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We present a kinetic equation approach to investigate the anomalous Hall effect in two-dimensional systems

with magnetization considering both electron-impurity and electron-phonon scatterings. In our study, the spin-
orbit interaction due to the external driving electric field as well as the extrinsic spin-orbit couplings induced
by electron-impurity and electron-phonon scatterings are taken into account, while the intrinsic Rashba and
Dresselhaus spin-orbit couplings are ignored. We derive the side-jump contributions to anomalous Hall current
in terms of the distribution function and obtain the skew-scattering contribution by considering electron-

impurity (and electron-phonon) scattering up to the second Born approximation. By performing a numerical
calculation for InSb-based quantum wells, the temperature dependencies of the various components of anoma-
lous Hall current are examined. We also discuss the roles of electron-impurity and electron-phonon scatterings

in contributing to the total anomalous Hall current.
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I. INTRODUCTION

In the emerging field of spintronics, one of the central
issues is how to effectively control the spin degree of free-
dom of carriers. Since the spin-orbit interaction (SOI) pro-
vides a promising way to manipulate spin without an exter-
nal magnetic field, its physics has been extensively studied
and many intriguing phenomena induced by SOI, such as
spin-Hall effect,'” spin relaxation,? etc., have been demon-
strated. Depending on its origins, the spin-orbit coupling is
usually classified into two categories: intrinsic and extrinsic.
The intrinsic SOI arises from the rapid movement of carriers
in the ionic field (Dresselhaus SOI°) or in a gate field
(Rashba SOI),'° while the extrinsic SOI is induced by the
electron-impurity or electron-phonon scattering.

In systems with magnetization, the SOI may lead to an
extraordinary contribution to the Hall effect.!! This so-called
anomalous Hall effect (AHE) has been investigated over a
long period and has now become a powerful tool for charac-
terizing the properties of ferromagnetic systems.'>!3 In 1954,
Karplus and Luttinger proposed, for the first time, an AHE
mechanism associated with the spin-orbit interaction due to
the nuclear fields.'* Recently, this intrinsic mechanism has
been reformulated by Jungwirth et al. within the framework
of a momentum-space Berry phase.'> For the extrinsic spin-
orbit coupling induced by electron-impurity scattering, two
mechanisms responsible for AHE have been proposed: a
side-jump (SJ) process'® and a skew scattering (SS).!” The
side-jump AHE arises from a sidewise shift of the center of
the electron wave packet and relates to an anomalous term in
the current operator caused by the extrinsic spin-orbit (SO)
coupling.'®!® The skew-scattering AHE corresponds to an
anisotropic enhancement of the wave packet due to electron-
impurity scattering, and it can be accounted for by consider-
ing the electron-impurity scattering in the second Born ap-
proximation (SBA)." Recently, considering short-range
electron-impurity scattering, Crépieux et al. presented a uni-
fied derivation of both the side-jump and skew scattering
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mechanisms within the framework of a formal Dirac equa-
tion for the electrons.?’ The effects of weak localization on
both the side-jump and skew-scattering contributions to the
extrinsic anomalous Hall current have also been
examined.?!?* However, the extrinsic AHE due to the SOI
induced by electron-phonon scattering has received much
less attention. In 1973, Lyo investigated the anomalous Hall
effect within a Kubo formalism considering only the
electron-phonon interaction.” It was found that the skew-
scattering contribution to the anomalous Hall current is non-
vanishing only up to the third Born approximation of the
electron-phonon scattering. He also obtained the side-jump
anomalous Hall current (AHC) by separating the carrier co-
ordinate into nonlocal and local parts.

In this paper, we propose a kinetic equation approach to
investigate the anomalous Hall effect in two-dimensional
systems with magnetization considering both the electron-
impurity and electron-phonon scatterings. The SOI directly
induced by an external driving electric field and the extrinsic
spin-orbit couplings associated with both the electron-
impurity and the electron-phonon scatterings are taken into
account, while the intrinsic Rashba and Dresselhaus spin-
orbit couplings are ignored since the Rashba SOI can be
controlled by altering the gate voltage and the Dresselhaus
SOI in zinc-blende semiconductors may be suppressed by
appropriate heterostructure growth protocols.?® In our study,
we derive the side-jump contributions from all these SOI’s to
anomalous Hall current in terms of a distribution function,
while the skew-scattering AHC is obtained by considering
electron-impurity scattering up to the second Born approxi-
mation. Performing a numerical calculation, we examine the
temperature dependencies of the various components of the
anomalous Hall current. The effects of electron-impurity and
electron-phonon scatterings on AHC are also analyzed.

