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We investigate the behavior of the directed current in one-dimensional systems of Dirac fermions driven by
local periodic potentials in the forward as well as in backscattering channels. We treat the problem with
Keldysh nonequilibrium Green’s function formalism. We present the exact solution for the case of an infinite
wire and show that in this case the dc current vanishes identically. We also investigate a confined system
consistent in an annular arrangement coupled to a particle reservoir. We present a perturbative treatment that
allows for the analytical expressions of the dc current in the lowest order of the amplitudes of the potential. We
also present results obtained from the numerical solution of the exact Dyson’s equations.
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I. INTRODUCTION

The possibility of employing ac fields to induce directed
flow of charge and spin in quantum systems is in the lime-
light of quantum transport phenomena. Recent experimental
observations of the quantum pumping effect, including the
periodic deformation of the walls of quantum dots1–4 and the
induction of currents by applying surface acoustic waves
in carbon nanotubes,5 triggered an important development in
the theoretical description of time-dependent quantum
transport.6–29

The development of new technologies based on quantum
phenomena is also gauging the search of novel materials to
achieve transport in devices of reduced scale. Among the
many structures under investigation, devices fabricated from
graphite are capturing increasing attention. From the theoret-
ical side, the physics of graphite has the appealing feature of
being a realization of a gas of Dirac fermions in reduced
dimensions. In fact, the behavior of the conductance of
single-wall nanotubes30 seems to be reasonably explained on
the basis of a Lüttinger liquid, which is one of the few mod-
els of interacting electrons in condensed matter physics that
is amenable to be analytically solved. The physics of
graphene, a single graphite sheet, also seems to be suitably
described as a two-dimensional gas of Dirac fermions.31

These developments are motivating a renewed interest in the
physics of Dirac fermions and in the application of quantum
field theoretical methods to shed light on low-dimensional
condensed matter problems. In particular, a precise under-
standing of the effect of time-dependent perturbations on
these systems will be crucial in order to build nanodevices
based on the pumping of charge and spin into a conductor.
Recently, we have solved the problem of an ac potential in a
one-dimensional infinite wire of Dirac fermions, emphasiz-
ing the separate role of the forward and backward channels
in the resulting total energy density and transport
properties.29

The breaking of certain symmetries has been singled out
as a necessary condition to generate directed currents. This

idea was first introduced in the context of classical “ratchet”
systems,32 and also seems to apply to paradigmatic models of
quantum pumps, as two barrier structures driven by two har-
monic fields oscillating with a phase lag.25 We recall that the
pump effect is characterized by the induction of a directed
current with pure ac driving, i.e., without introducing any
explicit dc bias voltage. In this work we adapt the two oscil-
lating barriers setup to a one-dimensional wire of Dirac fer-
mions. One of our aims is to identify which are the minimal
ingredients to achieve the quantum pump effect in these sys-
tems. An infinite wire of Dirac fermions with two local for-
ward ac fields oscillating with a phase lag can be analytically
solved by generalizing the treatment of Ref. 29. As we will
show, the ensuing induced current has a vanishing dc com-
ponent. Then, it is natural to explore the role of confinement
in relation to the appearance of nonvanishing dc currents.
This is the main purpose of this work. In particular, we con-
sider a finite wire of length L bent into a ring and coupled to
an external reservoir while driven by ac forward and back-
ward fields, as indicated in the sketch of Fig. 1. Transport
induced along driven annular systems is an interesting topic
in itself and has been studied in the literature not only
theoretically13,25,33 but also experimentally.34 In the present
study, the setup of Fig. 1 enables us to analyze the role of
dynamical forward and backscattering in wires containing a
spectrum with many resonant levels, being in contact with a
dissipative environment. This will allow us to identify the
minimal ingredients to achieve the quantum pump effect in
confined geometries and it is also relevant in light of experi-
mental settings where forward35 or backward36 scattering is
expected to dominate. We treat the problem with Keldysh
nonequilibrium Green’s functions37 and find analytical ex-
pressions for the dc current at the lowest order of perturba-
tion theory in the pumping amplitudes. We also present a
system of exact equations and exact results for the dc current
obtained by the numerical solution of these equations.

