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We have studied the structural, electronic, and lattice dynamics properties of Nb1−xMox alloy within the
framework of density functional theory using the self-consistent virtual-crystal approximation �VCA�. The
structural properties, electronic band structure, and selected high-symmetry phonon frequencies have been
calculated for the entire range of Mo concentrations comparing two implementations, an all-electron and a
pseudopotential method. We found very good agreement between both methodologies for all calculated prop-
erties, independent of the approximation used for the exchange-correlation functional. We identified an elec-
tronic topological transition for this alloy at around 30% of Mo content. For all properties considered, we found
good agreement with experimental results, indicating the applicability of the VCA for this alloy.
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I. INTRODUCTION

The Nb1−xMox alloy forms a solid solution with a body-
centered cubic �bcc� structure for the entire range of Mo
concentrations �0.0�x�1.0�.1,2 The constituent elements,
Nb and Mo, belong to the 4d transition metals of the Periodic
Table with 5 and 6 valence electrons, respectively. Therefore,
by changing the Mo content in the system, we obtain a con-
tinuous variation of the number of electrons per atom �Ne�.
An interesting characteristic of this system is the nonmono-
tonic behavior of the superconducting critical temperature
�Tc� as a function of x. While Nb possesses the highest Tc

among elemental metals �9.25 K�, Tc falls below 0.5 K at
x�0.4, recovers again at higher Mo content, and reaches a
Tc of 0.92 K for pure Mo.1,2

The nonmonotonic behavior of Tc for the Nb-Mo alloy as
a function of the Mo content has motivated many experimen-
tal and theoretical studies. Indeed, there are a lot of studies
on the structural,2–6 electronic,7–14 vibrational,15–23 and su-
perconducting properties1,23–26 of this alloy. It is interesting
to note that the evolution of these properties as a function of
Mo content is sometimes nonmonotonic. The origin of these
features are not yet completely understood despite all the
above mentioned efforts. For example, experimental studies
of the elastic properties at low temperatures show anomalies
in the C� and C44 elastic constants around a Mo content of
x�0.4.4,6,27–29 This behavior was associated with an elec-
tronic topological transition of the Fermi surface as a conse-
quence of increasing Ne. However, early tight-binding calcu-
lations of the electronic structure and elastic properties for
this alloy using the rigid band approximation did not repro-
duce the anomalies observed experimentally.4,6,27–29

Another interesting behavior comes from the vibrational
properties, where the evolution of the dispersion curves with
increasing Mo content shows that the phonon anomalies are
strongly dependent on the value of Ne.

15–17 For example, on
the one hand, a Kohn anomaly is present in the longitudinal
branch �00�� in Nb, but not in Mo. On the other hand, in Mo,
a depression is found near the symmetry point H for the

longitudinal and transversal branches.15–17 The evolution of
this anomaly in the Nb1−xMox alloy was studied using coher-
ent one-phonon scattering of thermal neutrons and it was
found that at x�0.4, the anomaly starts to disappear,17 but
for higher Mo concentrations ��0.9�, a depression at the H
point appears suddenly. Another example of this type of
changes due to the variation of Ne occurs in the transversal-
mode frequencies at the N point, where the frequencies of T1
and T2 in Nb are 16.13 and 20.88 meV, respectively, while
for Mo this ordering is reversed with the T2 frequency at
18.78 meV and the T1 at 23.57 meV.17 From the theoretical
point of view, the evolution of the electronic and elastic
properties of the Nb1−xMox alloy as a function of x has been
studied using quasirandom structures,5 the coherent potential
approximation,10–12 and the Korringa-Kohn-Rostoker coher-
ent potential approximation.13,14 However, these studies have
been limited to only a few Mo concentrations because these
calculations are computationally very demanding, especially
if one is interested in very low �close to Nb� or high concen-
trations �close to Mo�. These studies10–12,14 found an elec-
tronic topological transition �ETT� from a holelike band to
an electronlike band at the � point of the electronic band
structure between x=0.25 and x=0.50, but because a large
disorder-induced smearing of the bands was already obtained
for the x=0.25 case, it was difficult to accurately identify the
critical Mo concentration �xc� of the ETT in this alloy. A
smaller range xc=0.3–0.4 was given by Bruno et al.,13 who
analyzed the ETT within the rigid-band approximation using
their calculated band structure for x=0.50 as a starting point.