This paper is organized as follows. In Sec. II, we first
derive the components of the side-jump anomalous Hall cur-
rent contribution in terms of the distribution function and
then obtain the kinetic equation for the distribution function
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considering long-range electron-impurity and electron-
phonon scatterings up to the second Born approximation. In
Sec. III, we perform a numerical calculation to investigate
the anomalous Hall effect in InSb-based quantum wells. Fi-
nally, we review our results in Sec. IV.

II. FORMULATION

We consider a two-dimensional electron system in the
x-y plane, driven by a uniform in-plane dc electric field
E and by a homogeneous normal magnetization, M
=(0,0,M), which may be introduced by the injection of a
spin-polarized electric current, by doping with magnetic
impurities like Mn, and/or by photoinduced spin polariza-
tion. The Hamiltonian of an electron with momentum p
= (py,py) =(p cos ¢y, p sin ¢y) can be written as

};:ﬁ0+ﬁimp+ﬁph+ﬁE' (1)

ﬁo is the free-electron Hamiltonian given by ﬁo
=diag[e(p).e,(p)], with &,(p)=g,+(~1)*“M and u=1 and
2 (or u=T and ) as spin indices. &, is the dispersion relation
of carriers in the absence of magnetization. In our study, &,
may be nonparabolic, but it depends only on the magnitude

of momentum. The Hamiltonian term ﬁimp describes the
electron-impurity interaction. It contains both the ordinary
scattering potential term and the term related to the extrinsic
SO coupling:

himp = 20 {Vimp([t = RY) + N[0 X VV;, o (fr = R - p},

2)

where r and R;, respectively, are the coordinates of the car-
rier and impurity, Vi,,(r) is the electron-impurity scattering
potential, o= (0, 0,,0,) are the Pauli matrices, and \ is the
spin-orbit coupling constant depending on the intrinsic semi-
conductor parameters, such as energy gap E,, spin-orbit
splitting Agq, and matrix element of the momentum operator
between the conduction and valence bands P: A=[1/E;

—1/(Ey+Agp)*1P%13.77 fzph describes the electron-phonon in-
teraction, and it takes the form

hon= 2 AVen(r,@) + Mo X V. Vy(r,@)]-ph.  (3)

Here, the electron-phonon scattering potential Vp(r,a) is
given by Vph(r,a)=%Eq’q7[e"q'quqﬂAQa+H.c.], with My, ,
as the electron-phonon s“cattering& matrix and AQaEaféa
+aqQq [aaa and agq,, respectively, are the creation and anni-

hilation operators for an a-branch three-dimensional phonon
with momentum Q= (q,q.)]. hy describes the application of

the external electric field and, in the Coulomb gauge, it can
be written as

hp=—-eE-r—\o X E] p. (4)

In Eq. (4), we consider the spin-orbit coupling directly in-
duced by the external driving dc electric field. The anoma-
lous Hall current due to this SOI has already been examined
in Refs. 28-30.
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It should be noted that the spin-orbit coupling terms of

ﬁimp, flph, and sz are obtained from a decoupling of conduc-
tion and valence band states starting from an 8 X8 Kane
Hamiltonian in the framework of k-p theory.?” These terms
arise predominately from the induced effect of valence
bands. Nevertheless, we examine here only the anomalous
Hall effect of electrons in the conduction band.

From the Hamiltonian (1), it follows that the single-

particle current operator j(p) can be written as

i) =3"(p) + ™ (p) + J*(p) + jE(p). (5)

The term jf(p) arises from the free-electron Hamiltonian fzoz
3,(0)=v,(p), with v,(p)=V,&,(p). ™ (p) and J*(p), re-
spectively, arise from the SO coupling terms of Ay, and Ay,
and they take the forms

() =in S Vy ™ Pk -p) X 0] (6)
k,i

and

P(p) = - ieN 2 My, Agulq X @]. (7)
qq;«

The residual term in Eq. (5), jE(p), arises from the spin-orbit
coupling directly induced by the external driving electric
field, and it is given by

jE(p)=—62)\0'>< E. (8)

Taking the statistical ensemble average, we find that the
observed net current J also consists of four components:

J=J0+ Jm 4 goh 4 JE )

JOE are determined by J©F =2pTr[jf’E(p) p(p)], with trace be-
ing over the spin index and ﬁ(p)z(%%) as the distribution

function (12/; and 12/p, respectively, are the carrier creation and
annihilation operators). We note that, in systems with weak
spin-orbit couplings induced by extrinsic scatterings and ex-
ternal electric field, the off-diagonal elements of the distribu-
tion function can be ignored in the linear response regime,
and p(p) is essentially diagonal: p(p)=diag[p,;(p),pxn(p)].
This can be verified from the kinetic equation for the distri-
bution function presented below. In this way, J*£ can be
further rewritten as

P
and
JE= 2 [E X n][py1(p) - poa(p)], (11)
p

with n as a unit vector along the z axis.