The paper is organized as follows. In Secs. II and III we
present the model and the theoretical treatment. In Sec. IV
we present the exact evaluation of the dc current in an infi-
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nite wire with dynamical forward scattering. Section V is
devoted to study the transport behavior of a ring with finite
length coupled to a reservoir. A summary and conclusions
are presented in Sec. VI. Technical details, in particular, the
procedure followed to obtain an effective action through the
functional integration of the reservoir’s fields, are described
in the Appendix.

II. MODELS

We study a one-dimensional system of Dirac fermions in
two different setups. First, we consider an infinite wire with
two harmonically time-dependent local potentials applied at
the positions xj = ±a /2 �see Fig. 1�a��. This system is de-
scribed by an action

S = S0 + Sac, �1�

where S0 is the linearized free dispersion relation for right
and left movers �in our unit system �=vF=e=1�:

S0 = i� dx dt��r
†�t���t + �x��r�t� + �l

†�t���t − �x��l�t�� .

�2�

Sac describes forward and backward scattering processes
through the two time-dependent potentials

Sac = �
j=1

2 � dx dt��x − xj��Vj
F�t���r

†�t��r�t� + �l
†�t��l�t��

+ Vj
B�t���r

†�t��l�t� + �l
†�t��r�t��� . �3�

Note that, for simplicity, the dependence of the fields on x
has been omitted in the above equations. To be specific we
consider harmonic potentials with equal amplitudes and a
phase lag �: V1

F,B�t�=VF,B cos �0t and V2
F,B�t�=VF,B cos��0t

+��, where F ,B denote forward and backward channels, re-
spectively.

In the second configuration, we assume that the Dirac
fermions propagate in a ring of length L which is in contact

to a fermionic reservoir. Also in this case, harmonically time-
dependent local potentials are applied at the positions xi
= �L±a� /2. The action for the full system can be cased in
terms of four terms

S = S0 + Sac + Sres + Scont. �4�

The reservoir is assumed to be an infinite system of free
fermions which couples to electrons in the ring through a
forward scattering term. The term Scont accounts for the in-
teraction of fermions with the reservoir, placed at x=0. It
reads

Scont =� dx dt vc��x���r
†�t��r�t� + �l

†�t��l�t�

+ �r
†�t��r�t� + �l

†�t��l�t�� , �5�

where the fields �r
†�t� ,�l

†�t� denote degrees of freedom of the
reservoir. The latter can be integrated out, giving rise to an
effective self-energy �0�t− t�� �see the Appendix� which
leads to the following effective action for the internal de-
grees of freedom of the ring:

Seff =� dx dt dt���r
†�t��i��t + �x���t − t��

− ��x��0�t − t����r�t�� + �l
†�t��i��t − �x���t − t��

− ��x��0�t − t����l�t���

+ �
i=1

2 � dx dt��x − xi��Vi
F�t���r

†�t��r�t� + �l
†�t��l�t��

+ Vi
B�t���r

†�t��l�t� + �l
†�t��r�t��� . �6�

Our main purpose is to compute the dc component of the
time-dependent charge current. The latter is defined through
the condition of the charge conservation

d�l�x,t�
dt

+
d�r�x,t�

dt
=

�j�x,t�
�x

, �7�

where �	�x , t�= 	�	
†�x , t��	�x , t�
, 	= l ,r, which casts

j�x,t� = �r�x,t� − �l�x,t� . �8�

The corresponding dc current is

jdc =
1


0
�

0


0

dt j�x,t� , �9�

where 
0=2� /�0 is the period of the oscillations. Note that,
due to the conservation of the charge �see Eq. �7��, it does
not depend on the spacial coordinate x.

