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We present theoretical investigations of the anharmonic phonon mean-free path in cubic and hexagonal AlN.
The cubic anharmonicity in crystal potential has been modeled within an anharmonic elastic continuum model.
Numerical calculations have been carried out within the Fermi’s golden rule scheme and by using the phonon
dispersion and group velocity results from a full lattice dynamical model. The calculated mean-free path results
for both crystal phases are compared with estimates made previously by Watari et al. �J. Mater. Res. 17, 2940
�2002�� for the hexagonal phase, and a discussion on the level of agreement is provided. Our work predicts that
at room temperature and above, the average phonon mean-free path for the zinc-blende phase is approximately
four times that for the wurtzite phase, suggesting that AlN will exhibit far better high thermal conductivity
behavior in its cubic phase.
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I. INTRODUCTION

Due to its unique and promising properties, AlN has been
the subject of numerous investigations. Among III-nitrides,
AlN is regarded as a high thermal conductivity material,1

with its conductivity nearly twice that of Si and comparable
to that of most conductive metals.2,3 It also exhibits excellent
mechanical properties such as light weight, hardness, and
corrosion resistance.4 Being a wide band gap and high ther-
mal conductivity material with low thermal expansion coef-
ficient �close to that of silicon�, high temperature stability,
high flexure strength �equivalent to alumina�, high volume
resistivity, good dielectric strength, high electrical sensitivity,
and low toxicity, AlN appears to be suitable for many elec-
tronic and high power applications.

Similar to other III-nitrides, AlN can be grown in two
crystal phases: cubic �zinc-blende structure� and hexagonal
�wurtzite structure� with nearly equal formation energy. The
electronic and optical properties of the two phases of AlN are
very similar.5 The two phases are also predicted to possess
similar specific heat capacity.6 However, an examination of
the phonon spectrum readily allows for making a clear dis-
tinction between the two crystal phases �see, e.g., Refs. 7 and
8�. The differences in the vibrational properties of the two
phases are expected to lead to corresponding differences in
their thermal properties. It is thus important to examine such
properties rigorously.

The thermodynamic and thermal transport properties of
AlN, as a nonmetallic material, are exclusively governed by
phonons. The phonon mean-free path is an important physi-
cal quantity which plays a vitally important role in determin-
ing such properties. At moderate and high temperatures, the
phonon mean-free path is governed by anharmonic three-
phonon scattering processes. Investigations of three-phonon
relaxation processes and their temperature and frequency de-
pendences have been largely attempted within the isotropic
continuum model since the early decades of the last
century.9–12 The continuum model, however, completely ig-
nores the role of optical phonons, as well as of phonon group
velocity, in treating thermal properties of solids.

In this work, we present results for the anharmonic pho-
non mean-free path in cubic and hexagonal AlN using a full

lattice dynamical model. A comparison of the results ob-
tained for the two phases is provided. The role of optical
phonons is also considered and discussed. We also compare
our results with estimates made previously by Watari et al.13

for the hexagonal phase and provide a discussion on the level
of agreement. Using our results, we further comment on the
high thermal conductivity behavior of AlN in the two crystal
phases.

II. THEORY AND COMPUTATIONAL DETAILS

A. Formalism

An expression for phonon mean-free path can be derived
by employing different theoretical approaches. Two standard
approaches discussed in the literature12,14 are based on the
applications of �i� a variational principle and �ii� the single
mode relaxation time scheme. With the application of Zi-
man’s variational principle, the phonon mean-free path � can
be expressed in the form