J™P and JPh, respectively, are associated with the single-
particle current operators j™(p) and jP"(p), and they take
the forms
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T = ieh 2 Vo™ P Tr{(g i) (k - p) X o]}
p.k.i

(12)

and

Jh=_jen D Mg Tr{{Aguiistp-oa X al}. (13)
P.4.q

From Egs. (12) and (13), we see that to determine J™ and

JPh one has to analyze the functions <12/;1,7/k> and

(AQatlyPhp—q)- Within the framework of the nonequilibrium

Green’s function approach, the statistical average (...) is re-
lated to the statistical average for the noninteracting system
via (B(1)) = (TS¢B(1)) [B(t) may be the operator &;(t) (1)
or the operator Ag,(f) &;(t) &p_q(t)], with 7 as time ordering
operator, S as the time-loop § matrix, C as a contour run-
ning on the real time axis from — to t and back again, and
()o representing the thermal average for the noninteracting
system. By expanding the S matrix up to the first order of
electron-impurity and electron-phonon interactions, J'™ and
JP can be rewritten as

Jimp =- lNle)\E |Vp—k|2
p.k

x f dr' THG(1' 0l (k- p) X o1Gy(r.1)} (14)
C

and

Jh=ien |quza|2f di'Dq,(t,1")
P.q.qa c

XTHG,(t',)[q X o1Gy_o(1,1)}, (15)

with N; as the impurity density, and ép(t] ,1p) and D, (t1,1,)
as the carrier and phonon contour-ordered Green’s functions,
respectively. Note that to obtain Eq. (14), the average over
the impurity configuration was taken. Applying the Langreth
theorem?! taken jointly with the generalized Kadanoff-Baym
ansatz,’233 we finally arrive at the forms of J™ and JP in
terms of the distribution function:

Jm = aNeN 2 (= DV, [(k-p) X n]
Pk, u

X e, (k) = &,(p)][huu(P) - puu(K)],  (16)

JPP = e 2

PQ.q Mt
—e,(P~ ) * Qgalpuu(P1 - p.(p-q)]
~ Nogadleu(P) = €,(P — @) £ Qqalpuu(p - )
X[1 = p.(p)]} (17)

with g, as phonon energy, NéazN(QQaH%i%, and
N(Qq,) = 1/[exp(Qq,/kT)—1] as thermal phonon distribu-
tion (T is lattice temperature). Note that to derive Egs. (16)

(= D1[My, Pla X n}iNG,dle,(p)
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and (17), we used the fact that, in our study, the distribution
function is diagonal.

In order to carry out the calculation of anomalous Hall
current, it is necessary to determine the carrier distribution
function. Under homogeneous and steady-state conditions in
the quasiclassical regime (in which quantum effects and col-
lisional broadening as well as the intracollisional field effect,
etc., are ignored), the distribution function p(p) obeys a ki-
netic equation taking the form

¢E - V,p(p) = ieNE - (p X m)[ 0. p(p)] + il hip. p(p)] =~ 1.

(18)
Here, [ is a scattering term determined by
7 do S r A< Q< Aa
1= ;T[E (p,@)G~(p,w) + 2~ (p,w)G*(p, »)
- ér(p’ w)i<(p’ (1)) - é<(p9w)ia(p7w)]’ (19)

with é’*“‘(p,w) and EA"“'<(p,w) as the retarded, advanced
and “lesser” nonequilibrium Green’s functions and self-
energies, respectively. In Egs. (18) and (19), the electron-
impurity and electron-phonon scatterings are embedded in
2r,a,<(p’ (1))

In the present paper, we restrict our considerations to the
linear response regime. In connection with this, all the func-
tions, such as the nonequilibrium Green’s functions, self-
energies, and distribution function, can be expressed as sums
of two terms: A=Ay+A,, with A representing the Green’s
functions, self-energies, or distribution function. Ay and A,
respectively, are the unperturbed part and the linear electric
field part of A. In these terms, the kinetic equation for the
linear electric field part of the distribution, p;(p), can be
written as

eE - Vo po(p) + il g, p1(p)] == IV, (20)

with IV as the linear electric field part of the collision term I

a d A< Ad A< Sa
i = f ﬁ[z1 (p, ®)G{(p, ®) — G (p, ) 2(p, w)

+35(p, )Gy (p,w) - Gy(p, )3 (pw)]. (1)

Note that the second term on the left-hand side of Eq. (18)
comes from the SOI induced directly by an external electric
field. This term is eliminated in Eq. (20) in the linear re-
sponse regime since the equilibrium distribution py(p)
=diag[ng(e,(p)),n(e,(p))] [np(w) is the Fermi function] is
diagonal and [o, py(p)]=0. Hence, in our study, the effect of
SOI induced directly by an external electric field on the dis-
tribution function vanishes.

