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Spin pumping of current in non-uniform conducting magnets
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Using irreversible thermodynamics, we show that current-induced spin transfer torque within a magnetic
domain implies spin pumping of current within that domain. This has experimental implications for samples
both with conducting leads and that are electrically isolated. These results are obtained by deriving the
dynamical equations for two models of non-uniform conducting magnets: (1) a generic conducting magnet,
with net conduction electron density n and net magnetization M , and (2) a two-band magnet, with up and down
spins each providing conduction and magnetism. For both models, in regions where the equilibrium magneti-
zation is non-uniform, voltage gradients can drive adiabatic and nonadiabatic bulk spin torques. Onsager
relations then ensure that magnetic torques likewise drive adiabatic and nonadiabatic currents—what we call
bulk spin pumping. For a given amount of adiabatic and nonadiabatic spin torques, the two models yield
similar but distinct results for the bulk spin pumping, thus distinguishing the two models. As for recent
spin-Berry phase work, we find that within a domain wall, the ratio of the effective electromotive force to the
magnetic field is approximately given by P(2up/e), where P is the spin polarization. The adiabatic spin torque
and spin-pumping terms are shown to be dissipative.

DOI: 10.1103/PhysRevB.76.184434

I. INTRODUCTION

A. Current-induced spin transfer torque

Current-induced spin transfer torque at both surfaces'?

and in bulk is by now a well-established phenomenon.? In
surface spin transfer torque, when a polarized spin current
from a nonmagnet crosses the interface with a magnet, it
causes spin motion. In bulk spin transfer torque, when a po-
larized spin current crosses a domain wall (where the mag-
netization varies in direction), it causes spin motion. For a
uniform magnet, there is no current-induced spin torque.

To be specific, we consider that the magnetization M sat-
isfies the equation®

where Q; is the magnetization flux (or magnetization current

density), —y]\jl X H is the Larmor-like torque, and N is the
rest of the torque density acting on the magnetization. We
take 7y to be the magnitude of the (negative) gyromagnetic
ratio. H is the net effective field, which can include an ex-
ternal field, crystalline anisotropy, the demagnetization field,
and non-uniform exchange. H is given in SI units of T, al-
though H is not the magnetic induction field B, whose units
are also in T; an H field in A/m, on multiplication by w,,

becomes an H field in T.
We will call

N,=N_aiQi (2)

the non-Larmor-like spin torque. When N’ contains a term
that is proportional to the current (or to the gradient of the
electrochemical potential), one says that there is a spin trans-
fer torque.
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For a uniform system, N’ will contain only damping

terms. However, for a non-uniform system, N’ also contains
terms of the form’

— éaaloM - BaM X a:M], (3)

where u the electrochemical potential, —&d; has units of a
velocity, and B is dimensionless. The term in J;M is called

the adiabatic spin transfer torque and the term in M X M is
called the nonadiabatic spin transfer torque.® This usage of
adiabatic and nonadiabatic refers to the extent to which spa-
tial variations in the magnetic structure (e.g., a domain wall
width) compare with the spatial variations in the electronic
structure (e.g., a Fermi wavelength).

In the literature, the current j; is usually written (with a
suitable conductivity) in place of d,&z. However, when one
employs irreversible thermodynamics, d;it, a thermodynamic
driving force that is even under time reversal, is the more
natural quantity to employ. Use of ;& unambiguously leads
to the conclusion that, because of their time-reversal proper-
ties, the adiabatic spin transfer torque is irreversible (dissipa-
tive) and the nonadiabatic spin transfer torque is reversible
(reactive). This will also be seen from a calculation of the
volume rate of dissipation R, where the equivalent of ¢ ap-
pears, but the equivalent of S is absent. Except for a super-
fluid (not considered here), preparation of a thermodynamic
state must be done with the scalar chemical potential rather
than with a vector potential that couples to the current.

B. Spin pumping of current

Spin pumping of current at surfaces is also a well-
established phenomenon.” Here, spin dynamics at an inter-
face transfers a spin-polarized current to an adjacent mate-
rial. The first indication of spin pumping was provided by
experiments on a thin magnetic film adjacent to both a
vacuum and an ordinary conductor.® The present work stud-
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ies two models for non-uniform conducting magnets, one a
generic conducting magnet that is related to but distinct from
the s-d model,> and one based on a two-band magnet.’

For both models, Onsager relations between transport co-
efficients imply a bulk version of spin pumping, to an extent
related to the amount of bulk spin transfer torque. (This is
analogous to how, if temperature gradients can cause an elec-
tric current, then electrochemical potential gradients can
cause a heat current, with the size of these effects related by
Onsager relations.) However, the effects are somewhat dif-
ferent for the two models, permitting them to be distin-
guished.

For the band model, there are two currents (from up and
down spins) and two effective electrochemical potentials.
Each of these currents can be “spin pumped” by disequilib-

rium of M. For the generic conducting magnet, there is only
one current, but it is taken to be spin polarized. For the
generic conducting magnet, we study the number current
density j? [see Eq. (3)]. It contains terms with the form

Ji== Loy (M) - H= Ly oM - (M X H) + -+ . (4)

We consider the L,,;, term, proportional to d;M, to represent
adiabatic spin pumping, and the L ,,, term, proportional (on
rewriting) to 7 X d;M, to represent the nonadiabatic spin-
pumping term. Bulk spin pumping of current requires a non-
uniform magnetization; it occurs within domains.

Barnes and Maekawa have recently studied the effective
electric field associated with the spin-Berry phase induced by
the domain structure.'” The present results are remarkably
similar to theirs, despite the vastly different methods. In par-
ticular, both works find that the ratio of the effective electro-
motive force (emf) to the magnetic field is given by
P(2ugle), where P is the spin polarization, although our
result does not appear to be exact. We also note similar
works by Duine!! and Yang et al.'? In these three works, a
microscopic Berry-phase viewpoint is taken. As in Ref. 4,
bulk spin transfer follows from the time dependence of the
wave function; in addition, what we and Ref. 11 call bulk
spin pumping follows from the spatial dependence of the
wave function.