�−1 =
v̄
C

�
qs

1

vqs
2 �qs

−1Cqs. �1�

Application of the single mode relaxation time approach
leads to the expression

� =

�
qs

Cqsvqs�qs

v̄�
qs

Cqs

=

�
qs

Cqsvqs
2 �qs

v̄�
qs

Cqs
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The following symbols have been used in the above equa-
tions. A phonon is identified with its wave vector q and its
polarization index s; the quantities � and �qs are mode-
average and mode-dependent phonon mean-free paths, re-
spectively; �qs represents the relaxation time of the phonon
mode qs; mode-average and mode-dependent phonon speeds
are denoted by v̄ and vqs, respectively; and C and Cqs are
mode-average and mode-dependent phonon specific heats,
respectively, with the interrelationship
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�qs
2 n̄qs�n̄qs + 1� , �3�

where � is the reduced Planck’s constant, kB is Boltzmann’s
constant, T is temperature, and n̄qs is the Bose-Einstein �i.e.,
equilibrium� distribution function for the mode qs. The ex-
pression in Eq. �1� provides a lower bound to the mean-free
path �.12 It is therefore preferable to use Eq. �2� for numeri-
cal evaluation of �. In this work, we will therefore utilize Eq.
�2�.

For calculating the phonon relaxation rate �qs
−1, we have

employed Fermi’s golden rule formula, based on the cubic
anharmonic part V3 of the crystal Hamiltonian as perturba-
tion, as described in Refs. 12 and 15. Three ingredients are
required for an accurate computation of the relaxation rate:
phonon dispersion relation, crystal anharmonic potential, and
a numerical scheme for carrying out Brillouin zone integra-
tion. In this work, we have employed the phonon dispersion
relations obtained from an adiabatic bond charge model, the
crystal anhamonic potential is modeled within an anhar-
monic elastic continuum scheme, and the Brillouin zone in-
tegration is performed by employing an efficient special
q-point scheme. We will detail the first and third points in the
next section. Here, we mention that within an anharmonic
elastic continuum scheme, the cubic crystal anharmonic po-
tential V3 has been expressed as12

V3 =
1

3!
� �3

8�3N0�
�

qs,q�s�,q�s�,G

� qq�q�

vsvs�vs�
Aqq�q�

ss�s� �q+q�+q�,G

	�aqs
† − aqs��aq�s�

† − aq�s���aq�s�
† − aq�s�� . �4�

Here, � is the material density, N0 is the number of unit cells,
� is the volume per unit cell, q, q�, and q� are the wave
vectors of phonons with polarizations s, s�, and s�, respec-
tively, and aqs

† �aqs� is phonon creation �annihilation� opera-
tor.

Good reviews of the theory of phonon anharmonic inter-
action can be found in Refs. 12, 14, 16, and 17. These re-
views clearly show that it is extremely difficult, if not im-
possible, to calculate, from an ab initio theory, the three-

phonon scattering strength �Aqq�q�
ss�s� �2 for all required choices

of the phonon vectors q, q�, and q� and polarization indices
s, s�, and s� needed for a full calculation of the phonon
mean-free path. To the best of our knowledge, the most
elaborate and workable approach to date is due to Hamilton
and Parrott18 and Srivastava.15,19,20 Within this scheme, the
crystal anharmonic potential V3 is expressed by considering
the crystal as an anharmonic elastic continuum, characterized
by second and third order elastic constants cij and Cijk. Ex-

pressions for the scattering strengths �Aqq�q�
ss�s� �2 have been de-

rived by either restricting the three participating phonon vec-
tors q, q�, and q� to lie in a plane18,19 or with q, q�, and q�
randomly oriented in three dimensional space.20 In view of
the fact that either cij and Cijk are not known at all, or known
with insufficient accuracy, a further level of simplification
was invoked by Ziman.14 Following the latter approach,

Srivastava12 derived the following simple expression for

�Aqq�q�
ss�s� �2:

�Aqq�q�
ss�s� �2 =

4�2

v̄2 
2vs
2vs�

2 vs�
2 , �5�

with vs, vs�, and vs� as the speeds of phonons with frequen-
cies frequencies �qs, �q�s�, and �q�s�, respectively, 
 as the
mode-average Grüneisen’s constant, and G as a reciprocal
lattice vector. As even the mode-average 
 is not known with
sufficient degree of accuracy, it is treated as a semiadjustable
parameter in this work.