From Eq. (20), it is clear that the driving-force terms of
the kinetic equation for p,(p) are diagonal in the linear re-
sponse regime. Consequently, the linear electric field part of
the distribution p;(p) is also diagonal. Physically, the off-
diagonal elements of p,(p) remain finite only during a trans-
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verse relaxation time, and they tend to vanish in the steady
state if the off-diagonal driving forces vanish. Accordingly,
the kinetic equation reduces to

¢E - Vypolp) =~ 1, (22)

since [, p;(p)], standing on the left-hand side of Eq. (20),
contains only off-diagonal elements of the distribution func-
tion and, hence, it vanishes.

To further simplify Eq. (22), we employ a two-band gen-
eralized Kadanoff-Baym ansatz (GKBA).3>33 This ansatz,
which expresses the lesser Green’s function through the
Wigner distribution function, has been proven sufficiently
accurate to analyze transport and optical properties in
semiconductors.’! To first order in the dc field strength, the
GKBA reads

GT(p,w) = - Gi(p,)pi(p) + pi(p)Gi(p.w),  (23)

where the retarded and advanced Green’s functions are diag-
onal matrices: Gy“(p, w)=diag[(w—g,(p)xid) !, (w
—&,(p)+id~']. Note that, in our treatment, the effect of
(A}{’“(p, w) on the distribution function has been ignored be-
cause these linear electric parts of the retarded and advanced
Green’s functions lead to a collisional broadening effect on
p1(p), which plays a secondary role in transport studies.’!
Further, as in all previous studies of extrinsic AHE, we
consider the anomalous Hall current only to the first order of
the spin-orbit coupling constant, . Thus, the scattering term
IV may be considered only in the lowest and first orders of
A. On the other hand, to account for the skew-scattering con-
tribution to anomalous Hall current, the scattering term IO,

and hence the self-energies i?“’<(p,w)zii‘fr’;;(p,w)

+2A{’p“l;<(p,w), should be considered up to the second Born
approximation of the electron-impurity and electron-phonon
scatterings. Such an electron-impurity scattering part of the
self-energy, Eigfﬁ;(p,w), has already been studied by Liu
et al. using generalized T matrices.’® To evaluate the
electron-phonon interaction part of the self-energies,
EA%‘f(p,w), one has to analyze the operators ﬁph(tl)ﬁph(tz)
and  Jip () hpn(22) hp(23). However, here, we study the
electron-phonon scattering caused by equilibrium phonons.
Hence, the operator ﬁph(tl)ﬁph(tz)ﬁph(t3), containing
AQa(t1)AQa(tr)AQ,(t3), vanishes after taking the statistical
average. Thus, the skew-scattering contribution due to
electron-phonon interaction vanishes in the SBA. As a result,
1™ can be written as

7(1) _ 701 7(1

=10 +14). (24)
with fi(rln)p and fo arising from the electron-impurity and
electron-phonon scatterings, respectively. ffrln) can be further
expressed as a sum of two terms: ff;fp:(fi(;l) )F BA+(fi(;)p)SBA,
with the first-Born-approximation term, (Ii;n)p)F BA and the
SBA term, (ISQP)SBA, taking the forms
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(L) A B 1= 27N, 2 [V(p - k) 3 e, (k) — ,,(p)]
k

XLP1) w(P) = (A1) ()] (25)

and
T [p1]= (= D147 AN, 2 Vo aVieg VpdLe u(P)
k.q

- £,(k)]de,(k) - £,(q)][pg sin(¢, - &)
+ gk sin(pg — By) + kp sin(dy - )]
X(P1) uu(K), (26)

while 7)) is given by

(il()il))p,p,[ﬁl] =2m 2 |quza|25[8;t(p) - SM(P - q) - QQa]

q.q .
XN Q) + 1 =n e, (p - AP uu(p)
—{N(Qqo) +nrle,(p) D1 wu(p - @]
-fpeop-q (27)
In Egs. (25)-(27), [p;] standing on the left-hand sides de-
notes that (ii(;l)p)iiA, (fi(;l)p)ile, and (i;h)) . depend on the spe-
cific form of the distribution function p;. Note that the off-

diagonal elements of 1 vanish, since, in our study, the
distribution function is essentially diagonal.