III. THEORETICAL TREATMENT

We solve the problem presented in the previous section by
recourse to Keldysh nonequilibrium Green’s functions. This
formalism is based on the solution of the equation of motion
of the matricial Green’s function obtained from the corre-
sponding action.

From actions �2� and �3� it is easy to show that the matri-
cial Green’s function G reads

�����
�����
�����
�����
�����

~~~~

VVVV
1111

F,BF,BF,BF,B
(t)(t)(t)(t)

VVVV
1111

F,BF,BF,BF,B
(t)(t)(t)(t)

VVVV
2222

F,BF,BF,BF,B
(t)(t)(t)(t)

VVVV
2222

F,BF,BF,BF,B
(t)(t)(t)(t)

~~~~

+a/2+a/2+a/2+a/2

(L-a)/2(L-a)/2(L-a)/2(L-a)/2

-a/2-a/2-a/2-a/2

(L+a)/2(L+a)/2(L+a)/2(L+a)/2

ΣΣΣΣ0000(ω), µ(ω), µ(ω), µ(ω), µ

FIG. 1. �Color online� Sketch of the setup. Above: Infinite wire
driven by periodic fields inducing dynamic forward and back-
scattering at the positions x= ±a /2. Below: The ac fields act on a
finite wire of length L in annular geometry. The system is coupled
to a particle reservoir at the position x=0.
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G	,	��x,x�,t,t�� = �G	,	�
++ �x,x�,t,t�� G	,	�

+− �x,x�,t,t��

G	,	�
−+ �x,x�,t,t�� G	,	�

−− �x,x�,t,t��
� ,

�10�

where the indexes �, � refer to the closed time path of
Keldysh formalism37

G	,	�
++ �x,x�,t,t�� = − i	T�	�x,t��	�

† �x�,t��
 ,

G	,	�
−− �x,x�,t,t�� = − i	T̃�	�x,t��	�

† �x�,t��
 ,

G	,	�
+− �x,x�,t,t�� = i	�	�

† �x�,t���	�x,t�
 ,

G	,	�
−+ �x,x�,t,t�� = − i	�	�x,t��	�

† �x�,t��
 , �11�

where T and T̃ denote temporal and antitemporal ordering,
respectively. These functions satisfy the following Dyson
equation:

��i��t + s	�x� − VF�x,t���	,	1
− VB�x,t��	,−	1

�G	1,	��x,x�,t,t��

− ��x��	,	1� dt1�0�x,t − t1�G	1,	��x,x�,t1,t��

= �	,	���x − x���C�t − t�� �12�

where �C�t− t�� is the matricial delta function �extended to
the time contour�:

�C�t − t�� = 
��t − t�� t,t� on C+,

− ��t − t�� t,t� on C−,

0 otherwise.
� �13�

VF,B�x , t�=��x−x1�V1
F,B�t�+��x−x2�V2

F,B�t�, s	= + ,− for the
right and left movers, respectively, and

�0�t − t�� = ��0
++�t − t�� �0

+−�t − t��
�0

−+�t − t�� �0
−−�t − t��

� . �14�

In terms of Green’s functions, the current �8� reads

j�x,t� = − i�Grr
+−�x,x,t,t� − Gll

+−�x,x,t,t�� . �15�

As shown in the next section, for the infinite system with
�0�t− t��=0, the Green’s function admits a factorization in
terms of the noninteracting �equilibrium� Green’s function, at
least for ac potentials that behave as forward scatterers. One
then obtains an analytical expression for j�x , t� with vanish-
ing time average. This result can be extended perturbatively
to the backscattering case.

The situation changes dramatically when fermions propa-
gate in a ring connected to a reservoir. As a consequence of
a noninstantaneous term associated to the coupling to the
reservoir, the equation of motion for the Green’s function
ceases to be exactly solvable even for the forward channel
and its solution must be found by recourse to perturbation
theory or numerical methods.