When dealing with anharmonic phonon interaction gov-
erned by the term V3 above, it is usual to employ the concept
of single mode relaxation time.12,17 In this scheme, the relax-
ation time of a phonon mode qs is obtained by assuming that
this mode acquires an out-of-equilibrium distribution �i.e., a
displaced Bose-Einstein distribution function� while other
phonon modes �i.e., q�s� and q�s� in Eq. �4�� remain in their
equilibrium. Within this scheme, the relaxation rate of a pho-
non mode qs via three-phonon processes can be expressed,
employing Fermi’s golden rule formula, as12

�qs
−1 =

��
2

�N0�v̄2 �
q�s�,q�s�,G

�qs�q�s��q�s�

	� n̄q�s��n̄q�s� + 1�
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2

n̄q�s�n̄q�s�

n̄qs

���qs − �q�s� − �q�s���q+G,q�+q�	 . �6�

In the above equation, the first term represents the contribu-
tion when the mode qs relaxes by combining with another
phonon q�s� to produce a third phonon q�s�, and the second
term corresponds to the mode qs breaking into two lower
frequency phonons q�s� and q�s�. Both processes are subject
to energy and momentum conservation conditions via the
Dirac delta function and the Kronecker delta symbol, respec-
tively. The terms with G=0 and G�0 are due to the so-
called three-phonon normal �N� and umklapp �U� processes,
respectively.

B. Numerical procedure

In order to make numerical calculations for the two crys-
tal phases of AlN, the summation over q� has been per-
formed by using the Kronecker delta symbols, and the sum-
mation over G has been performed by considering eight
shortest fcc reciprocal lattice vectors for the cubic phase and
by considering six shortest hexagonal reciprocal lattice vec-
tors for the wurtzite phase. For numerical calculations, we
expressed the Dirac delta functions in Eq. �6� in Gaussian
form using

��x� = lim
�→0

1

���
exp
− x2

�2 � . �7�

The remaining wave vector summation over q� has been
carried out by using the concept of special wave vectors.22,23

Accordingly, we express
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�
q�

f�q�� = N0�
j=1

Nsp

Wjf�q j�� , �8�

where Nsp is the number of special points within the first
Brillouin zone, and Wj is the non-negative weight factor as-
sociated with a special point q j�. Numerical consideration of
the momentum conservation conditions q+q�±q�=G was
made as follows:

�qx + qx� ± qx� − Gx�  �1,

�qy + qy� ± qy� − Gy�  �2,

�qz + qz� ± qz� − Gz�  �3, �9�

with �i chosen as the smallest �qi� in the set of special wave-
vectors.

The phonon frequencies at the special wave vectors for
the two phases of AlN were obtained by employing the adia-
batic bond charge model.8,21 Convergence tests were per-
formed by considering different sets of Monkhorst-Pack spe-
cial q points inside the Brillouin zone.22,23 It was found that
a consideration of 110 points corresponding to the 10	10
	10 grid for the cubic phase and 120 points corresponding
to the 10	10	8 grid for the hexagonal provided well con-
verged results.

Three further considerations need to be made for numeri-
cal calculations of the mean-free path: mode phonon speeds
vqs, average �acoustic� phonon speed v̄, and the Grüneisen
constant 
. The average �acoustic� phonon speed was calcu-
lated from the slopes of the acoustic phonon dispersion rela-
tion ��qs� along the principal symmetry directions for the
crystal phase under consideration. For the cubic and hexago-
nal phases, we determined v̄c=7.5	103 m s−1 and v̄h=6.77
	103 m s−1. Mode phonon speeds vqs were calculated using
three different schemes. �i� Within the isotropic continuum
scheme, the speeds from the slopes of the acoustic branches
were obtained as vTA

c =6.75	103 m s−1, vLA
c =12.27

	103 m s−1 for the cubic phase and vTA
h =6.22	103 m s−1,

vLA
h =11.94	103 m s−1 for the hexagonal phase. �ii� Mode

speeds were also calculated as the phase speeds from the
phonon dispersion results using vqs=��qs� /q. �iii� Group ve-
locities were numerically calculated from the phonon disper-
sion results using vqs=�q��qs�. The Grüneisen constant is
mode dependent and also varies with temperature: 

=
�qs ,T�. Keeping up with the usual practice, a mode-
average 
 was considered for numerical calculations of �.
Bruls et al.24 have evaluated numerical values of mode-
average 
 at several temperatures in the range 90–1600 K.
The values of �
� lie in the range 0.24–0.96. In this work, we
have utilized the numerical values of 
 listed in their work.