Up to first order of the spin-orbit coupling constant, we
can assume that the solution of Eq. (22), p,(p), takes the

form 4,(p)=Ro(p)+R(p). with Ro(p) and R;(p) as the
lowest- and first-order terms of p,(p) in the N\ expansion.
Substituting p,(p) into the scattering term, we find that the

lowest-order distribution function ﬁo(p) satisfies the equa-
tion

¢E - V() = = (LDPA RG] = (1) [Re]. (28)

while the first-order term R,(p) is related to the leading term
Ro(p) by

DB R 1+ () bl R T+ (T )SEA RG] = 0. (29)

imp/

In the present paper, we assume that the energy of free
carriers depends only on the magnitude of momentum and it
is independent of the direction of momentum. In connection

with this, the momentum-angle dependencies of Ry(p) and
R,(p) can be evaluated explicitly. From Eq. (28), it follows
that the elements of Ro(p), [Ro] xu(P), can be written as

[Roln(p) = - B - B rte A Lo, (30)
v,(p)

with ng(x) as the derivative of the Fermi function and
A, [e,(p)] given by

v, (P)nile,(p)]= K [A,] (31)
Here, K,[A ] takes the form
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nile, )] 27

K [A,]=A|¢e -
A= Adey 1 B

qq.@
+de,(p) —e,(p—q) + Qoal(Po) wu(P)1

f;“p(p) is the relaxation time due to electron-impurity scattering: [ffp(p)]‘
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2 Mgy o N Qo) dle,(p) - £,(p ~ @) = Q0al () wu(P ~ D1 = (Bo) 1,u(P)]

= (P0) P = D IHA [&,(p)] = cos(dp_q = B A [e(p-@)]},  (32)

'=2aN 2| V(p-K)[[1-cos(¢,— ) 18, (K)

-£,(p)]. and ¢,_g is the angle of momentum p—q. Substituting Ro(p) into Eq. (29), we find that R(p) can be written as

[Riluu(p) =

with @ [&,(p)] determined by

K,u,[q)p,] + (_ 1)M+14772)\Nzn117[8M(p)]AM[8M(p)]E Vp—
kq

X[pq sin(y, — ¢y) + gk sin(ebq — i) + kp sin( ¢y — ) Isin(¢b, —

—en-E X YD) nile, (p) 1P, [&,(p)], (33)

v,(p)

KVieqVqpdleu(p) — e,(k)]de (k) - £,(q)]
#) =0. (34)

Obviously, to obtain Ry(p) and R;(p), one has to solve the integral equations (32) and (34).
Substituting Eq. (30) into Egs. (16) and (17), the currents J™ and JP" in the first order of N can be expressed as

imp_ Ty 2 1
JP= 2N,-e NE X n] 2 (- )|V,

p.k,u

and

_me I\
2kBT

[Exn] X

P.q.q pxa

+ e, (p) = £,(p — @) + Qoal(Po) (P = (Do) P — q)]}{ {

From Egs. (35) and (36), it follows that the directions of J™P
and JP are perpendicular to the directions of the external
electric field and of the spin polarization. Actually, these two
currents are just two components of the side-jump anoma-
lous Hall current. This can be seen from the fact that the
single-particle current operators of J™ and JP" involve the
factor p X o, which reflects the shift of the electron wave-
packet center toward the direction transverse to the driving
electric field.

There is another component of the side-jump anomalous
Hall current, JE, which arises from the spin-orbit coupling
directly induced by the external electric field. From Eq. (11),
we see that, in the linear response regime, J© takes the form

JE= X [E X nl{nde (p)]-ndea(p]l.  (37)
P

Substituting Eq. (33) into Eq. (10), we find that R,(p)
also gives rise to a nonvanishing Hall current, J55:

2
= %% [E X n]u,(p)nie,(p)]P,[e.(p)].  (38)

This component of Hall current arises from an anisotropy of
the carrier distribution due to electron-impurity scattering,
and hence, it is just a component of skew-scattering AHC.

k|2[(k -p)- _I%

}A [e.(P)]dle,(k) - &,(p)][1 - cos(¢, — i) In'[£,(P)] (35)

(= D" Mgy ol N Qo) {dle,(p) ~ (P — @) = Lol (P0) (P ~ D1 = (o) 1u(P)]

(")]A[ p)]—{q-M]AM[SMm—q)]}.
v,(p) v,(p—-q)

(36)

Obviously, to determine the total side-jump anomalous
Hall current, J3=J"™P4+ JPh4 JE one has to first obtain the
function A [e,(p)] from the integral equation (31) and then
insert A [&,(p)] into Egs. (35) and (36) [JZ can be obtained
directly from Eq. (37) by integration over electron momen-
tum]. The skew-scattering AHC is determined by Eq. (38)
after obtaining ® [&,(p)] from Eq. (32).

In previous studies, it was found that in the absence of
electron-phonon scattering, J™ is equal to J¥ for a parabolic
dispersion relation.>3" Although the form of J™ that we
have obtained significantly differs from the form of JE, we
can prove that J™P=J% if the only scattering mechanism is
due to the electron-impurity interaction. A detailed proof is
presented in the Appendix. We note that the equality of J™P
and JF is also valid for a nonparabolic &,(p), provided that
&,(p) depends only on the magnitude of momentum, so that
the delta function de,(p)-e,(k)] is nonvanishing only
when p=k.