IV. INFINITE WIRE

For the infinite wire, we can adapt the treatment of Ref.
29, to the case of more than one oscillating potential. For the
case of pure forward ac potentials �i.e., Vi

B=0, ∀ i�, j�x , t� can
be exactly evaluated and the result is a purely ac current. To
show this we solve the Dyson equation �12� for �0�t− t��
=0 and two oscillating barriers placed at x= ±a /2. Special-
izing Eq. �12� to the case VB=0 and considering first, for
illustrative purposes, the Green’s function for right movers
results in

�i��t + �x� − VF�x,t��G�x,x�,t,t�� = ��x − x���C�t − t�� .

�16�

It is very useful to note that the solution of the above differ-
ential equation for the matrix G can be obtained in terms of
the free function G0, the latter being the solution of Eq. �16�,
with VF�x , t�=0. The result is

G�x,t;x�,t�� = G0�x − x�,t − t��exp�
�x,t� − 
�x�,t��� ,

�17�

with


�x,t� =� dx�dt�G0,R�x − x�,t − t��VF�x�,t�� , �18�

where GR�x−x� , t− t��=G0,++−G0,+− is the equilibrium re-
tarded Green’s function of the free system. The above equa-
tion can be readily solved to obtain


�x,t� = − iVF
„��x − a/2�cos �0�t − �x − a/2��

+ ��x + a/2�cos��0�t − �x + a/2�� + ��… . �19�

Having now 
�x , t� we have, via Eq. �17�, every component
of G. Of course, the same steps can be followed to evaluate
the Green’s functions for left movers. The functions
G	,	

+− �x ,x� , t , t�� can be used to compute the current from Eq.
�15�. This leads to

j�x,t� =
�0VF

2�
„��x + a/2�sin��0�t − �x + a/2���

+ ��x − a/2�sin��0�t − �x − a/2�� + ��

+ ��− x − a/2�sin��0�t + x + a/2��

+ ��− x + a/2�sin��0�t + x − a/2� + ��… �20�

which yields jwire
dc =0.

In the case VB�0 it is not possible to arrive at a closed
expression for the current, one is forced to perform a pertur-
bative expansion. We have computed j�x , t� up to second
order in VB, showing that even for this case the time average
of j�x , t� vanishes for the infinite wire. Let us note, however,
that in general backscattering contributions include in Sac the
factor ei2kFxj multiplying Vj

B�t�. For this case second order
perturbation theory in these pumping amplitudes leads to
jdc� �VB�2 sin�kF�x1−x2��.27 This contribution vanishes for
kFa=n�. From now on we will consider this case �see also
Ref. 28�.
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V. FINITE RING IN CONTACT WITH A RESERVOIR

A. Evaluation of the Green’s function

In the case of the annular setup, the presence of a self-
energy in the effective action Seff renders the procedure of
the previous section unsuitable even in the case of pure for-
ward dynamical scattering. However, the Green’s functions
can be formally exactly calculated by following a similar
route to the one adopted in the solution of time-dependent
lattice Hamiltonians.24 In what follows we summarize this
procedure. It is convenient to combine the different compo-
nents of the Green’s function matrix to define a retarded
Green’s function

G	,	�
R �x,x�,t,t�� = ��t − t���G	,	�

−+ �x,x�,t,t�� − G	,	�
+− �x,x�,t,t��� ,

�21�

and to perform a Fourier transform with respect to the dif-
ference of times

G	,	�
R �x,x�,t,t�� =� d�

2�
G	,	�

R �x,x�,t,��e−i��t−t��. �22�

Substituting it in the integral representation of the Dyson’s
equations �12�, the following set of linear equations is
obtained:24

G	,	�
R �x,x�,t,�� = G	

0�x,x�,��

+ �
j=1

2

e−i��0t−�j�G	,	�
R �x,xj,t,� + �0�

� �VF�	,	� + VB�	̄,	��G	�
0 �xj,x�,��

+ �
j=1

2

e�i�0t+�j�G	,	�
R �x,xj,t,� − �0�

� �VF�	,	� + VB�	̄,	��G	�
0 �xj,x�,�� ,

�23�

where r̄= l and l̄=r. The function G	
0�xj ,x� ,�� is the retarded

Green’s function of Dirac left and right movers of the ring in
contact to the reservoir with Vi�t�=0. This function can be
calculated by considering the corresponding Dyson equation,
which in the present case takes the following simple form:

G	
0�x,x�,�� = g	

0�x,x�,�� + G	
0�x,0,���0

R���g	
0�0,x�,�� ,

�24�

where g	
0�x ,x� ,�� are the free retarded functions, corre-

sponding to the ring without driving and uncoupled from the
reservoir, while �0

R��� is the Fourier transform of the
retarded self-energy: �0

R�t− t��=��t− t����0
−+�t− t��−�0

+−�t
− t���. It can be in general expressed in terms of its spectral
representation ����=−2 Im��0

R���� as follows:

�0
R��� = �

−�

� d�

2�

����
� − � + i0+ . �25�

The equation for the lesser function reads

G	,	�
+− �x,x�,t,t�� = �

	1=l,r
�

−�

� d�

2�
e−i��t−t��G	,	1

R �x,0,t,��

� �0
+−����G	�,	1

R �0,x�,t�,���*. �26�

This function can be used to evaluate current from Eq. �15�.
Recalling that �0

+−���= if�������, where f���=��−��−���
is the Fermi function �we shall consider the zero-temperature
case, � is the chemical potential of the reservoir�, the dc
current can, thus, be expressed as follows:

jdc =� d�

2�
f���T��� , �27�

where the function T��� collects the spectral contributions to
the current from the forward and backward channels. Con-
cretely,

T��� =
1


0
�

0


0

dt��Grr
R �x,0,t,���2 − �Gll

R�x,0,t,���2

+ �Grl
R�x,0,t,���2 − �Glr

R�x,0,t,���2����� , �28�

Therefore, the evaluation of the retarded Green’s func-
tions leads us to the current. To this end, we must solve
Dyson’s equation �23�.

B. Perturbative expansion in the pumping amplitudes

In view of the obvious difficulties of solving Eq. �23�, we
propose in this section a perturbative solution that allows us
to evaluate jdc to order O��VF�2 , �VB�2�. We will obtain an
analytical expression for jdc, through the “transmission func-
tion” T���, valid for any kind of fermionic reservoir inter-
acting via forward scattering with the fermions in the ring,
similar to the one described by Scont introduced in Eq. �5�.

Before going to the perturbative treatment, let us note that
given the Green’s function of the free system

gr
0�x,x�,�� = gl

0�x�,x,�� = lim
�→�

�

�

exp i��x − x� − L/2�
2 sin �L/2

,

�29�

Eq. �24� can be exactly solved:

Gr
0�x,x�,�� = Gl

0�x�,x,�� = lim
�→�

�

�

exp i��x − x� − L/2�
h���

,

�30�

with

h��� = 2 sin �L/2 − ��0
R����e−i�L/2. �31�

The normalization factor � /� is introduced because the
functions G	

0�x ,x ,�� and g	
0�x ,x� ,�� are not regular, in the

sense that the densities of states �	�x ,x ,��=
−2 Im�G	

0�x ,x ,��� and �	
0�x ,x ,��=−2 Im�g	

0�x ,x ,��� do not
integrate to 1. Actually, the ensuing integrals diverge and, for
this reason, upper and lower cutoffs ±� are introduced to
ensure the correct sum rule. In the case of the Green’s func-
tion for the ring coupled to the reservoir, the normalization is

ARRACHEA, NAÓN, AND SALVAY PHYSICAL REVIEW B 76, 165401 �2007�

165401-4



the same as for the free system provided that the reservoir
has a finite bandwidth W, such that ����=0 for ����W and
��W.