III. RESULTS

A. Phonon dispersion curves

Figure 1 presents the phonon dispersion curves for c-AlN
and h-AlN, obtained from the application of the adiabatic
bond charge model.8 The calculated energies and dispersion

curves agree well with experiment, as discussed previously.8

For the benefit of discussing numerical results for phonon
mean-free path, we briefly point out some characteristic fea-
tures of the phonon dispersion curves. In the cubic phase,
there are three acoustic �ac� and three optical �op� branches.
The two transverse optical �TO� branches are degenerate,
with negligible dispersion, for a very large portion of the
Brillouin zone. There is a negligibly small ac-op gap. The
optical modes have very low group velocity �with the sixth
branch with a negative group velocity� and thus are not ex-
pected to act as heat carriers, so we do not include these in
the computation of average mean-free path. However, all in-
teractions, such as ac-ac and ac-op, are taken into account.

For the wurtzite structure, there are three acoustic, three
low-lying optical, and six higher-lying optical branches. The
energy gap between the lower and higher optical phonon
branches is slightly larger than the ac-op gap in the cubic
phase. Four optical branches �branches 7–10� show very
shallow level of dispersion. The phonon group velocity in the
lowest two optical branches �i.e., branches 4 and 5� is posi-
tive along the in-plane symmetry directions �-K and �-M,
but is negative along the out-of-plane symmetry direction
�-A. The group velocity of the third optical branch �i.e.,
branch 6� is negative along all the three principal symmetry
directions. The next three optical branches �i.e., branches
7–10� are characterized by very low group velocity, and the
last two branches �i.e., branches 11 and 12� possess negative
group velocity. Thus, we have calculated the mean-free path
by considering only the lowest five branches in h-AlN. How-
ever, all interactions, such as ac-ac and ac-op, are taken into
account.
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FIG. 1. Phonon dispersion curves, obtained from the adiabatic
bond charge model, for �a� c-AlN and �b� h-AlN.
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B. Comparison of results from the two theoretical approaches

In order to compare estimates from the two approaches
described in Sec. II, we present in Fig. 2 the phonon anhar-
monic mean-free path � in c-AlN considering only acoustic
branches and using the isotropic continuum model, and with
a constant value of 
=0.8. As expected, the numerical esti-
mate from the variational principle approach is lower than
that obtained using the single mode relaxation time approach
at all temperatures. This difference �about 67% at room tem-
perature� arises from the fact that in Ziman’s variational prin-
ciple, the phonon relaxation rate is calculated using only
three-phonon umklapp processes. In the rest of the work, we
will, therefore, present results based on the single mode re-
laxation time approach.

C. Role of group speed

Numerical results, within the single mode relaxation time
scheme, for the mean-free path � in c-AlN using the three
different approaches for phonon speed are shown in Fig. 3.
These results were obtained by only considering the acoustic
phonon branches and a constant value of 
=0.8. Although
there is not much of a difference between these results at low

temperatures, there are significant differences at tempera-
tures above 100 K. We find that the results obtained from
using the continuum mode speeds are higher than those ob-
tained from using the phase mode speeds, which, in turn, are
higher than results obtained from using group mode speeds.

These differences are justified and completely understood
by examining the temperature variation, shown in Fig. 4, of
the population average of the continuum, phase, and group
speeds �taken over acoustic branches in the zinc-blende
structure�,

v̄ =

�
qs

vqsn̄qs

�
qs

n̄qs

. �10�

It can be seen that above 100 K, the population averaged
phonon continuum speed is higher than the phase speed,
which, in turn, is higher than the group speed. This is be-
cause at low temperatures, most of the excited phonons in
solids are confined to low-q or long-wavelength acoustic
branches. These phonons have high group speeds. However,
with increase in temperature, more phonons from higher
branches �which have lower, and in some cases negligible or
negative, group velocities� are excited. In this sense, the pho-
non population average group speed will drop dramatically
with increase of temperature. Above a certain temperature,
when phonons from all branches have been populated, there
will be no appreciable drop or change in the population av-
erage speed.