The spin-pumping terms are related to the spin transfer
torque terms by Onsager relations. (In surface spin pumping,
there is also a spin transfer torque in proportion to the spin
pumping.”) Thus, not only does the fact that spin transfer
torque has been observed tell us that spin pumping must
exist (if we understand the correct thermodynamic descrip-
tion of our system), it also tells us how large the spin-
pumping terms must be. For the two-band magnet, analogous
terms appear in each of the two currents. However, the two
models have forms that permit them to be distinguished.
Thus, the theory may also provide a means to distinguish
between the two models.'3

C. Experimental implications

The most important prediction of this work, based on ir-
reversible thermodynamics, is that bulk spin pumping occurs
if there is spin transfer torque (and vice versa); moreover, the
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FIG. 1. Experimental geometry to observe spin pumping of cur-
rent associated with a head-to-head domain wall. An applied mag-
netic field drives the domain wall to the right. A spin-pumped cur-
rent goes to the left. One expects an associated voltage pulse when
the domain wall crosses either voltage lead.

amount of spin pumping can be determined from appropriate
Onsager relations.
For a magnetic wire with head-to-head domains, and two

voltage leads, if a domain wall is H field driven past one
lead, there should be a voltage jump. Figure 1 shows an
experimental geometry corresponding to a linear head-to-
head domain wall that is driven by an external field. When
the domain wall crosses the voltage lead on the right, the
voltage difference between the leads will measure a pulse
that drives current leftward. Likewise, for a magnetic dot
with a vortex configuration, and two voltage leads, if the

vortex structure is Ijl field driven past one lead, there should
be a voltage jump.

For Co, data on spin torque indicate that within a domain
wall, a true E field Ey=1.0X 10* V/m can cause the same
spin torque as direct application of a magnetic field Hg;=4
X 1073 T. From this, in Sec. VII, we estimate that within a
domain wall a true H field Hy=0.1 T can cause the same
spin-pumped current as direct application of an electric field
Ep=350 V/m or, across the domain wall, can cause the
same effect as a voltage difference of 7.0 X 107 V. In terms
of the effective emf per magnetic field, given by P(2ug/e),
this is 0.7 10 V/T. Note that when notational differences
are accounted for, a similar result is given by Ref. 14 in the
context of interfacial transport between two conductors, one
magnetic and one nonmagnetic.

II. ON IRREVERSIBLE THERMODYNAMICS
A. Summary of methods

This paper employs the methods of irreversible thermody-
namics. For an introduction to these methods that is directed
to the magnetism community, see Ref. 15, which is available
online. We summarize the approach as follows.!0-!8

(1) The first step is to determine the appropriate thermo-
dynamic variables and the thermodynamic relation for the
differential de of the energy density as a sum of terms pro-
portional to the various thermodynamic densities describing
the system. This assumes local equilibrium even when the
system has (slow) spatial and temporal variation. Moreover,
spatial derivatives, but no time derivatives, can appear in de.
For an ordinary one-component system, these densities are
associated with the entropy and the particle number. For the
generic magnetic conductor, these densities are the entropy
density s, the density of carrier electrons n, and the magne-
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tization M. For a two-component nonmagnetic system such
as a semiconductor, these densities are associated with the
entropy and the particle numbers (electrons and holes).!” For
the two-band magnet, these densities are associated with the
entropy and the particle numbers (up and down electrons,
with particle densities n;,n|, and the magnetization direction

M). This is done in Sec. IIL

(2) The second step is to require that all of the densities
satisfy either a conservation law (with unknown fluxes), a
source equation (with unknown sources), or both, and to con-
sider the structure of the equation giving the rate of heat
production. This is done in Secs. IV-VL.

(3) The third step is to construct the matrix of structure-
dependent constants (the transport and dissipation coeffi-
cients) relating the sources and fluxes to the thermodynamic
forces. This requires knowledge of the time-reversal proper-
ties of the fluxes, forces, and sources. Finally, the Onsager
relations are used to reduce the number of independent co-
efficients. This section is in the Appendix, and its implica-
tions are discussed in Sec. VII. A brief summary and discus-
sion follows in Sec. VIII.

B. Irreversible thermodynamics, magnetic damping,
and spin transfer torque

In the context of magnetic damping without spin transfer
or spin pumping, we note that two types of magnetic damp-
ing are favored in the literature. The first is by Landau and

Lifshitz [a term in 3,M proportional to M X (M X H)].2° The
second is by Gilbert (a term in J,M proportional to M

X ,M).' The issue is not one on which the community has
come to agreement, although the present author favors that
by Landau and Lifshitz. Indeed, to our knowledge, all studies
that employ standard irreversible thermodynamics (including
the present one) obtain Landau-Lifshitz damping.!'>?%>%3
Moreover, Ref. 24 uses a Langevin approach with an energy-
weighted thermal distribution and also obtains Landau-
Lifshitz damping.

Reference 21, on the other hand, obtains Gilbert damping
by using the Rayleigh dissipation function, developed to for-
mally incorporate into Lagrange’s equations the already-
known damping of individual particles rather than, as for
irreversible thermodynamics, to deduce the unknown damp-
ing in thermodynamic systems. Reference 25 employs the
time derivative of the magnetization in the thermodynamic
energy for a set of continuous magnetic conducting slabs.
The use of such a time derivative places this work outside
the framework of standard irreversible thermodynamics and
may explain how this work obtains Gilbert damping.

A phenomenological theory such as provided by irrevers-
ible thermodynamics cannot specify the values of various
parameters appearing in the theory. Hence, for example, it
can make no statement about the relative value of the coef-
ficients of adiabatic and nonadiabatic spin transfer torques.
Reference 24 provides one particular viewpoint on the rela-
tive value of the coefficients of adiabatic and nonadiabatic
spin transfer torques, given by B in Eq. (3), which is tied up
with the issue of Landau-Lifshitz vs Gilbert damping. How-
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ever, the issue is still considered unsettled.*>-26-32

III. THERMODYNAMIC RELATIONS

A. Generic conducting magnet

We consider a system with magnetization M that is basi-
cally due to localized electrons, of gyromagnetic ratio —v,
and conduction electrons with electrochemical potential &
and number density n. We take the thermodynamics to be
given by

de=Tds+ fidn—H" - dM. (5)

Here, H" includes not only the field H that causes the Larmor

torque but also a uniform exchange field that points along M ,
and thus has no effect on the Larmor torque. The exchange

. L —_ I
field is chosen to make H,,=0 in equilibrium, so that H will
serve as a thermodynamic force.

To be specific, consider a uniform ferromagnet in a minor

loop and in an external ﬁeld HO In the absence of anisotropy,
in equilibrium it satlsﬁes M= M0H0+XH0 There may also be
an anisotropy field Han Further, include a non-uniform ex-
change term A’ (9, M )% in the energy density, which will yield
a non-uniform exchange field Hex—2A’V2M We assert that

> e de de
H'=- =
;M)

>

M oM

s - | M-MM

=[H0+Ha,,+2A’V2M]—l—O]
X

=H-H,, (6)

has the desired form. The first bracket, with three terms,
constitutes H, which drives Larmor precession. The last

bracket, with two terms, represents an internal field H;,, due
to exchange

Setting H'=0 gives M along H as des1red for no Larmor
torque. Moreover, it glves M= MOH + XH as expected. Even
out of equlhbrlum Hm,, Wthh is along M, does not contrib-

ute to M><H so that M X H =M X H. In the absence of
anisotropy and non-uniform exchange, Eq. (6) is basically
the form employed by Ref. 14.