Given a concrete model for the reservoir, which implies
assuming a concrete functional form for the spectral density
����, one has a definite function h��� �see Eq. �31��. This, in
turn, leads to the retarded functions for the system without
time-dependent potentials, given in Eq. �24�. These functions
are our building blocks for the perturbative solution of the
full retarded Green’s function G		

R �x ,x� , t ,��. Solving Eq.
�23� up to second order in the couplings and replacing the
results in Eq. �28�, we get

T��� =
− �2

�2

����
�h����2

sin ��VF
2 sin �0a�T�1���� + T�2�����

− VB
2�T�3���� + T�4������ , �32�

where

T�1���� =
1

�h�� + �0��2
+

1

�h�� − �0��2
, �33�

T�2���� = 2 Re � ei�L

h*���� ei�0L/2

h*�� + �0�
+

e−i�0L/2

h*�� − �0��� ,

�34�

T�3���� = 2 Re � ei�L

h*���� sin��2� − �0�a�ei�0L/2

h*�� + �0�

−
sin��2� + �0�a�e−i�0L/2

h*�� − �0� �� ,

T�4���� =
sin�2� − �0�a
�h�� − �0��2

−
sin�2� + �0�a
�h�� + �0��2

. �35�

In Eq. �32� we have omitted, for sake of simplicity, the
limit �→�. Let us stress again that these formulas do not
depend on the specific choice of the function ����. This
allows us to obtain some general properties of quantum
pumping in the annular geometry which are independent of
the details of the reservoir. As a first point, we stress that
unlike the case of the infinite wire, in the finite ring, forward
scattering is enough to generate a directed current. Second, it
is interesting to note that we recover the behavior jdc

�sin��� predicted in Ref. 7 for a two-barrier quantum pump
in a linear setup, also obtained within Floquet scattering ma-
trix formalism20 as well as within Green’s function formal-
ism in tight-binding models.24,25 As a third point, for �
�mod��� and �0a�1, the dc current behaves as jdc��0,
which is the typical behavior of the so called “adiabatic”
regime of quantum pumps.7,15,20–22 A final and important
point to note is the role of geometrical factors, as the length
L and the situation of the barriers a. In particular, the pref-
actor in Eq. �32� indicates that for weak amplitudes and spe-
cial combinations of parameters such that �0a=�, the dc
current is inhibited in the forward channel. In addition, geo-

metrical factors lead to sign modulation of the induced dc
current as a function of the chemical potential �, as we will
discuss in more detail in the next section.

C. Numerical solution of the exact Dyson’s equations

In this section we present results obtained from the nu-
merical exact solution of the Dyson’s equation �23�. In order
to avoid the problem of the regularization of the Green’s
function discussed in the previous section, we consider in
this section functions

g	
0�x,x�,�� =

1

2N + 1 �
n=−N

N
e−ikn�x−x��

� ± kn + i0+ , �36�

where kn=2� /L while the upper �lower� sign corresponds to
	=r , l. This function coincides with Eq. �29� in the limit of
N→�, and has well defined spectral properties, i.e., it satis-
fies the usual sum rule for the spectral density. The drawback
of this Green’s function is that Dyson’s equation �24� cannot
be analytically solved. In any case, the equilibrium Green’s
functions can be numerically evaluated from the expression

G	
0�x,x�,�� = g	

0�x,x�,�� +
g	

0�x,0,��g	
0�0,x�,��

1 − �0
R���g	

0�0,0,��
, �37�

and used as input to the numerical evaluation of Eq. �23�.
So far, we have not introduced any specific model for the

reservoir. In the numerical procedure we have represented
the latter system in terms of a semicircular density of states
of bandwidth W and a coupling vc between ring and reser-
voir. The ensuing self-energy is defined from Eq. �25� with
����=4�vc�2��W− �� � ��W2−�2 /W2.