The differences discussed above clearly establish the im-
portance of using numerically accurate phonon group speed
in the calculation of anharmonic mean-free path and related
thermal properties. All the results discussed in further sec-
tions are based on the use of mode group speeds.

D. Role of normal and umklapp processes

In order to discuss the relative roles of three-phonon nor-
mal and umklapp processes in controlling phonon mean-free
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FIG. 2. �Color online� Phonon mean-free path obtained from
Ziman’s variational principle �dotted line� and from single mode
relaxation time �SMRT� approach �solid line� in c-AlN. The isotro-
pic continuum model for acoustic phonon branches was used, with

=0.8.
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FIG. 3. �Color online� Comparison of phonon mean-free path in
c-AlN considering acoustic modes only and using phonon con-
tinuum speed, phonon phase velocity, and phonon group velocity,
with 
=0.8.
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FIG. 4. �Color online� Temperature variation in c-AlN of popu-
lation average of �i� phonon continuum speed, �ii� phonon phase
speed, and �iii� phonon group speed.
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path, we carried out calculations for umklapp processes by
including the set of shortest G vectors. Inclusion of the set of
second smallest G vectors decreases � by approximately 6%,
12%, and 16% at 100, 300, and 1000 K, respectively, for
c-AlN. The results presented henceforth were carried out by
including the set of shortest G vectors.

Figure 5�a� shows contributions toward the acoustic pho-
non mean-free path from three-phonon normal and umklapp
processes. The calculations were performed for c-AlN by
only considering acoustic phonon branches, numerical group
velocities, and 
=0.8 as a constant value for Grüneisen’s
constant. The phonon mean-free path due to umklapp pro-
cesses is much larger than the contribution from normal pro-
cesses at all temperatures considered here. This reveals that
phonon-phonon interactions are dominated by normal pro-

cesses. This conclusion contrasts with the results obtained
using the �simpler� isotropic continuum model,12,15,20 which
indicates that umklapp processes �treated within an artificial
grafting scheme� are at least as strong as normal processes.
We also point out that our result contrasts many other previ-
ous works in the field of phonon-phonon interactions, which
only consider umklapp processes �and thus completely ig-
nore normal processes�.25–27

E. Effect of acoustic-optical interaction in c-AlN

The consideration of acoustic-optical �ac-op� interactions
in c-AlN, as shown in Fig. 5�b�, reduces acoustic phonon
mean-free path due to both N and U processes. While the
acoustic mean-free path due to normal processes is reduced
by about 68% at 100 K and by about 86% at 1000 K, the
acoustic mean-free path due to umklapp processes is reduced
by about 3% only at 100 K and by less than 2% at 1000 K.
The results displayed in Fig. 5�c� show a comparison of the
average phonon mean-free path of acoustic phonons �includ-
ing both normal and umklapp contributions� with and with-
out the consideration of optical modes in c-AlN. The inclu-
sion of the acoustic-optical interactions in the calculations
results in reducing the acoustic phonon mean-free path at all
temperatures. While this reduction is very small at low tem-
peratures, it reaches around 39% at room temperature and
46% at 1000 K.

F. Crystal phase dependence

Results displayed in Fig. 6 show a comparison between
the theoretical results for the average phonon mean-free path
of acoustic modes �i� in c-AlN and �ii� in h-AlN �considering
the lowest five phonon branches—modes with positive group
velocity�. The results include interactions of these phonon
modes with acoustic as well as optical modes. The results
were obtained by using a constant value for the Grüneisen
constant: 
=0.8. As expected, the phonon mean-free path in
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FIG. 5. �Color online� Contributions to the acoustic phonon
mean-free path in c-AlN from normal and umklapp processes, with