In the s-d model as often used, there is an exchange field
that couples to the s electrons, giving them a weak magneti-
zation. If one wants to incorporate this idea in the present

framework, then one may consider that M includes a contri-
bution from the polarized conduction electrons. However,
because no such specification is made, our generic conduct-
ing magnet is distinct from the s-d model.

B. Two-band magnet

The two-band magnet’ considers a conducting magnetic
system consisting of electrons of charge —e and gyromag-
netic ratio —y, where y=|g|lug/h>0 and uz=efi/2m (for
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free electrons, we take g=-2). We assume that the electrons
partially occupy two, spin-dependent, conduction bands,
with number densities n; and n|. For specificity, we assume
that n;>n; so that the magnetization will point along the
up” direction, determined either by spontaneous symmetry
breaking or by an external field and anisotropy. The system
also has an entropy density s. The total number density for

the conducting electrons is
n= nT +n e (7)

Moreover, the magnetization is given by
M=-1S, (®)
where § is the spin density, of magnitude
S=(h12)(n| —ny). )
Thus, the magnetization has magnitude M= |A71 | given by
M= Y(ﬁ/z)(”l—nx)=(|8|MB/2)("1—’7T)- (10)
With magnetization direction M , we then have

M:y(ﬁ/2)(nl—nT)M. (11)
Note that
= YHI12)Md(n| - n;) + MdM . (12)
For the differential of the energy density, we take

de =Tds + /.LTdnT + ,LLTdI’lOW - M(ITI -dM). (13)

(Note that H-dM=H"-dM because dM is normal to M.)
Here,

/m—/m YhI2)(H" - M), (14)

where

Biy=Hy =eV (15)

is the electrochemical potential in terms of the chemical po-
tential, with V the electrical potential. Changes in the number
densny are affected both by the electrochemlcal potential and

H'. In equ111br1um 'U“T = ,u , and M X H=0. If we further re-
quire that H =0 in equlhbrlum then &=, in equilibrium.
Note that 'U“T ,U,L—’nyH M.

IV. ENERGY AND ENTROPY

Energy and entropy are treated the same way in both theo-
ries.

Consider the energy density & which, being conserved,
has only a flux:

de + dj5 = 0. (16)

Here, j? is the energy flux density. The intrinsic time-reversal
signature of ¢ is even, so the intrinsic time-reversal signature
of j7 is odd.

Now, consider the entropy density s. It has both a flux j!
and a source R/T, where R is the volume rate of heat pro-
duction:
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R
s+ 3j} = =0, (17)

Irreversible thermodynamics considers the time behavior of
thermodynamic variables, which have definite signature un-
der time reversal. As a consequence, in an equation of mo-
tion for that quantity that has both a flux and a source, be-
cause of the time derivative, the intrinsic time-reversal
signatures of both the flux (here j}) and the source (here R/T)
are opposite to the intrinsic time-reversal signatures of the
extensive density. Since s is even, the intrinsic time-reversal
signatures of j; and R/T are odd.

V. CONSERVATION LAWS AND EQUATIONS OF MOTION
A. Generic conducting magnet
We take the equations of motion and conservation laws

for the four variables n and 1\71 to be

an+ =0, (18)

(?TI\Z+19,~Q)Z~=—‘)/I\71><ITI+1C’. (19)

Here, j! is the number current density, Q; is the magnetiza-

tion flux density (i is the real space index), and N (a source)
is the volume rate of change of magnetization due to torques
associated with a lack of thermal equilibrium.??

B. Two-band magnet

We take the equations of motion and conservation laws
for the four variables ny, ny, and M to be

r?tnT + (9L]Tl = S, (20)
ﬁ,nl+(?ij“=—S, (21)
aM = (yH+ Q) X M. (22)

Here, j;; and j ; are the number current densities, S is the
decay rate for up spins (by charge conservation, this is com-

pensated by the decay rate —S for down spins), and yf] and
Q are the Larmor and non-Larmor parts of the rotation rate
for M. By definition, Q has only two components and is
normal to M.

C. Two-band magnet: Implied equations

The above equations imply certain equations of motion

for n of Eq. (7), M of Eq. (10), and M of Eq. (11). These
equations are not necessary, because the previous section is
self-contained, but they are useful for comparison with pre-
vious work.

Continuity equation. Equations (7), (2
that

0), and (21) imply
an+d;ji =0, j?EjTi"'jli' (23)

With the charge density p=—en and current density (charge
flux) given by
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e(.]Tl+.]ll) (24)
the continuity equation is automatlcally satisfied:

p=-—en, ]1

Magnitude of magnetization. Equations (10), (20), and
(21) imply that

M + y(1/12)d,j ;i = j11) == 28 y(h/2). (26)

For magnetization along z, this is analogous to d,M.
Vector magnetization. Equations. (11) and (20)—(22) im-
ply that

IM + ARI2MO i~ 1)) =— yM X H+ Q X M

—2SY(HI2)M. (27)
This can be rewritten in the more conventional form
07,]12 + a[éi =— 'y(]‘} X IjI) +1<7 (28)
on setting
Q= YHI2M(j ;- ji), (29)

where Q; is the magnetization flux density (i is the real space
index) and

N=Q X M+ f#112)(j ;- j1) M = 2Sy(RI2)M,  (30)

where N (a source) is the volume rate of change of magne-
tization due to torques associated with a lack of thermal
equilibrium.

From Egs. (29) and (30), the net non-Larmor spin transfer
torque of Eq. (2) is given by

N'=Q X M= y(h2)Maj ;- jr) - 2SyH2)M. (31)

Thus, the only transverse part of N’ comes from the Q) X M
term.

Once the difference in units is accounted for, Q; above is
equivalent to Eq. (8) of Ref. 9; there, both the magnetization
and the magnetization flux densities are measured in units of
v, with |g|=2, and # is employed for the direction of the

magnetization. Moreover, the second term of N in Eq. (30) is
the same as the adiabatic spin torque density of Ref. 24. This
adiabatic spin torque is enforced by the condition that the
magnetization and the spin quantization axis track with one
another. Note that Ref. 9 does not include the adiabatic spin
torque density.

In Eq. (30), the first and second terms give the transverse
components in spin space, and the third term gives the lon-
gitudinal component in spin space. Of course, we have yet to

determine (), S, Jii» O . Below, we show that Jli and Jri
each have five terms, so that Q,; has ten terms. Moreover, ()

has seven terms and S has one term, so that N has 18 terms.
Note that spin angular momentum is not conserved; how-
ever, total angular momentum is conserved once one ac-

counts for the crystal lattice angular momentum. W1th H
—H0+Hm+Her, the angular momentum associated with HO is
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transferred to the source of H, (an external magnet or an
external current-carrying circuit), the angular momentum as-

sociated with H,, (either lattice or dipolar anisotropy) is
transferred to the lattice, and the angular momentum associ-

ated with H,, integrates to zero, because it involves the spin
system interacting with itself. N is associated with the lattice.