Results for the function T��� in the case of pure forward
scattering are shown in Fig. 2. This function displays a land-
scape of peaks and antipeaks that are in accordance with the
structure predicted by the perturbative solution. For VB=0
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FIG. 2. �Color online� The function T��� for pure forward scat-
tering. The parameters are VF=0.2, �=� /2, a=2, L=40. We con-
sider a reservoir with bandwidth W=16 and a coupling constant
vc=0.1. Upper and lower panels correspond to �0=0.1,0.15,
respectively.
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only the functions T�1���� and T�2���� contribute �see Eqs.
�32�–�34��. Notice that these functions have peaks centered
at the zeros of the function h��±�0� with �0���=0, which
correspond to the positions of the energy levels of the un-
coupled ring, i.e., at �±�0=2n� /L, with n integer. The
modulation with period �L of T�2���� also explains the pat-
tern of alternative maxima and minima of T��� at the energy
levels of the uncoupled ring. In the lower panel of Fig. 2 it is
shown the behavior of T��� for �0�2� /L, i.e., close to
resonance with the characteristic frequency associated to the
level spacing of the uncoupled ring.

At zero temperature, the integral of T��� over energies
below the chemical potential � gives the dc component of
current for a given �. The behavior of Jdc as a function � is
shown in Fig. 3 for a driven system with the same param-
eters of 2. In the upper panel, corresponding to �0�2� /L, a
sequence of plateaus of width �0 are clearly distinguished.
This feature has also been noted in other models.12 In addi-
tion, sign inversion of the current takes place at points distant
in the level spacing 2� /L, as in the case of plane wave and
tight-binding electrons.20,25 In the case of the lower panel
�close to resonance� the plateaus approximately coincide
with the level spacing ���0�. Notice that in the latter case
the magnitude of the current can be much larger than out of
resonance. As the coupling to the reservoir decreases, a non-
vanishing current can only be achieved for resonant pumping
frequencies, provided that the phase lag differs from mod���,
in agreement with Refs. 13 and 25.

The function T��� for pure dynamical backscattering
�VF=0� is shown in Fig. 4. The behavior of this function is
also in agreement with the one predicted by the perturbative
solution. In this case, only the functions T�3���� and T�4����
contribute. As in the case of pure forward scattering, these
functions have a sequence of peaks and antipeaks defined
from �±�0=2� /L. However, in the present case, the struc-
ture is richer than in the case of forward scattering. This is

due to the existence of two modulating factors ei�L in
T�3����, and the sin��2�±�0�a� in T�3���� as well as in
T�4����. While the first factor introduces a periodicity which
is coincident with the level spacing, the second one intro-
duces a periodicity �a that is defined by the position at
which the ac potentials are applied. In addition, for back-
scattering, different terms contribute with different signs,
while in the case of forward scattering all the contributions
are additive.

In Fig. 4, an envelope with period a� can be clearly dis-
tinguished and it is indicated with an arrow in the lower
panel. The corresponding dc current is shown in Fig. 5. For
low pumping frequencies �upper panel� as well as for fre-
quencies close to resonance �lower panel�, the behavior of
the directed current as a function of the chemical potential
displays sign inversions and a sequence of maxima and
minima separated in �a /2. In addition, there is a fine struc-
ture of plateaus of width �0, which is more pronounced in
the case of low �0 �upper panel�. Also note the additional
structure related to the level spacing energy 2� /L of the ring.
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FIG. 3. �Color online� dc current Jdc as a function of the chemi-
cal potential of the reservoir for pure forward scattering. Parameters
are the same as in Fig. 2.
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FIG. 4. �Color online� The function T��� for pure backward
scattering with VB=0.2. Other details are the same as in Fig. 3.

-2 -1 0 1 2
-2×10

-2

0

2×10
-2

4×10
-2

jdc

-2 -1 0 1 2
µ

-4×10
-1

-2×10
-1

0

2×10
-1

4×10
-1

jdc

aπ

FIG. 5. �Color online� dc current Jdc as a function of the chemi-
cal potential of the reservoir for pure backward scattering. Other
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Thus, dynamical forward and backscattering mechanisms
leave clearly different fingerprints in the behavior of the in-
duced directed current as a function of the chemical potential
of the reservoir. While both processes are sensitive and give
rise to patterns related to the level spacing and the pumping
frequency, backscattering leads to a response that also pro-
vides information on the positions at which the pumping
potentials are applied. This feature accounts for interference
processes in the electronic propagation that take place when
electrons emit or absorb quanta and invert at the same time
their direction of motion at the backscattering centers.