In this paper, we present a study of the structural, elec-
tronic, and vibrational properties of the Nb1−xMox alloy for
0.0�x�1.0, within the framework of density functional
theory30 using the self-consistent virtual-crystal approxima-
tion �VCA�.31,32 We performed the calculations using the
full-potential linearized augmented plane-wave method
�LAPW�33–35 as implemented in the WIEN2K code36 for which
the VCA has already been tested on other systems.31,32 In
addition, we investigated the same properties using an imple-
mentation of the VCA within the mixed-basis pseudopoten-
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tial �MBPP� method.37 The current MBPP code incorporates
an implementation of the very efficient linear response ap-
proach to lattice dynamical properties, which is currently not
available in the WIEN2K code. The present work serves partly
to test and validate with high accuracy the VCA implemen-
tation within MBPP with the aim to use it for a more com-
plete analysis of phonon spectra and electron-phonon inter-
actions in future work. For this purpose, we have selected a
very simple, yet widely studied system: the Nb-Mo alloy.
The evolution of structural parameters is presented, and the
behavior of the electronic band structure as a function of Mo
content is analyzed in order to determine the critical concen-
tration of the electronic topological transition. For high-
symmetry points at the Brillouin-zone boundary �H ,N�, we
compare in detail phonon frequencies obtained with the
frozen-phonon approximation �FPA� using the LAPW
method33–35 and with the linear response theory �LRT�38–41

as implemented in the MBPP code. Since it is well known
that the degree of agreement with experimental results may
depend on the treatment of the exchange correlation, we
have used two types of exchange-correlation �xc� function-
als, the local density approximation �LDA� and the general-
ized gradient approximation �GGA� for both methodologies.

II. COMPUTATIONAL DETAILS

For the all-electron calculations, the Kohn-Sham total en-
ergies were calculated self-consistently using the full-
potential LAPW33–35 method as implemented in the WIEN2K

code.36 The core states were treated fully relativistically, and
the semicore and valence states were computed in a scalar-
relativistic approximation.42 The exchange-correlation poten-
tial was evaluated within the LDA using the Perdew-Wang
form43 and the GGA using the functional proposed by Per-
dew, Burke, and Ernzerhof44–46 �PBE�. We chose muffin-tin
radii �RMT� of 2.25 a.u. for Nb and Mo, and a plane-wave
cutoff RMT�KMAX=9.0. Inside the atomic spheres, the po-
tential and charge densities were expanded in crystal har-
monics up to l=10. Convergence was assumed when the
energy difference between the input and output steps was
less than 1�10−6 Ry. Special attention was paid to the con-
vergence of results with respect to the number of k points.
We used a grid of 23�23�23 for the structural optimization
and 32�32�32 for the frozen-phonon calculations. The
Brillouin-zone integration was carried out with the Gaussian
smearing method with a smearing factor of 0.2 eV. The vi-
brational properties obtained with the LAPW code were cal-
culated using the FPA,19,21,22 which involves the calculation
of the total energy of the crystal as a function of atom dis-
placements for a particular eigenmode. The phonon modes
studied correspond to the wave vector at the H �threefold
degenerated� and N high-symmetry points. The energy-
versus-displacement surface was fitted by a sixth-order poly-
nomial with only even terms, as required by the symmetry of
the displacement patterns. The harmonic phonon frequency
was then extracted from the second-order coefficient of the
fitted polynomial.

The pseudopotential calculations were performed with the
MBPP.37 In this calculation, we have considered 4s and 4p

semicore states as valence electrons which substantially im-
proved the description of the different calculated properties
in this alloy. The fairly deep potentials for Nb/Mo are effi-
ciently treated by the mixed-basis scheme, which uses a
combination of local functions and plane waves for the rep-
resentation of the valence states. We used s-, p-, and d-type
functions at the Nb/Mo sites, supplemented by plane waves
up to a kinetic energy of 36 Ry. Phonon properties are cal-
culated via density functional perturbation theory30,47 as
implemented in the MBPP code.38,40 The studies were carried
out with two different approximations for the exchange-
correlation functional, the LDA using the Hedin-Lundqvist
form48 and the GGA using the PBE functional.44–46 The
Brillouin-zone integration has been performed using
Monkhorst-Pack special k-point sets with a Gaussian smear-
ing of 0.2 eV. For the calculation of the ground state prop-
erties �structural optimization and electronic properties�, a
20�20�20 k-point mesh was used. For the phonon calcu-
lations, we used a much denser 32�32�32 k-point mesh.