=0.8. Panel �a� shows N and U contributions for ac-ac interac-
tions. Panel �b� shows N and U contributions with ac-ac and ac-op
interactions. Panel �c� presents a comparison of total results with
and without ac-op interactions.
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FIG. 6. �Color online� Mean-free path of �i� acoustic phonons in
c-AlN and �ii� phonons in the lowest five branches in h-AlN. Re-
sults are presented with and without temperature dependence of
Grüneisen constant 
. The effect of 
�T�, taken from the work of
Bruls et al. �Ref. 24�, can be clearly seen.
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h-AlN is lower than that in c-AlN at all temperatures. At
room temperature and above, the mean-free path in c-AlN is
obtained to be nearly four times that in h-AlN. We also find
that this ratio can be affected by the temperature dependence
of 
. In the figure, we also show the results obtained by
utilizing 
�T� as tabulated in the work by Bruls et al.24 We
note that there are no data available in the work of Bruls et
al. below 90 K. We have discarded the �very small� value of

 at 100 K in their table, and for temperatures below 90 K,
we have adopted the value at 90 K. The effect is that a much
bigger difference in the mean-free path is obtained at low
temperatures than at high temperatures. Still, at room tem-
perature and above, the mean-free path in c-AlN remains
approximately four times that in h-AlN.

G. Comparison with previous results

Watari et al.13 calculated the average anharmonic phonon
mean-free path � from the relation �=3� / v̄C and using the
prediction by Slack et al.2 of the intrinsic thermal conductiv-
ity � of AlN in the wurtzite phase by correcting the residual
oxygen content in a high-purity single crystal. It is worth
emphasizing that the results obtained in Ref. 2 for the con-
ductivity are primarily for heat flow along the c axis of the
wurtzite structure. The difference between conductivity val-
ues parallel and perpendicular to the c axis is estimated to be
approximately 20% at low temperatures and approximately
5% at room temperature and above. These points should be
kept in mind when discussing comparison of our results with
those of Watari et al. for the anharmonic mean-free path.

In Fig. 7, we have compared our calculated results for
both c-AlN and h-AlN with the estimates made by Watari et
al. As mentioned earlier, we have used the mode-average

�T� as presented in the work of Bruls et al. Our results for
the cubic phase appear to be in reasonable agreement with
the results obtained by Watari et al. However, in view of the
points made in the previous paragraph, such a comparison
should be made with caution. All that can be said with some
degree of confidence is that both this work as well as the
work by Watari et al. have obtained similar temperature

variation of the mean-free path over a large temperature
range.

H. Implication for high thermal conductivity behavior

Using the expression �= 1
3Cv̄�, based on the consider-

ation of three acoustic branches in the cubic phase and the
lowest five branches in the hexagonal phase �ignoring the
sixth branch on account of very small group speed�, from our
numerical work at high temperatures �i.e., using n̄qs=

kBT

��qs
�,

we find that the lattice thermal conductivity ��� of c-AlN
will be approximately 2.7 times that of h-AlN at room tem-
perature and above, where anharmonicity provides the main
source of phonon scattering. This estimated ratio, based on
the assumption that the mode-average Grüneisen’s constant 

is the same for both the crystalline phases, should be taken as
an upper limit, and a full-scale calculation must be per-
formed to obtain an accurate value at a given temperature.
This result clearly suggests that AlN would be a far better
high thermal conductivity material when grown in its cubic
phase than in its hexagonal phase.

Our prediction for the relative high thermal conductivity
behaviors of the cubic and hexagonal phases of AlN can be
compared with the prediction obtained from a simple theory
presented by Morelli and Slack28 and detailed by Slack.29

This theory uses a simple counting scheme �to account for
conductivity contribution from each basis atom in the unit
cell� and a scaling scheme for adjusting the Debye radius for
a complex structure with several atoms per unit cell. Accord-
ing to their theory, the thermal conductivity of a complex
crystal structure �such as the wurtzite structure� near the De-
bye temperature can be expressed as

� = A
M̄�3�


2Tn2/3 ,

where A is an appropriate constant, M̄ is average atomic
mass, � is the Debye temperature, �3 is atomic volume, and n
is the number of basis atoms per unit cell.