VI. RATE OF HEAT PRODUCTION

Irreversible thermodynamics accomplishes its task by
combining the equations of motion and the thermodynamics
to obtain an expression for the non-negative quantity R as a
sum of products of fluxes (or sources) and thermodynamic
“forces” (or their gradients).

A. Generic conducting magnet

Note that in Eq. (19), we may replace H by H". With this
substitution, Eqs (16)—(19) placed in the time derivative of

Eq. (5), where H” is essential, yield
wii+H Q)

—JOT- o+ Qi GH +N-H . (32)

0=R=-4(j;-Tj -

Here j;, j!, and éi are thermodynamic fluxes and 07,1:1*, o;T,
and d,u are thermodynamic forces; further, N is a thermody-

namic source and H is a thermodynamic force. In equilib-
rium, all of the thermodynamic forces are zero, and thus
there is no entropy production.

Each of the four nondivergence terms in Eq. (32) has a
clear physical interpretation as a source of heating: the first
term to thermal conduction, the second to electrical conduc-
tion, the third to magnetic diffusion (or conduction), and the
fourth to (local) spin damping.

B. Adiabatic (nonadiabatic) spin transfer torque
is dissipative (nondissipative)

At this point, we can make specific statements about the
time-reversal properties of the adiabatic and nonadiabatic
spin torque terms. In Eq. (32), consider only the transverse

part of N, which has no component along M , so that only

N | -H is relevant. Using the proper thermodynamic variable
d;x, we find that the adiabatic spin transfer torque compo-

nent of N, is proportional to o",,il&]ljl Dotted with H, as in
Eq. (32), we see that this gives a term that is even under time

reversal 7, since i is even and both M and H are odd under
7. Since R is even under 7, the adiabatic term will contribute
to R, and thus corresponds to dissipation. Likewise the

nonadiabatic sp1n transfer torque component of N | is propor-

tional to d, ,uM X &M Dotted with H as in Eq. (32), we see
that this gives a term that is odd under time reversal 7. Since
R is even under 7, the nonadiabatic term cannot contribute to
R and will be canceled by another thermodynamic flux cross
term.
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If our system were superconducting, the thermodynamic
variables would be different. Then, J;ix would be replaced by
a superfluid velocity v;, because such a metastable thermo-
dynamic state can be set up by an effective vector potential
in a thermal distribution. On the other hand, when the current
can decay, the thermal weighting that drives the current is
not a vector potential, but rather is a non-uniform chemical
potential.

C. Two-band magnet

Equations (16), (17), and (20)—(22) placed in the time
derivative of Eq. (13) yield

0=R=T(ds +dyj}) == i = Tji = pyJri = myJ 1) = JiT

. * % * * > > >
= Jridipry = Jidipey = (g = )S+Q - (M X H).
(33)

Here, ji, Jrio and j 1; are thermodynamic fluxes and 4,7, &,,u?,
and z?,«,uf are thermodynamic forces; further, S and () are
thermodynamic sources and (,u?— ,uj): %HVM and M
X H are thermodynamic forces.

Each of the five nondivergence terms in Eq. (33) has a
clear physical interpretation as a source of heating: the first
term to thermal conduction, the second and third to (spin-
dependent) electrical conduction, the fourth to (local) longi-
tudinal magnetic damping, and the fifth to (local) transverse
magnetic damping.

VII. CURRENT-INDUCED SPIN TORQUE
AND SPIN PUMPING OF CURRENT

For details of how the various fluxes are determined in
proportion to the thermodynamic forces, using the Onsager
reciprocity relations, see the Appendix. In principle, Kubo-
type formulas can be determined for the Onsager coefficients
that appear below, on the phenomenological grounds of irre-
versible thermodynamics.

We are now prepared to discuss both the current-induced
spin torque and the spin-pumping of current. For the two
models studied, we will restrict ourselves to the appropriate
terms in the net current density and the spin torque. For
simplicity, we will consider only the subset of terms that are
relevant to spin torque and spin pumping, and for that rea-
son, we use the symbol D to indicate that the appropriate
quantities contain certain terms, but are not restricted to
those terms.

A. Spin torque and spin-pumping results
1. Generic conducting magnet

Equation (A3) contains the spin pumping of number cur-
rent terms

1D = Logni(0:M) - H' = Loyyyo(M - M) (M - H')
~ Ly @M - (M X H). (34)

The second of these is small if the magnetization is nearly
saturated, as we will assume.
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Equation (A5) contains the current-driven spin torque
terms

N D Ly, (M X GM)Gifi + Ly dMyii + LygysM (M - ;M) ;i
(35)
Equation (A4) contains the current-driven spin torque
terms
Q; D Lo,Md;jx. (36)
The total non-Larmor spin torque N’ thus contains the
current-driven terms
N' D Ly, (M X M)y + (Lygyy - Lon) M ;i
+ Ly oMM - ;M) ;. (37)
For the generic conducting magnet, Egs. (34) and (37)
provide the basis of our later discussion of the relationship
between spin torque and spin pumping.
2. Two-band magnet

In the two-band magnet, each spin component has, in
principle, its own electrochemical potential. In some cases,
such a distinction can be made experimentally. (For example,
by a suitable combination of electric field and of magnetic
field gradient, it may be possible to produce a net spin cur-
rent but zero net elecitric gurrent.) For simplicity, however,
let us consider that u, = . Then, by Eq. (A22), ji contains
the field-driven terms

J1D = (M X ;M) - (M X H)(L |y +Lyyy)
— M - (M X H) L]y + L}, (38)
For the non-Larmor spin torque in the two-band magnet,

by Eq. (31) we need only the transverse terms, due to ()
XM. If we set ,u?:,uf:ﬁ, then Eq. (A17) contains the

current-driven terms
QD (Lygy + Ly )M X MG+ (Lyyy + Ly ) GM i
(39)
so that, by Eq. (31),

N' D (Lygy + Ly )MPGM3ii = Ly + Ly MM X G:M) 6,
(40)

For the two-band magnet, Egs. (38) and (40) provide the
basis of our later discussion of the relationship between spin
torque and spin pumping.

3. Comparison with previous work

Equation (7) of Ref. 9, using a phenomenology based on
both up and down bands, has the form

x O +0 D;+D D
Jji = : lEi_ L lﬁi” -
e 2
Equation (9) of Ref. 9 has the form

-D, A -
Tﬁ Lyt oM. (41)
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hoj—o . AD=D .  Di+D| -
0 = 2= Tyg, - 2 g - =L

2 e 2 2 2
“2)

These forms are very similar to what we have derived in that
there are three thermodynamic forces in play. For Ref. 9,
they are the gradient of the voltage, the gradient of the den-
sity, and the longitudinal gradient of the magnetization. In
the two-band magnet, they are the gradient of the electro-
chemical potentials, which depend on the voltage and on the
densities of the up and down spins.