The Nb1−xMox alloy was modeled in the self-consistent
VCA.31,32,49–51 In the case of the all-electron method, the Nb
�Z=41� sites were substituted by pseudoatoms which have a
fractional electronic charge �Z=41+x� depending on the Mo
concentration �x�. The valence charge was modified by the
same amount in order to maintain the neutrality of the
pseudoatom. This approximation is justified since Mo has
only one electron more than Nb. The potential for the VCA
system is determined self-consistently for each value of x
without shape approximation.36 The self-consistent VCA
within the LAPW framework has already been applied suc-
cessfully to model C, Be, and Al substitutions in MgB2
�Refs. 31 and 32� and electron and hole doping in high-
temperature superconducting compounds.50,51 In the same
spirit, the VCA is implemented within the pseudopotential
method by generating new pseudopotentials with a fractional
nuclear charge �Z=41+x� for each x and by adjusting the
valence charge accordingly. The equilibrium lattice param-
eters were determined by total-energy calculations for each
value of Mo concentration �x=0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,
0.7, 0.8, 0.9, and 1.0�. The structural optimization was per-
formed with both methods, all-electron �LAPW� and pseudo-
potential �MBPP�, and for each method with both xc func-
tionals, LDA and GGA.

III. RESULTS AND DISCUSSION

In Fig. 1, we show the evolution of the lattice parameter
�a0� and the bulk modulus �B0� as a function of Mo content.
The very good agreement between the two methods of cal-
culation for the same xc functional �LDA or GGA� indicates
that the implementation of the VCA in the pseudopotential
code describes very well the structural parameters of the
Nb-Mo alloy. In fact, both methods with both functionals
follow the trend of the experimental data. The GGA results
are closer to the experimental data than LDA, which is con-
sistent with the tendency found in the literature that GGA
improves the calculation of the lattice parameters in com-
parison with LDA.52–57 The largest difference between our
GGA calculations and the experimental data for a0 is only
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0.5%, which is obtained for pure Mo with the MBPP-GGA
value of 3.1619 Å and the experimental value of 3.1454 Å.2

In order to evaluate the effects of increasing the Mo con-
tent on the electronic properties of the alloy, we analyzed the
evolution of the electronic band structure. In Fig. 2, we show
the band structures for the boundary cases for this alloy,
Nb�x=0� and Mo�x=1�, which were calculated using MBPP-
GGA optimized lattice parameters.

From the band structure, it can be seen that a threefold
degenerated state exists at the � point �E�� �Ref. 61� close to
the Fermi level, which lies at 0.3 eV in Nb and at −1.5 eV in
Mo. Thus, in Nb �x=0�, the band centered at � is unfilled
and crosses the Fermi level with hole character, but as the
Mo content is increased, this band starts to fill up until a
critical concentration �xc� where this band is completely
filled. For x�xc, other bands are rising in that region but
with electron character. This indicates that an ETT occurs at
xc since the Fermi surface corresponding to the holelike band
disappears and a Fermi surface with electron character
emerges. In order to find the critical concentration xc, we
trace the evolution of the energy bands at the � point. In Fig.
3, these values are shown as a function of x calculated with
both methods and both functionals, obtaining a very good
agreement between both methods, MBPP and LAPW. Also,
we find that GGA gives slightly larger values for xc than
LDA �xc is 0.28 and 0.32 for LDA and GGA, respectively�.
Note that this result represents an accurate determination
�under the restrictions and limits of VCA� for xc�0.3 of the
ETT, which has been conjectured from the observed anoma-
lies in the elastic properties of this system.6

As mentioned before, we have calculated the phonon fre-
quencies of the Nb1−xMox alloy at the H and N high-
symmetry points by means of the FPA using the all-electron
code �LAPW� and with the LRT implemented in the pseudo-
potential code �MBPP�, in order to compare the results ob-
tained with the two methods using both LDA and GGA func-
tionals to experimental data. The results for the phonon
frequencies are presented in Figs. 4 and 5, where the label
FPA indicates frequencies obtained with the LAPW code and
LRT indicates the ones obtained with MBPP. For compari-
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FIG. 1. Lattice parameter �a0� and bulk modulus �B0� for the
Nb1−xMox alloy as a function of x.
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son, experimental frequencies from Powell et al.17 are in-
cluded. These data were taken at room temperature, but it has
been found that the frequencies of the H- and N-point
phonons practically remain unchanged down to low
temperatures.58,59 We see that the frequencies agree very well
between the two methodologies �FPA and LRT�. Further-
more, the trends of the experimental data are reproduced
with both functionals, LDA and GGA. The nonmonotonic
dependence of the frequencies on x is a very remarkable
result in view of the fact that the VCA works as a linear
interpolation of the electronic charge at the beginning of the
calculation. However, due to the self-consistent treatment,
the charge density is redistributed, thus leading to a better
description of the alloy than, for example, the rigid-band
approximation, which only considers the shifting of the
Fermi level as the principal effect of alloying.

