifts. Since the diameter of the
experiment is very large �2–3 nm�, this environmental effect
is much smaller, even though the many body effect cannot be
neglected. In order to check our calculation more carefully,
more experimental data are highly desired, and such work
will contribute to the progress of Raman spectroscopy of
SWNTs.

It is clear that so many Eii values for many �n ,m� SWNTs
are seen for SWNTs with diameters larger than dt

−1	0.7 and
for a larger energy region than 2 eV. Thus the assignment of
�n ,m� for larger diameter SWNTs which can be done by the
electron diffraction technique,32 might be difficult only by
resonance Raman excitation experiments. However, we
know the fact that a zigzag nanotube gives a strong RBM
intensity relative to an armchair nanotube for a similar
diameter.23 Thus from the observed family pattern, experi-
mentalists can fit the strongest intensity point in a family
pattern to �n ,0� or zigzag nanotubes.

In Fig. 3, we plot the calculated results of the E33
S and E44

S

bright exciton energies as a function of inverse diameter.
Open �solid� triangles and squares denote type I �type II� E33

S

and E44
S , respectively. For smaller diameter type I SWNTs,

the E33
S and E44

S lines with the same family number cross each
other. This crossing means that the third �fourth� nearest cut-
ting line to the K point gives the fourth �third� exciton en-
ergy. Here the higher exciton energy means not the excited
exciton states for a given cutting line but the lowest energy
exciton states for different cutting lines. If we define Eii

S from
the smaller energy states, the family pattern would give a
kink at the crossing point in the Kataura plot. Thus it should
be natural for us to define the Eii

S on a smooth curve of the
family pattern on the ith nearest cutting line. In this case,
some Eii

S for some �n ,m� might be missing.
In Fig. 3, four red solid squares in E44

S with 2n+m
=23,26 are obtained on the cutting line for the fifth closest
cutting lines to the K point which generally gives E55

S . Be-
tween E44

S and E55
S , the energy region for E22

M exists. It is
surprising that the exchange of the family pattern between
E44

S and E55
S nevertheless occurs smoothly.

In Fig. 4 we show the extended region of the Kataura plot
for E55

S , E66
S , E33

M . When we see the zigzag nanotube region
which is the broadened end in the family pattern, the overlap
with the other Eii band is significant for large diameter
SWNTs. The assignment of Eii and �n ,m� should be per-
formed along the family patterns.

B. Metallic SWNTs

In Fig. 5, the calculated results for the E11
M bright exciton

states for SWNTs with 0.6	dt
−1	1.4 nm−1 are plotted as a

function of inverse diameter dt
−1. Solid and open circles de-

note the higher and lower E11
M values. In the case of armchair

SWNTs, the two cutting lines are equivalent to each other
and thus no splitting of E11

M occurs.12

In Fig. 6, we plot the self-energy � and the exciton bind-
ing energy Ebd for E11

M as a function of dt
−1. Both the lower

and the upper E11L
M and E11H

M transition energies show a fam-
ily pattern for � and Ebd. The values are largest for zigzag
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FIG. 2. �Color online� The bright exciton energy Kataura plot as
a function of inverse diameter. Eii is up to E66

S and E33
M . Red, blue

and black symbols denote type I, type II, and metallic nanotubes,
respectively. The eight diamond symbols are experimental data by
Sauvajol et al. �Ref. 32�.
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nanotubes within a family, because the effective mass is
larger and the curvature-induced small energy gap is larger
for zigzag nanotubes. However, �−Ebd in Fig. 6 does not
show any chiral angle dependence, but does show a simple
diameter dependence. This cancellation for the chiral angle
dependence is similar to that found for E11

S and E22
S ,23 while

the diameter dependence does not at all fit well to the loga-
rithmic function �dotted line in Fig. 6� �Refs. 23 and 24�

Eln = 0.55�2p/3dt�ln�3/�2p/3dt�� , �18�

with p=3. The reason for the deviation from the logarithmic
function is that Ebd for E11

M is much smaller than for E11
S or

E22
S because of the screening of free electrons in metallic

SWNTs.
It should be mentioned that the fitted logarithmic function

�Eq. �1� by Araujo et al.25� has different fitting parameters
from Eq. �18�. The function proposed by Araujo et al. is a
fitted function to the term after subtracting the chirality de-
pendent, single particle, and many-body terms from the ob-
served Eii values. Thus we can not directly compare our
many-body terms as shown in Fig. 6 with their results.

In Fig. 7 we plot the polarization function23 for � elec-
trons for metallic zigzag SWNTs. The inset is that for semi-
conducting SWNTs. A small oscillation comes from numeri-
cal inaccuracy for the finite system calculations. For
semiconducting SWNTs, 
�0,q� has a maximum around q

=1–2 nm−1, which contributes for the nanotube to the spa-
cial localization around 1 nm. In metallic nanotubes, a
Drude-type singularity around q	0 is seen in 
�0,q� for
�12,0� and �18,0� which results in some screening of Ebd
especially for long-range Coulomb interactions, while a
similar behavior of 
�0,q� to that for semiconducting SWNT
can be seen for the �6,0� tube because of a curvature-induced
energy gap �	meV� which can affect the Coulomb energy.
First-principles calculations show that the smallest diameter
SWNTs all exhibit metallic behavior33 because of the lower-
ing of the antibonding � band and thus we must consider the
effect of other electrons for obtaining the exciton energy for
such small diameter SWNTs.