We now turn to the net torque. The sum of Egs. (2) and
(4) of Ref. 24 has the form

N == \[M X (M X H)]-v[dM - BM X 3;M], (43)
where S is dimensionless and we expect that << 1.2
Microscopic theories for the adiabatic spin torque give,
with P the polarization of the current (e.g., 0.6 for 60% in the
up band),*

Pj,
v;=— ﬁ (model). (44)

To make a proper comparison with this form, we must
replace the current density j; (a flux) by the form it takes
when driven by the “force” d,u. We also employ a less
model-dependent form by introducing the constant &, with
units of a diffusion constant divided by energy, and let j;
—(o/e)d;x. Thus, we write

vi=-— &M, (45)

so Eq. (43) becomes

N' == \[M X (M X H)] + E,a[aM — BM X a;M].
(46)

In this form, which is appropriate to irreversible thermo-
dynamics, the adiabatic spin torque (proportional to d;,M) is
odd under time reversal, opposite the even signature of a
nondissipative spin torque. Therefore, the adiabatic spin
torque is dissipative, as can be seen from its contribution to
the rate of heating R above. On the other hand, the nonadia-

batic spin torque (proportional to M X ;M) is even under
time reversal, signifying that it is nondissipative, as can be
seen by its absence from R.

For the above model, we then have

B

Popu
&= B
eM

(model). (47)

To close this section, we note that Ref. 7 uses very differ-
ent methods to show that, at surfaces, spin transfer torque
and spin pumping are related. We also note that Refs. 1912
use a Berry phase and a spin-Berry phase to predict that, for
ferromagnetic conductors, there is an effective spin-
dependent emf that drives an ordinary electric current and a
spin emf that drives a spin current.
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4. Comparison with the two models

Generic conducting magnet. Comparison of Eq. (46) and
the generic conducting magnet result [Eq. (37)] shows that
the two versions of the spin torque have the same form if

(LMnl - LQn) = g’ LI,VIn == ,B§ (48)

Two-band magnet. Comparison of Eq. (46) and the two-
band magnet result [Eq. (40)] shows that the two versions of
the spin torque have the same form if

Ly + Ly )M* =&, (Lyy + Ly )M> = B€. (49)

Note that the generic (g) conducting magnet and the two-
band (2bh) magnet have transport coefficients with different
dimensionalities. By Egs. (48) and (49), for later purposes,
we write

L,~LyM* = ¢. (50)

B. Estimates

For purposes of estimation, we will employ Table I of
Ref. 9, which for Co gives P=0.6 and M=1.45X10° A/m
and implies that o=0y+0=3.4X 107/ m. With standard
values of e=1.6X 107" C and uz=9.3 X 107* A m?, we es-
timate that, for Co, £é=5.1X10" m?/Js. (As indicated
above, this has units of a diffusion constant over an energy.
Indeed, use of o=ne’r/m and M =Pnuy gives £=71/m. For a
bare electron mass m, this corresponds to the somewhat short
time of 7=~4.5X 1071 s.) We take y=~1.9x10'!/T's.

Let 6 be a characteristic domain wall dimension, which
for purpose of estimation (in Co) we will take to be 10 nm.

Within the domain walls, we may take |9,M|~2M/& (2 be-
cause the magnetization reverses). In order to make esti-
mates, we will neglect the vector nature of various quantities
and not consider signs. We will consider only the adiabatic
spin torque, which we believe dominates experimentally.?*

On neglecting spin-pumping terms, a field E yields a cur-
rent density j proportional to the conductivity o via

j=oE. (51)

For non-uniform magnets, there is also a current-induced
spin torque Ngy that is proportional to j. We define the
equivalent spin torque field Hg; via

Heyr=—. 52

=t (52)

From Egq. (46), with L, the appropriate Onsager coefficient

[by Eq. (48), for estimation purposes L, is like £, with units
of a diffusion constant divided by an energy], we have

eM
Nr=L;—E. (53)
Now, define
Hgr
Rgr= = (54)

which is in T m/V. Then, by Egs. (51) and (52), Eq. (54)
yields
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NST e
Ry=—"">=L,—. 55
ST ’)/ME g’ya ( )
From the “velocity” of Eqgs. (44) and (51), we can write
the spin torque terms of Eq. (46) as

1 M Poug
Ngg=PoEup——=—"EL. 56
sT= 10 MBeM 5 oS (56)

Comparison of Egs. (53) and (56) gives the result

Poug
L,= v (57)
This permits the estimate that, for Co, L,=5.1

X 10'> m?/J s. Then, again for Co, application of Eq. (55)
gives Rg;=4 X 1077 T m/V. Therefore, within a domain wall
a true E field E,=1.0X 10* V/m can cause the same torque
as direct application of a magnetic field Hg;=4X 1073 T.
This merely restates what is already known.

From Eq. (34), an applied field H, that produces a torque

N=yMH, (58)

also produces a spin-pumping driven current within a do-
main wall. With |9,M|~2M/ 8, this current is given by

. oM
Jsp= ng?HO' (59)

We define the equivalent spin-pumping field Egp via

J
Egp="L, (60)
o
With the definition
Egp
Rojp=—, 61
=0 (61)
we find that
j 2eM
==L (62)

=0'H0= o ¢

Note that Rgp and Rgr have units that are inverse to one
another.

For Co, this gives Rgp=7.0X10* V/T m. Thus, within a
domain wall a true H field Hy=0.1 T can cause the same
current as direct application of an electric field Egp
=700 V/m. The corresponding voltage difference across the
domain wall is on the order of Egpd, or 7.0 X 1070 V.

Consider the situation depicted in Fig. 1, where H points

rightward and d,M points leftward. With L,,;,, = £>0, by Eq.
(34) the number current density points rightward, so that
(within the domain wall) the electric current density points
leftward.

C. Comparison with Barnes and Maekawa

For comparison with Ref. 10, we define a spin-pumping
emf

PHYSICAL REVIEW B 76, 184434 (2007)

Esp=Espo. (63)

Then, the emf divided by the field, on using Egs. (61), (62),
and (57), is given by

e ¥ ey (64)

Reference 10 finds a quantity & to be given by 2ugHy/e,
and that P&, drives a current density. On division by H, this
is precisely Eq. (64). We believe that this exact agreement,
but not the parameter dependence, is accidental.

VIII. SUMMARY AND DISCUSSION

Using irreversible thermodynamics, we have shown, for
both a two-band magnet and a generic conducting magnet,
that current-induced spin transfer torque within a magnetic
domain leads, by Onsager relations, to spin pumping of cur-
rent within that domain. For a given amount of adiabatic and
nonadiabatic spin torques, the two models yield similar but
distinct results for the bulk spin pumping, thus distinguishing
the two models.