From Fig. 4, we can see that for both modes H and N3, the
frequency shows a monotonic increase until x�0.4–0.5
where it reaches a maximum, and then starts to decrease for
larger x. We note that for the frequency of the H mode in
Mo, a slight deviation is observed from the experimental
value ��FPA-LDA=21.34 meV, �FPA-GGA=20.28 meV, �expt
=22.68±0.25 meV� despite the fact that anharmonic terms
have been taken into account. Extensive tests showed that
the frequency of the H-point phonon of Mo is quite sensitive
to various numerical parameters, such as k-point sampling,
because of the presence of an anomaly at the H point. Inter-
estingly, both methods with both functionals give very simi-
lar frequencies �a difference of less than 0.4 meV� for the N3
mode in Nb which is also anomalous. For the N1 mode �see
Fig. 5�, we found a quasilinear behavior of the frequency as
a function of x for x�0.4, with a large slope. In contrast to

the other modes studied, the N1 mode does not show a maxi-
mum for intermediate concentrations. Finally, for the N4
mode, we found good agreement with the experimental fre-
quency at the boundary values of x �Nb and Mo� in the case
of GGA. Further experimental data are not available for this
specific mode.

From the methodological point of view, we found that the
range of differences between the calculated frequencies with
GGA and LDA is quite broad, but it depends on the mode.
For instance, for the H and N1 modes ���LDA-GGA
�1.24–2.48 meV�, the differences are larger than those for
the N3 and N4 modes ���LDA-GGA�0.41–1.65 meV�. This
indicates that the H and N1 modes are more sensitive to the
xc functional and, in general, to the details of the description
of the electronic density of the system. We find that in both
methods, GGA gives lower frequencies than LDA and that
GGA is in better agreement with the experimental results,
with the exception of the N1 mode where both LDA and
GGA show the same level of agreement. However, more
calculations for the phonon dispersion curves are needed in
order to establish which xc functional better describes the
phonon properties of the Nb-Mo alloy system. Finally, we
note that the differences of the frequencies between calcula-
tions and experiments could be larger if the numerical pa-
rameters are not properly taken into account. In particular,
for the FPA, the fitting procedure of the effective potential to
the total-energy calculations is rather critical in order to get
reliable results. For example, for the H and N phonons, it
was necessary to use at least a sixth-order polynomial.

IV. CONCLUSIONS

We have performed a first-principles study of the com-
plete alloy series Nb1−xMox as a function of x of the struc-
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tural parameters, the electronic structure, and the phononic
frequencies at the H and N points, using the virtual-crystal
approximation. In general, we found very good agreement
with experimental trends for all properties investigated. This
also includes the nonmonotonic behavior of the frequencies
at the H and N points, indicating that VCA works well de-
scribing this alloy system. The self-consistent VCA imple-
mented in the pseudopotential mixed-basis code works very
well for the Nb-Mo alloy, as deduced by comparison to the
all-electron calculations of the structural, electronic, and vi-
brational properties. We accurately determined xc�0.3 for
the ETT present at the � point, where the Fermi surface
corresponding to the holelike band disappears and a Fermi
surface with electron character emerges. This ETT has been
related with the observed anomalies in the elastic properties
of this alloy. The analysis performed using two different xc
functionals shows that with respect to structural properties,
GGA agrees better with experimental data than LDA. We
find that the GGA calculations for the phonon frequencies of
the H and N modes in Nb1−xMox are in better agreement with

experimental data than the corresponding LDA calculations.
However, more calculations for the phonon dispersion curves
are needed, in order to establish a more general conclusion
about the quality of the xc functional describing the phonon
properties for this alloy system.

The successful VCA implementation in the MBPP code,
as demonstrated above, opens the way for investigations of
the complete phonon dispersion curves and electron-phonon
coupling properties for this alloy system, which will be the
topic of a forthcoming paper.60
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