It should be noted that, in our study, the kinetic equation
(20) is derived in the Coulomb gauge. Actually, when a
gauge transformation is applied, this equation is also valid in
the quasiclassical linear response regime: ignoring quantum
effects and collisional broadening in the quasiclassical re-
gime leads to vanishing of the extra driving terms in the
kinetic equation, which arise from the transformation.’!
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III. NUMERICAL RESULTS AND DISCUSSIONS

We have carried out a numerical calculation to investigate
the anomalous Hall effect in InSb-based quantum wells. It is
well known that the InSb semiconductor is a good material
for AHE observation because its band gap, E;=0.235 eV,
spin-orbit splitting, Ago=0.81 eV, and P=9.63 eV A result
in a pronounced spin-orbit coupling constant A=5.31 nm?
(for GaAs, A=0.053 nm?).3*

In our numerical calculation, an attractive interaction be-
tween the electrons and the background impurities in the
quantum wells is considered (the attractive and repulsive in-
teractions lead to differing anomalous Hall effects because
their contributions to AHC in the second Born approximation
have opposite signs). Thus, the scattering potential V, can be
written as®

Vq=U(q)F(q)/x(q,0), (39)

with U(q)=—-e*/2gykq (k is the static dielectric constant)
and the form factor F(g) determined by (u=ga)

Flg =T |14
V=@ vdul Tar”

«(q,0) is a static dielectric function and, in the random phase
approximation, it takes the form

1 —exp(—u) (40)

K(g.0)=1+ %H(q), (41)

with g,=m"e?/2me i (m” is the effective mass of electrons)
and H(g) given by3°

1 —exp(—u) u 1 —exp(—u)
R R S (u? +447)?

+%{1——1_6Xp(_”)]. (42)

In regard to the electron-phonon interaction, the scatterings
considered are those due to polar longitudinal optical (LO)
phonons via the Frohlich coupling and also due to the longi-
tudinal acoustic phonons via the deformation potential. The
corresponding matrix elements,
take the forms

H(g)=3 (u? = 477)

qqZ,LO|2 and |quZ,AC2

s

2
e 1 1
M 2=—<———)Q I(ig)|* (43
| qqz,LO| 280(6]2+q5 Ko, K LO| (QZ)| ( )
and
‘,:,'2( 2 2
, B +q),
|quz,AC| = 2du, =|I(iq.) (44)

with ;o as the energy of LO phonons, k., as the optical
dielectric constant, d as the mass density of crystal, v,; as the
velocity of longitudinal sound wave, and Z as the shift of the
band edge per unit dilation. |/(ig.)|* is the form factor for
electron-phonon scattering and it takes the form® (y
=q.al2)

a* sin’ _msin"y

1(iq,)|* = T e (45)
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FIG. 1. (Color online) Temperature dependen01es of (a) the total
side-jump anomalous Hall conductivity, o U, and the longitudinal
conductivity, oy,, and (b) the components of the side-jump Hall
conductivity in an InSb-based quantum well with width a=20 nm.
The electron density is N,=2X 10" m~2, the magnetization is M
=2 meV, and the zero-temperature mobility in the absence of mag-
netization g is uo=50 m?/V's.

In our calculation, the other parameters are chosen
as follows: «k=17.54, «k,=15.68, d=5.775¢ cm™3,
vy=3.75X10ms™!, ;=242 meV, E=20¢eV, and m"
=0.0138m,.%"” The width of the InSb-based quantum wells is
assumed to be a=20 nm and the sheet density of electrons is
taken as N,=2X 10" m™2. The impurity density is deter-
mined by assuming an electron mobility in the absence of
magnetization at 7=0 K, . Further, to take account of the
nonparabolicity of the energy band of InSb, we use the Kane
band model:

e(1+ ag) =p*12m”, (46)

with a=1/E as the nonparabolic parameter. In this calcula-
tion, without loss of generality, we specifically study the
anomalous Hall current flow along the x direction when the
electric field is applied along the y direction: E=(0,E,,0).
In Fig. 1, we plot the total side-jump anomalous Hall
conductivity, o-SJ —JSJ / E,, the longitudinal conductivity,
=J,/E,, and thc components of the side-jump Hall con-
duct1v1ty, o’"“p £ = Jlmp £y E, and o’ LO = =J 1Oy E, (Ji* 1O are
the side-j Jurnp anomalous Hall currents due to the acoustic
and LO phonons and their sum is just Jf;h), as functions of
temperature for M =2 meV and o=50 m?/V s. We find that
as temperature increases, xy ¢ and O'L first increase and then
decline. ;7" and a‘E decrease monotonlcally with increasing
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FIG. 2. (Color online) Dependencies of (a) o"mp and o‘g, and (b)

0%;) on temperature in InSb-based quantum wells for various impu-
rity densities N;. These N; correspond to different zero-temperature
mobilities in the absence of magnetization: uy=0.1, 1, 5, 10, and

25 m?/V s. The other parameters are the same as in Fig. 1.

temperature. The total side-jump anomalous Hall conductiv-
ity a's) is practically a constant for 7<<60 K due to compe-
tition of o7 L0 and o-lmp £, and it then decreases with further
temperature increase.