This has experimental implications both for samples with
conducting leads and that are electrically isolated. For Co,
we estimate that within a domain wall a true H field H,
=0.1 T can cause the same spin-pumped current as direct
application of an electric field Egp=350 V/m, or across the
domain wall can cause the same effect as a voltage differ-
ence of 7.0 X 1078 V. Correspondingly, the ratio of the effec-
tive emf to the field H, is, for Co, about 0.7 X 10™* V/T.

The similarity between our results and those of Barnes
and Maekawa is likely not an accident. In the present case,
we have shown that the “off-diagonal” current-induced adia-
batic spin transfer torque implies a similar off-diagonal adia-
batic spin pumping of current. Barnes and Maekawa'® show
that, in addition to being able to generate a spin transfer
torque,* a spin-dependent Berry phase can generate what we
have called spin pumping. Their approach also gives a natu-
ral way to understand the associated emf-to-field ratio,
2uple. Both Refs. 11 and 12 make similar spin-pumping
predictions, with specific application to its generation by do-
main wall motion.

Using irreversible thermodynamics, from the time-
reversal properties of the thermodynamic fluxes we have
shown that both the adiabatic spin transfer torque and the
adiabatic spin-pumping emf correspond to irreversible pro-
cesses. The irreversible nature of these quantities is not clear
from Berry-phase approaches, where one employs currents
(fluxes) as primary variables, as if they were driven by a
vector potential. However, in considering experimental quan-
tities, which correspond to thermal averaging, these terms
must be considered to be driven by non-uniform chemical
potentials. This establishes the irreversible nature of the adia-
batic spin transfer torque and the adiabatic spin-pumping
emf.

Although we did not emphasize the point, the present
theory predicts that heat flow can also produce spin transfer
torque, and that spin pumping can also produce entropy cur-
rents. A related work on heat flow producing spin transfer
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torque has recently been published.?* Comparison with that
work is not obvious, because it considers transfer across sur-
faces, but it seems likely that the same physics is in play
there as we have considered in the present work.
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APPENDIX: SOURCES AND FLUXES

1. Generic conducting magnet

This model has been treated in the absence of terms asso-
ciated with the conducting electrons.'?

Energy flux ji. The energy flux is given by constraining
the divergence to be zero (up to an arbitrary curl), which
leads to

. .5 _ = ok =
Jji=Ti+@ji+H -0, (A1)

We now must express each flux and source as the sum
over the suitably weighted “forces” 4,7, J;u, H, and 8,-H*,
all of which are zero in equilibrium. The coefficients may be
constructed from the “order parameters” of the equilibrium

state, M and J;M. The vector nature of the fluxes must be
respected (including their properties under both real space
and spin space rotations).

Entropy flux ji. The entropy flux, a vector in real space
whose nondissipative part is odd under time reversal 7, takes
the form

PHYSICAL REVIEW B 76, 184434 (2007)

.5 K ~ y ¥ Y 7
J? =" ;‘aiT—LsnﬁiM_LsQM - H _Lle(aiM) H

— Loyn(M - 5’5]‘2)(1‘2 : fl*) —L;Mﬁ,-l\jl . (11;1 X Ijl)
(A2)

There are six terms. The terms with unprimed coefficients
are even under time reversal 7, signifying dissipation. The
term with a primed coefficient is odd under 7, signifying no
dissipation. « is the usual thermal conductivity. L, has units
of [diffusion constant X density/temperature]. Ly, Ly, and
Lgy» have units of [velocity X length/temperature] or [diffu-
sion constant/temperature]. L;,, has units of [diffusion
constant X density/ temperature X magnetization].

Number flux ji. The number flux, like the entropy flux a
vector in real space whose nondissipative part is odd under
time reversal 7, takes the form

n g _ - hd ] - ]
Ji =~ e_zailu'_LnsaiT_LnQM - o;H _Lan(aiM) -H

1

_LnM2(M'&iA2)(M'ﬁ*) —L;Maiﬁjl' (M X H). (A3)

There are six terms. The terms with unprimed coefficients
are even under time reversal 7, signifying dissipation. The
term with a primed coefficient is odd under 7, signifying no
dissipation. o is the usual electrical conductivity. We will
later interpret the last three terms as bulk spin-pumping
terms, and we will relate them to the bulk spin torque terms,
to be discussed shortly. L, has units of [diffusion constant
X density/temperature]. L,o, Ly, and Ly, have units of
[diffusion constant/energy]. L',, has units of [diffusion
constant X density/energy X magnetization].

Magnetization flux Q,;. The magnetization flux, whose
nondissipative part is even under time reversal, takes the
form

Q:=CM(M - G:H") = C.M X (M X §,H") = C'M X G;H" + Lo,MOT + Lo, M, + Loy ;M(M - H") + Loyy(M - M) H"
+ LonsM(aM - H") + LoygM(M - M) (M - H') + Ly, M X H" + Ly, M[(M X ;M) - H'1+ Lyys(M X 6:M)(M - H")

+ iy (M - 6,M)(M X H). (A4)

There are 13 terms. The terms with unprimed coefficients are odd under time reversal 7, signifying dissipation. The terms with

>

primed coefficients are even under 7, signifying no dissipation. The terms involving H are discussed in Ref. 15, as is the term
involving ;7. C; and C, have dimensions of a diffusion constant/magnetization, and indeed they represent longitudinal and
transverse diffusion. C’ has the dimensions of [diffusion constant/magnetization]. Ly, has units of [diffusion constant/energy].
The term associated with L,, when the divergence is taken, will lead to a bulk spin torque term. All of the terms in Lgy and
L’QN hiwe units of [diffusion constant/field], with field in tesla. Note that, for near saturation of the magnetization, the terms

M-3:M will be small, so that only Lyy, and Lyy; will yield possibly important new terms in the damping.
Spin torque density N. The spin torque density, whose nondissipative part is even under time reversal, takes the form

N=AMM -H") =AM X (M X H) + Ly :MOT + LyyoM(M - dM)0,T + Ly, (M X ;M) J;T + L}y, (M X 9,M)d;ii
= A A A ~ - > % ~ - > % AP > % AL A -
+ LMn15iMﬁiM + LanM(M . &lM)&lM + LNQIM(é'lM . 07,H ) + LNQZ(M . o",M)o'?,H + LNQ301M(M . alH ) + LNQ4M(M . 01M)
X (M - GH) + Ly M X 6,H" + Lo (M X GM)(M - GH") + LiggsM(M X M) - GH' + Liyoy(M - GM)M X GH". (AS5)
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There are 16 terms. The terms with unprimed coefficients are
odd under time reversal 7, signifying dissipation. The terms
with primed coefficients are even under 7, signifying no dis-

sipation. The terms involving J;H have been discussed in
Ref. 15, as has the term involving d,7. We interpret the terms
in Ly, Lysy. and Ly, as bulk spin torque terms. A; and A |

have units of [1/time X (magnetization)?] for H given in

A/m, or they must include a factor of 1/ u if H is given in T.
They represent longitudinal and transverse damping; in terms
of the Landau-Lifshitz parameter \, one has A | =N/M. Ly
and L, have units of [velocity X length/temperature] or
[diffusion constant/temperature]. L,, has units of [diffusion

PHYSICAL REVIEW B 76, 184434 (2007)

constant X density/temperature X magnetization]. L,;,; and
Ly, have units of [diffusion constant/energy]. L;,, has units
of [diffusion constant X density/energy X magnetization]. All
of the terms in Ly, and Ly, have units of [diffusion constant/
field], with field in tesla.