In agreement with our work, the Morelli-Slack theory pre-
dicts that the thermal conductivity of the cubic phase is
higher than that of the hexagonal phase. However, the
Morelli-Slack theory predicts that at high temperatures, the
conductivity of the cubic phase will be 1.59 �=23/2� times
that of the hexagonal phase. This ratio is quite small com-
pared to our �more accurate� prediction of approximately 2.7.
This difference mainly arises due to the two main simplifi-
cations involved in the Morelli-Slack theory. In particular,
their theory is based on the application of the linear disper-
sion relation �qs= v̄q within the isotropic continuum limit
and the corresponding quadratic frequency variation of the
density of states g�����2 for all phonon modes. Figure 1 in
this work clearly demonstrates that the linear dispersion re-
lation is not justified for all modes, particularly for the non-
cubic wurtzite structure.

There are two main reasons why the thermal conductivity
of the cubic AlN would be higher than that of the hexagonal
AlN. The first is that the cubic phase represents a simpler
crystal structure with fewer number of optical phonon

0 200 400 600 800 1000
T (K)

10
-4

10
-2

10
0

10
2

10
4

10
6

Ph
on

on
m

ea
n

fr
ee

pa
th

(µ
m

)

cubic
hex
Watari et al.

FIG. 7. �Color online� Mean-free path of �i� acoustic phonons in
c-AlN considering ac-op interactions taking 
�T� presented in Ref.
24 and �ii� lowest five phonon branches in h-AlN considering their
interactions with phonons in all higher branches taking 
�T� pre-
sented in Ref. 24. Circles show estimates made by Watari et al.
�Ref. 13�.
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branches than the hexagonal phase, as mentioned in Sec.
III A. The presence of nine optical branches in the hexagonal
phase leads to much stronger phonon-phonon interaction
compared to the cubic phase which contains only three opti-
cal branches. The second reason is that the average phonon
speed in the hexagonal phase is somewhat smaller than in the
cubic phase. A combination of these two factors makes both
the mean-free path �MFP� and the conductivity �which is
proportional to the product of MFP and average speed� of the
cubic phase larger than that of the hexagonal phase. This
comparative result is not only limited to AlN but is valid for
all materials that can adopt two or more energetically-
competing crystalline phases, such as other III-nitrides.

The main ingredient of this work, viz., the anharmonic
phonon relaxation rate, can be utilized to develop a full-scale
computational method for studying thermal conductivity of
crystalline materials. In particular, it would be highly benefi-
cial to provide accurate, parameter-free comparative esti-
mates of the conductivity of the cubic and hexagonal phases
of III-nitrides. This would help explain existing experimental
results for bulk nitrides.30 In addition, such a theoretical de-
velopment would help provide a clearer understanding, than
is currently possible from theories based on the continuum
model, of conductivity results for nitride alloys31 and nitride
thin films32 based on clearer physical considerations.

IV. SUMMARY

We have theoretically investigated the phonon anhar-
monic mean-free path in cubic and hexagonal AlN. The

method employed the Fermi’s golden rule formula and the
calculations were performed using �i� phonon dispersion re-
lations obtained from the application of the adiabatic bond
charge model, �ii� cubic anharmonic crystal potential derived
within an anharmonic elastic continuum model, �iii� mode-
average and temperature dependent Grüneisen constant, and
�iv� a special q-point scheme for Brillouin zone summation.
Our results can be summarized as follows.

�1� Three-phonon normal processes dominate the phonon
relaxation rate and thus heavily control the mean-free path.

�2� Assuming that mode-average 
 is the same for cubic
and hexagonal crystal phases, our work predicts that the pho-
non mean-free path for c-AlN is approximately four times
that for h-AlN at room temperature and above. In particular,
the mean-free path of acoustic phonons in c-AlN ranges
from 2 nm at 1000 K to approximately 2000 nm at low tem-
peratures, while the mean-free path of phonons �including
acoustic and low-lying optical modes with positive group
velocity� in h-AlN ranges from 0.5 nm at 1000 K to 200 nm
at low temperatures.

�3� Our work suggests that AlN will exhibit a far im-
proved high thermal conductivity behavior �up to a maxi-
mum of 2.7 times� in its cubic phase compared to its hex-
agonal phase at room temperature and above.
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