C. Many body effect for E33 and E44

In Fig. 8, we plot, respectively, �−Ebd for E11
S , E22

S , E33
S ,

and E44
S on an expanded energy scale as a function of dt

−1. It
is clear from the figure that the chirality dependences of �
−Ebd for E33

S and E44
S are much larger than those for E11

S and
E22

S . The reason for the family spread for E33
S and E44

S is that
the self-energies for E33

S and E44
S are larger that those for E11

S

and E22
S and thus the cancellation between � and Ebd does not

occur.
Another important point is that a family spread can be

seen in �−Ebd for E33
S and E44

S ,26 which is comparable to the
family spread observed in the ETB single particle calcula-
tions. This means that the origin of the family spread for E33

S
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FIG. 7. The polarization function 
�0,q� of metallic zigzag
nanotubes for �6,0�, �12,0� and �18,0�. The inset shows 
�0,q� of
semiconducting zigzag nanotubes �10,0�, �13,0�, �16,0�, and �19,0�
from the bottom as a function of q.
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and E44
S consists of contributions from both the ETB single

particle energy and from the many-body energy. This situa-
tion is clearly different from that for E11

S and E22
S for which

there is a negligibly small family pattern in �−Ebd and thus
the family spread for E11

S and E22
S can be understood by the

curvature effect.13 Within a �2n+m� family, a SWNT with a
chiral angle close to that of a zigzag nanotube gives a large
spread value. Thus trigonal warping effect is responsible for
both family spread in single particle energies, and for family
spread in the many-body contributions.

The main reason for the chiral angle dependence of the
many body effect is the chiral angle dependence of the ef-
fective mass of an electron and a hole. Since the effective
mass has a strong type and chirality dependence because of
the trigonal warping effect,26 the Coulomb energy is modi-
fied by variations in the effective mass.

In Fig. 9, we plot the effective mass of the electron �left�
and the hole �right� at the energy bottom �or top� for E11

S

�open circles�, E22
S �crosses�, E33

S �open triangles�, and E44
S

�solid squares�. Red and blue color shows type-I and -II

tubes, respectively. The effective mass increases with in-
creasing i in Eii

S and shows a type and family behavior which
is understood in terms of the trigonal warping effect.9 How-
ever, in the case of E33

S and E44
S , the effective masses appear

in the same region, since the trigonal warping effect becomes
large for large energies. This is the reason that �−Ebd for E33

S

is similar to that for E44
S . In the case of a hydrogen atom, the

electron energy is proportional to the reduced mass, while in
the case of the exciton of SWNTs, the energy is scaled as
m0.4.7 In the case of SWNTs, a larger Eii energy generally
gives a larger m, and thus we get a larger Coulomb energy.

This situation can be understood by Fig. 10. In Fig. 10,
the single particle energy 
, the self-energy �, the quasipar-
ticle energy E�
+�, the exciton binding energy Ebd, and
the exciton energy ��E−Ebd of zigzag nanotubes are plot-
ted as a function of wave vector kii along the �KM line of
the 2D Brillouin zone of graphite. Each symbol is defined as
E11 �circle�, E22 �plus�, E33 �triangle�, and E44 �square�. Red,
blue, and black symbols denote semiconducting type-I, type-
II, and metallic nanotubes, respectively. An important fact
shown in Fig. 10 is that the self-energy � is larger than the
exciton binding energy and that the difference between �
and Ebd increases with increasing distance from the K point
�or with both increasing the energy, or with decreasing the
diameter�. Thus the cancellation of the chiral angle depen-
dence of the many-body effect between � and Ebd does not
occur for E33

S and E44
S .

Both lines show that for E33
S and E44

S the self-energy is
larger �0.2 eV for E11

S and E22
S and 0.5 eV for E33

S and E44
S ,

see also Fig. 9� than the exciton binding energy. This situa-
tion can be understood simply in terms of the effective
masses of an electron and a hole. As we know for the hydro-
gen atom, the electronic states of a hydrogen atom can be
expressed in terms of the Rydberg energy me4 /2�2. Thus the
energy for a hydrogen atom is proportional to the reduced
mass for an electron and proton. In the case of the exciton
binding energy, the reduced mass for a photoexcited electron
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SATO et al. PHYSICAL REVIEW B 76, 195446 �2007�

195446-6



at the conduction band bottom and a hole at the valence
energy band top should be proportional to the binding en-
ergy. In the case of the self-energy, on the other hand, the
reduced mass of a photoexcited electron and of an electron
which lies near the valence band top should be considered.
Since the effective mass of the valence electrons increases
with increasing distance k �or with decreasing energy� from
the valence band top, the averaged reduced mass for the
self-energy is always larger than that for the exciton. This is
a simple explanation why the self-energy is larger than the
exciton binding energy.

IV. SUMMARY

In summary, we show that the higher exciton states E33
S

and E44
S have a large chirality dependence for many body

effects. Thus the treatment that the chirality dependence of
Eii comes only from a single particle energy works only for
the E11

S and E22
S excitonic states. For E11

M , although the many-

body effects do not show a family spread, the diameter de-
pendence of the many-body effect deviates from the logarith-
mic function.

For the higher Eii
S transitions, we see a crossing of the

family pattern with nearest Ejj
S family patterns. We suggest

that Eii
S should be defined along smooth family pattern lines.

A discontinuity in kii
S at the Eii

S crossing points is thus ex-
pected. In order to check the calculated results by experi-
ments, G� band Raman measurements will be desired, since
the G� band frequency depends on the wave vector of
phonons due to double resonance Raman theory.28
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