Rate of entropy production R. The rate of entropy produc-
tion is strictly even under time reversal. A total of 41 terms
can contribute to R when the above equations are substituted
to find R. The term involving C’ is identically zero. There
are six diagonal terms once the longitudinal and transverse
parts of éi and N are accounted for. The remaining 34 terms
are cross terms that occur in pairs. We find that

K o - _ - ok - ok i - -
R= (1) + 5(0i2)* + (Loy + L) ST+ CM - GH ) + C (M X GH ) + A(M - H')* + A (M X H)*

> indt 3 - e 3 —_ - e 3 - a3 —_
+(Lyg+ LogM - 0;H 3,T + (L, + Lo, )M - 9:H 6,k + (Lgppy + Lpg)) M - H 3;T + (Lyyppy + Lg))O:M - H 6k + (Lgppa + Lyyo)

X (M - M)V - H*),T + (Lypgs + Lguo) (M - GM)(M - H) 3y + (LLyy + Ly ) (M X M) - H' 3,7 + (L} + Ly, ) (M

X a:M) - H' i + (Lon + LNQI)(M H) oM - H) + (Lona + LNQZ)(M -oM)(H" - oH) + (Lons + LNQ3)(M -o,H")

> 2% ~ cAL P A het S - het S et ~
X (M - H') + (Long + Lyga) (M - 9M)(M - HY(M - GH) + (L, + Ligo) (@M X H' - H ) + (Liny + L)) (M

X M - HYM - GH") + (Lis + Ligs) M - H )M X 6,M - GH) + (Liyy + Liyg) (M - GM)(M X H™ - 6,H").

Recall that M X H=M X H* and that H=0 in equilibrium,
so that there are no dissipative terms associated with H
when the magnetization is in equilibrium.

To ensure that R is invariant under time reversal, the non-
dissipative cross terms (which are odd under 7) must be
eliminated. This is done by imposing the conditions

’ ’ ’ ’
LsM - LMS’ LnM - LMn’

Lygi=—Lopy, i=1.4. (A7)

(A6)

In addition, in order to satisfy the Onsager relations for
dissipative cross terms (which are even under 7), we must
impose the conditions

Ly=L,, Lyp=Lgos Lyo=Lgys
Lowi =Lyst, Loz = Lo,
Lymt =Lyt Lama = Lyina,
Loni=Lygi» i=1,4. (A8)

We then have

R= (1) + (O + (L + LT3+ M - GH )+ CL(M X GH)+ AM - H')V+ A, (1 X H)?
e

+ 2LSQA2 N ﬁlljl*ﬁlT+ 2LHQAZ N (911:1*(9”(1 + 2LSM1(71AZ ° I}*(ZT"' 2LnM1(91A2 N I:I*(?lﬁ + 2LSM2(M N (911‘2)(1‘/\4 N FI*)(?ZT

+ 2Ly (M - GM)(M - HY) I, + 2L gy (M - H)(OM - H") + 2Lopy(M - GM)(H™ - G;H™) + 2L ons(M - .H )M - H')

+2Lona(M - M) (M - H')(M - 3H).

= ok

(A9)
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Note that the terms in L,,; and L,,,, which are due both to
adiabatic bulk spin torque and adiabatic bulk spin-pumping
terms, produce dissipation. Likewise, the terms in L,,, which
also produce a (longitudinal) bulk spin-pumping term and a
longitudinal spin flux, produce dissipation.

2. Two-band magnet

Energy flux ji. The energy flux is given by constraining
the divergence to be zero (up to an arbitrary curl), which
leads to

*
M (A10)

We now must express each flux and source as the sum
over the sultably weighted forces '““T '““L’ o.T, ‘?/"T’ Fifk s

Ji=Tji = myjpi—

and M ><H all of which are zero in equilibrium. The coeffi-
cients may be constructed from the order parameters of the

equilibrium state, M and &ill} . The vector nature of the fluxes
must be respected (including their properties under both real
space and spin space rotations).

Decay rate S. The intrinsic signatures under time reversal
T of ny and n| are even, so that the intrinsic signatures under
7T of their time derivatives are odd. The decay rate S is asso-
ciated with both d,n7 and d;n]; hence the nondissipative part
of S is odd under 7

For S, the only possible form is

3k kS
SZ—Q(MT_ML), (A11)
with a a material-dependent constant having units of
(I m?s)~!. No other form is allowed because S is a scalar in
both real space and spin space. One might think that the

order parameter M could be multiplied by the thermody-

namic force M X H to obtain a scalar, but that dot product is
identically zero. Equation (A11) is even under time reversal,

and therefore is dissipative. Recall that ,u;—,uj: 'th:I* M.
For small deviations from equilibrium, we have

o, &
s, )=—ﬂ+—n{ (A12)
T
|

(A13)

a result that could have been expected on physical grounds.
Note that if 7y=7, then the longitudinal part of the magne-
tization would have a decay rate proportional to the deviation
in the longitudinal magnetization itself. However, since un-
der most circumstances local electroneutrality enforces on;
=-dn|, so 6M ~ ény; this normally will be the case anyway.
In this case, we can think of S as determining 7 processes.

Entropy flux ji. The entropy flux, a vector in real space
whose reversible part is odd under time reversal 7, takes the
form

PHYSICAL REVIEW B 76, 184434 (2007)

s K « x - -
Ji=— ;ﬂiT— Ly dipy = Ly dipe) = Loyy(M X 9;M) - (M X H)

— L, oM - (M X H). (A14)
There are five terms. The terms with unprimed coefficients
are even under time reversal, signifying dissipation. The term
with a primed coefficient is odd under time reversal, signi-
fying no dissipation. « is the usual thermal conductivity. Lg;
and L, associated with the second and third terms, give a
well-known electrothermal effect, whereby a chemical po-
tential gradient can drive an entropy current; they have units
of a diffusion constant divided by temperature. The last two
terms, which are new, have the same symmetry as corre-
sponding terms in the number flux, which we now discuss.
They imply that spin dynamics can drive an entropy current.
We may call this spin pumping of an entropy current. L,
has units of a diffusion constant divided by magnetization?

X temperature, and L;A} has units of a diffusion constant di-

vided by magnetization X temperature. Note that when the
fifth term is multiplied by ;T in Eq. (33) for R, unlike R the
product is odd under 7; it thus must be canceled by another
term (to be discussed below) or it must be zero.