It was known that when the electron-phonon scatterings
can be ignored, J™P=J£. From Fig. 1, we see that for
=50 m?/V s, J™ is approximately equal to J only at very
low temperature since in this temperature regime the
electron-impurity interaction dominates the electron relax-
ation process. Moving out of this regime, electron-phonon
scattering can no longer be ignored and J'™P is always less
than JF at a given temperature. It is to be expected that J™P
may tend to coincide with JZ over the entire studied tempera-
ture regime, 0<7<300 K, if u, decreases such that
electron-impurity scattering becomes dominant in compari-
son with the electron-phonon interaction. This is evident in

Fig. 2(a), where the temperature dependencies of o" and
(T% are plotted for various impurity densities. From Fig. 2(a)
we see that, at a given temperature, J™ increases with in-
creasing impurity density. For uy=~0.1 m?/V s, J™ and J¥
practically are the same.

In Fig. 2(b), we also show 0')];;) as functions of tempera-
ture for various impurity densities. We see that, at a given
temperature, o‘L‘vO decreases with increasing N;. This arises
from the fact that A [e,(p)] decreases with increasing im-
purity density.
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FIG. 3. (Color online) Temperature dependencies of (a) the
skew-scattering anomalous Hall conductivity o and (b) the total
side-jump anomalous Hall conductivity 0'S in InSb based quantum
wells for various impurity densities or zero-temperature mobilities
in the absence of magnetization: =10, 25, and 50 m?2/V s. The
other parameters are the same as in Fig. 1.

The temperature dependencies of skew-scattering AHC,
o‘SS—JSS/Ew and total side-jump AHC, o-fj, for various im-
purity densities are also plotted in Fig. 3. We see that as
temperature 1ncreases 0' oy S decreases rapidly. With increasing
impurity density, o Xy S decreases at low temperature, but it
increases in the relatlvely high temperature regime. On the

other hand, practlcally is independent of N;. For wu,
=10 m2/V S, we see that O';?V is always much larger than
0_SJ

In Fig. 4(a), we also plot the temperature dependencies of

I and o-S for relatively small u. It is clear that a'SJ and
O_§§ are of the same order of magnitude for uy~ 1 m?/ V s.In
F1g 4(b), the total anomalous Hall conductivities, o‘AHE
—O'SJ+ afys are shown as functions of temperature. We see
that w1th increasing temperature, afyHE decreases. At a given
temperature, it increases with .

Our investigation indicates, in agreement with previous

works, that a'SJ is important in relatively dirty samples, while

(@) v 1,=0.5m’/Vs 2
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FIG 4. (Color online) Temperature dependencies of (a) 05 and

”, I and (b) the total anomalous Hall conductivity o'A for Varlous

impurity densities or zero-temperature mobilities in the absence of
magnetization: py=0.5, 0.8, 1.0, and 1.5 m?/V's.
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0>% is dominant in systems with high . Our investigation

alxsyo makes it clear that the effects of electron-phonon scat-
tering on the total anomalous Hall conductivity are twofold:
electron-phonon scattering makes a nonvanishing contribu-
tion to side-jump AHC, and it also affects O'Xi and ofs
through the diagonal distribution function (or by A [& M(p)])y

It should be noted that, in our study, we have considered
the SOI directly induced by the driving electric field and the
spin-orbit coupling associated with the electron-impurity and
electron-phonon scatterings, while the intrinsic spin-orbit
couplings, including the Rashba and Dresselhaus spin-orbit
interactions, have been ignored. Actually, such intrinsic SOI
can also give rise to a nonvanishing contribution to the Hall
conductivity.3%38-40 However, the Rashba SOI can be con-
trolled by altering the gate voltage and the Dresselhaus SOI
in zinc-blende semiconductors may be suppressed by appro-
priate heterostructure growth protocols.?® In this context, it is
meaningful to examine the combined effects of electron-
impurity and electron-phonon interactions on AHC while ig-
noring such intrinsic SOI.