VI. SUMMARY AND CONCLUSIONS

In this work we have studied quantum pumping induced
by two local ac potentials in the forward and backward chan-
nels, oscillating with a single frequency and a phase lag, in a
one-dimensional system of Dirac fermions. This problem can
be exactly solved analytically in the case of an infinite wire
and pure forward scattering. The exact solution shows that
the charge current in this case is purely ac without a dc
component. For this reason, we have investigated a confined
system of annular shape in contact to a particle reservoir. We
have employed a formalism based on Keldysh nonequilib-
rium Green’s functions to solve this problem. In this case, an
analytical solution is available at the lowest order in the
pumping amplitudes, while for arbitrary amplitudes, it can be
exactly solved by numerically evaluating a Dyson equation
for the retarded Green’s functions.

We have shown that a directed current establishes in the
confined geometry with dynamical forward as well as back-
scattering. As a function of the phase lag �, the current shows
the �sin � behavior already presented in the literature in
the framework of adiabatic descriptions,7 models of
plane-wave20 and tight-binding electrons,24,25 and experi-
mentally observed in Ref. 1. Interestingly, in the case of pure
forward scattering there is an additional factor �sin��0a�,
denoting interference effects related to the geometrical ar-
rangement. As a function of the chemical potential of the
reservoir, forward and backward scattering display features
in the behavior of the dc current which are related to the wire
level spacing of the pumping frequency. In the case of back-
scattering, there is an additional structure related to geo-
metrical parameters.
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APPENDIX: INTEGRATION OF THE RESERVOIR’S
DEGREES OF FREEDOM

In this appendix we show how to get the effective action
given in Eq. �6�. To this end we consider the path-integral
representation for the piece of the partition function that in-
volves the fields �r and �l to be integrated

Zres =� d�r
†d�l

†d�rd�l exp i�Sres + Scont� , �A1�

where

Sres =� dx dt��r
†Dr�r + �l

†Dr�l� , �A2�

where Dr and Dl are differential operators whose specific
forms depend on the dispersion relations satisfied by the par-
ticles in the reservoir. Since the integration procedure can be
performed quite generally, we will specify the actual form
for these operators at the end of the derivation. On the other
hand, the interaction between the reservoir’s modes and fer-
mions in the ring is given by Scont �see Eq. �5��. In order to
obtain an action which is quadratic in the reservoir’s fields
we perform a translation in these fields of the form �r,l
→�r,l such that

�r,l�x,t� = �r,l�x,t� + ar,l�x,t� �A3�

�and similar transformations for �r,l
† �. Choosing the functions

ar,l as

ar,l�x,t� = − vc� dx�dt�Dr,l
−1�x,x�;t,t����x���r,l�x�,t�� ,

�A4�

�and similar expressions for ar,l
† � the resulting action is qua-

dratic in the �r,l fields, which are then integrated out. Of
course, there are also two terms depending quadratically on
�r,l which will also contribute to the effective action. The
general form of these action terms is

− vc
2� dx dt dt��r,l

† �x,t���x�Dr,l
−1�0,0;t,t���r,l

† �x,t� .

�A5�

In this paper we will consider particle reservoirs such that
right and left propagators coincide for x=x�. We will also
assume time translation invariance such that Dr,l

−1�0,0 ; t , t��
=D−1�0,0 ; t− t��. The reservoir’s self-energy used in the pa-
per is defined in terms of this propagator as �0�t− t��
=vc

2D−1�0,0 ; t− t��. An explicit form for this function is cho-
sen in Sec. IV C.
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