Number fluxes j;; and j ;. Each number flux, like the en-
tropy flux, is a vector in real space whose reactive, or revers-
ible, part is odd under time reversal 7. They take the forms
[cf. Eq. (A14)]:

ag

. ES ES - - -
Ji== 3y = LT = Lyydgay = Loy (M X 3,M) - (M

X H) =L}y dM - (M X H), (A15)

. ﬂ * * -> -> ->
Ji==2 dipy = L0 T— L0y — Ly pyy(M X ;M) - (M

XH)—LiMa,-M-(MXH). (Al6)
Each of these has five terms. The terms with unprimed coef-
ficients are even under time reversal, signifying dissipation.
The term with a primed coefficient is odd under time rever-
sal, signifying no dissipation. o gives the respective elec-
trical conductivities. Ly and Ly, associated with the second
and third terms, give a well-known electrothermal effect,
whereby a chemical potential gradient can drive an entropy
current; they have units of a diffusion constant divided by
temperature; the terms L 1 and Ly, have the same units. The
last two terms in both Egs. (A15) and (A16), which are new,
have the same symmetry as corresponding terms in the num-
ber flux, which we now discuss. They imply that spin dy-
namics can drive a current. We call this spin-pumping of
current. Ly and Ly have units of a diffusion constant di-

vided by magnetization® X energy, and L; 4 and Li ,; have

units of a diffusion constant divided by magnetization’
Xenergy. Note that when the fifth terms are respectively
multiplied by dn; and din| in Eq. (33) for R, unlike R the
product is odd under 7, and thus these terms must be can-
celed by another cross term (discussed below) or they must
be zero.
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Nonethbnum rotation rate ). The reactive, or revers-
ible, part of Q is odd under 7. Q bears the brunt of the

complexity of the Onsager coefficients. In detail, Qs given
by

Q=NM X H+ Ly (M X M)d,T+ L,y dMd,T
+ Ly (M X M) dypa; + Ly, M3y

+ Loy (M X M) + Ly My, . (A17)
There are seven terms. The terms with unprimed coefficients
are even under 7, and thus are dissipative. The terms with
primed coefficients are odd under 7, and thus are not dissi-
pative. The first term gives Landau-Lifshitz damping. (We
believe that any theory based on irreversible thermodynam-

ics that has an energy term varying as —HM-dM will give a
Landau-Lifshitz damping term, since then the corresponding

* * K
R= a(MT - My )* + }(aiT)z
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thermodynamic force is M XIZI.) The three terms propor-

tional to M X ;M are even under 7, so they are dissipative.
They correspond to spin torque by electric current and by
entropy current. Note that there are two types of spin torque,
corresponding to the two types of spins. Both of these cor-
respond to what has been called adiabatic spin torque. The
term driven by entropy current is new. The three terms pro-

portional to d;M are odd under 7, so they are nondissipative.
They, too, correspond to spin torque by electric current and
by entropy current. Again, there are two types of spin torque,
corresponding to the two types of spins. Both of these cor-
respond to what has been called adiabatic spin torque. The
term driven by entropy current is new.

Rate of heat production R. The rate of entropy production
is strictly even under time reversal. We now rewrite Eq. (33)
in light of Eq. (A10), which eliminates the divergence term,
and in light of the equations for the various thermodynamic
fluxes and sources. We then have

o * o * AN - - % *
+ 30+ (@) 4 (M) + (BTG Ly + L) + (O Gy )L, + L)

£ ES - - - ind sk £
(A ) Fipn )Ly + Lyy) + (M X ;M) - (M X H)[(Lypg + Lagg) ;T + (Lypg + Lyg) dipey + (Lypg + Ly ) dipe ]

> > e k *
+ (M) - (M X H)[(Ljps + Ly )T + (L yy + Lygt) ey + (Lips + Ly DO 1.

(A18)

To ensure that R is invariant under time reversal, the nondissipative cross terms (which are odd under 7) must be eliminated.

This is done by imposing the conditions

Lzlws == L;M’ LMT

~Liy, Ly ==Ly

(A19)

In addition, in order to satisfy the Onsager relations for dissipative cross terms (which are even under 7), we must impose the

conditions

Ly;=Lg, Lj=Lg, Ly=Ly,

We then have

LM s = LsM >

* * K g ® g * A - - * * * *
R=op; —p;)* + ;(a,-’f)2 + e—}(&,m)z + j(aim)z + M H)? + 2Ly (Ji,) (ip2)) + 2Ly (T) (1) + 2Ly (3T) (382, )

+2(M X M) - (M X H)[ Loy (8.7) + Lipg(dg) + L py(0i))]. (A21)

The first five terms are diagonal in the fluxes and source. They are always positive. The other six terms, involving off-diagonal
products of the thermodynamic forces, can have either sign, dependent on the relative directions of these gradients. The
constraint of positive definiteness for R then imposes limits on the magnitudes of the off-diagonal coefficients, which we do
not enumerate.

3. Derived quantities

We now turn to the derived quantities j?, Q ;, and N,,.
Number current density ji. By Egs. (23), (A15), and (A16), we have

» Ny Ny - - - -
Ji==0T(Ly+ L)~ a,m(;} + LH> - WL(;} + L“) — (M X g:M) - (M X H)(Lyy + L)
— M - (M X H) L]y + L}y (A22)

Magnetization flux éi. This quantity is the sum of ten terms, which we obtain from Egs. (29), (A15), and (A16). We have
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- . o .
Q= Y(h/Z)M[aiT(LTs L)+ 51#?(_1 - Ln) - ¢9iﬂj<_
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— M - (M X H)(L},, —L%M)] :
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o > > > >
621 —Lm> — (M X g:M) - (M X H)(Ly; = L)

(A23)

The terms involving gradients of the electrochemical potentials are diffusive in nature.

Magnetization source N. This quantity is the sum of 18 terms, which we obtain from Egs. (30) and (A15)—(A17). We have

- N o o - - - -
N= y(ﬁ/Z)&,M[&iT(LTS —Ly)+ a,ﬂ}"(—t - LH) - aiM]"(—L - LH) — (M X aM) - (M X H)(L ;= Lyy)

62

6‘2

— M - (M X H)(L],, - L%M)] — (YW= DT (] = ) = M X [NME X H 4+ Ly (M X a.M) 3T + Ly M oT

> > * , - * > - * , - *]

To end this section, we note that, by Eq. (31), in the
absence of temperature and chemical potential gradients, the
non-Larmor spin torque has a transverse part given only by
the Landau-Lifshitz term. This is in contrast to the case of

(A24)

the generic conducting magnet, where two new coefficients
can contribute to the damping, in a manner that depends on
the magnetic texture. For the two-band magnet, there is no
such dependence.
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