In the present paper, we have investigated the anomalous
Hall effect in two-dimensional systems with magnetization,
which may be introduced by the injection of spin-polarized
electric current, by doping with magnetic impurities like Mn,
or by photoinduced spin polarization. In general, the magne-
tization may also be induced by a magnetic field. However,
this magnetic field can also lead to an ordinary Hall conduc-
tivity which is much larger than the anomalous Hall conduc-
tivity in InSb-based quantum wells: the ordinary Hall con-
ductivity is 34.6e%/h for a magnetic field B=0.34 T (in an
InSb-based quantum well with effective g factor g=-51.4,
this magnetic field corresponds to a magnetization M
=1 meV). Hence, it is difficult to distinguish the anomalous
Hall effect from the total Hall conductivity observed in InSb-
based quantum wells driven by magnetic fields. In contrast to
this, the AHE is expected to be observed in quantum wells
based on narrow-band ferromagnetic semiconductors, also in
spin-injection structures involving narrow-band semiconduc-
tors, and/or in quantum wells based on narrow-band semi-
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conductors with carriers induced by circularly polarized
light, where the ordinary Hall conductivity vanishes.

IV. CONCLUSIONS

Considering electron-impurity and electron-phonon scat-
terings, we have presented a kinetic equation approach to
investigate the anomalous Hall effect in two-dimensional
systems with magnetization. The spin-orbit coupling induced
directly by an external driving electric field, as well as the
spin-orbit interaction due to the electron-impurity and
electron-phonon scatterings, have been taken into account.
The side-jump contributions from these SOI’s to anomalous
Hall current were expressed in terms of a distribution func-
tion, while the skew-scattering AHC was obtained by con-
sidering the electron-impurity (and electron-phonon) scatter-
ing up to the second Born approximation. Further, we
performed a numerical calculation for InSb-based quantum
wells to examine the temperature dependencies of the vari-
ous components of the anomalous Hall current. The com-
bined effects of electron-impurity and electron-phonon scat-
terings on the total anomalous Hall current have been
discussed in detail.
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APPENDIX: PROOF OF THE EQUALITY OF J™P AND J%
IN THE ABSENCE OF ELECTRON-PHONON
SCATTERINGS

Since the carrier energy &,(p) depends only on the mag-
nitude of momentum, the velocity v,(p) is parallel to mo-
mentum p. By using the triangle relation for ¢,— ¢y, J™
presented in Eq. (35) can be rewritten as

) T A e
3= I NE X 0] S 0V, 0y [y, 00 - v, 001, ) 2,00 e, 0] (AD

p.k.u UM(P)

The factor (k—p) can be replaced by [cos(¢y—chp)—1]p or by [1—cos(¢,— )]k since the term associated with sin(¢y
—¢,) vanishes after momentum summation, and the delta function standing on the right-hand side of Eq. (A1) ensures the
equality of magnitudes of the momenta p and k. Thus, J™P can be further rewritten as

3= TNENE X 0] X (= 14V i L1 - cos( ey~ )16, (p) = 2,(1)]

p.k.u
A e A le
x {k . vu<k>n'[sﬂ(k)]~‘%(f;f)ﬁ] “p- vM<p)n'[eM<p>]%(Pf)¢”}. (A2)
Ale (K)] Ale,(p)]

Here, we use the fact that n'[e,(k)]— © e, (p)-¢e,(k)]=n"[g,(p)]— ® e, (p)—¢&,(k)]. Considering that
EP|Vp_k|2[1—cos(¢>k—¢p)]5[sﬂ(p)—su(k)]= 1/[277'7“;“"(1()] for the terms involving A [&,(k)] and A [e,(p)] in Eq. (A2), we
can further simplify J"™P as
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i 1
J=NeNE X ] (= )p - v,,(p)
p.u
, Ale,(p)]
X[, (p)] -2 PLL

v,(P) ()
When the electron-phonon scattering can be ignored,
A le, (k)] takes a simple form: A [e,(k)]=v,(p) fl‘:‘P(p).

Considering v, (p)n'[&,(p)]=Vn[e,(p)]. we arrive at

(A3)

: 1
"= NeNE X ]2 (= D“p - Vynle, ()] (A4)
p.i
After replacing the momentum summation by an integral and

performing the momentum integral by parts, we finally ob-
tain JmP=JE,

PHYSICAL REVIEW B 76, 195309 (2007)

From Eq. (11), we see that J£ can be rewritten as

JE=e*\[E X n]7N,, (AS)

with 7= (N;=N|)/N, as the spin polarization (N, and N, are
the density of electrons with spins T and |, respectively).
Since J™ is equal to J¥ in the absence of electron-phonon
scattering, the total side-jump anomalous Hall current at zero
temperature takes the form

J¥ =2¢°\[E X n]7yN,, (A6)

in agreement with that presented in Ref. 29.
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