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We present a formalism to calculate finite-frequency current correlations in interacting nanoscopic conduc-
tors. We work within the n-resolved density matrix approach and obtain a multitime cumulant generating
function that provides the fluctuation statistics solely from the spectral decomposition of the Liouvillian. We
apply the method to the frequency-dependent third cumulant of the current through a single resonant level and
through a double quantum dot. Our results, which show that deviations from Poissonian behavior strongly
depend on frequency, demonstrate the importance of finite-frequency higher-order cumulants in fully charac-
terizing transport.
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Following the considerable success of shot noise in the
understanding of transport through mesoscopic systems,1 at-
tention is now turning towards the higher-order statistics of
electron current. The so-called full counting statistics �FCS�
of electron transport yields all moments �or cumulants� of the
probability distribution P�n , t� of the number of transferred
electrons during time t. Despite their difficulty, measure-
ments of the third moment of voltage fluctuations have been
made,2,3 and recent developments in single electron
detection4–6 promise to open new horizons on the experi-
mental side.

The theory of FCS is now well established in the zero-
frequency limit.7–9 However, this is by no means the full
picture, since the higher-order current correlators at finite
frequencies contain much more information than their zero-
frequency counterparts. Already at second order �shot noise�,
one can extract valuable information about transport time
scales and correlations. When the conductor has various in-
trinsic time scales like, for example, the charge relaxation
time and the dwelling time of a chaotic cavity,10 one needs to
go beyond second-order in order to fully characterize elec-
tronic transport. Apart from this example, and some other
notable exceptions,11–13 the behavior of finite-frequency cor-
relators beyond shot-noise is still largely unexplored.

In this Rapid Communication, we develop a theory of
frequency-dependent current correlators of arbitrary order in
the context of the n-resolved density matrix �DM�
approach—a quantum optics technique14 that has recently
found application in mesoscopic transport.15 Within this ap-
proach, the DM of the system, ��t�, is unravelled into com-
ponents ��n��t� in which n=n�t�=0,1 , . . . electrons have been
transferred to the collector. Considering a generic mesos-
copic system with Hamiltonian H=HS+HL+HT, where HS
and HL refer to the system and leads, respectively, and pro-
vided that the Born-Markov approximation with respect to
the tunnelling term HT is fulfilled, the time evolution of this
n-resolved DM can be written quite generally as

�̇�n��t� = L0��n��t� + LJ�
�n−1��t� , �1�

where the vector ��n��t� contains the nonzero elements of the
DM, written in a suitable many-body basis. The Liouvillian

L0 describes the “continuous” evolution of the system,
whereas LJ describes the quantum jumps of the transfer of an
electron to the collector. We make the infinite bias voltage
approximation such that the transfer is unidirectional. By
construction, this method is very powerful for studying in-
teracting mesoscopic systems that are weakly coupled to the
reservoirs, such as coupled quantum dots �QDs� in the Cou-
lomb blockade �CB� regime9,15,16 or Cooper-pair boxes.17

Within this framework, our theory of frequency-dependent
FCS is of complete generality and therefore of wide applica-
bility.

In this n-resolved picture, electrons are transferred to the
leads via quantum jumps and there exists no quantum coher-
ence between states in the system and those in the leads.
Thus, although the system itself may be quantum, the mea-
sured current may be considered a classical stochastic vari-
able and therefore amenable to classical counting.18 This ob-
servation allows us to derive various generalizations of
classical stochastic results, and obtain a multitime cumulant
generating function in terms of local propagators. We illus-
trate our method by calculating the frequency-resolved third
cumulant �skewness� for two paradigms of CB mesoscopic
transport: The single resonant level �SRL� and the double
quantum dot �DQD�.

Equation �1� can be solved by Fourier transformation. De-
fining ��� , t�=�n��n��t�ein�, we obtain �̇�� , t�=M������ , t�,
with M����L0+ei�LJ. Let Nv be the dimension of M���,
and �i��� ; i=1, . . . ,Nv, its eigenvalues. In the �→0 limit,
one of these eigenvalues, �1��� say, tends to zero and the
corresponding eigenvector gives the stationary DM for the
system. This single eigenvalue is sufficient to determine the
zero-frequency FCS.9 In contrast, here we need all Nv
eigenvalues. Using the spectral decomposition, M���
=V�������V−1���, with ���� the diagonal matrix of eigen-
values and V��� the corresponding matrix of eigenvectors,
the DM of the system at an arbitrary time t is given by

���,t� = ���,t − t0����,t0� , �2�

where ��� ; t��eM���t=V���e����tV−1��� is the propagator in
� space and ��� , t0� is the �normalized� state of the system at
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t0, at which time we assume no electrons have passed
so that ��n��t0�=�n,0��t0� and thus ��� , t0����t0�. The propa-
gator in n-space, G�n , t����d� /2	�e−in���� , t�,
such that ��n��t�=G�n , t− t0���t0�, for t
 t0, fulfills the prop-
erty: G�n−n0 , t− t0�=�n�G�n−n� , t− t��G�n�−n0 , t�− t0�, for
t
 t�
 t0 �n��n�t�� ,n0�n�t0��. This is an operator version
of the Chapman-Kolmogorov equation.19

The joint probability of obtaining n1 electrons after t1 and
n2 electrons after t2, namely P
�n1 , t1 ;n2 , t2� �the superscript
“
” implies t2
 t1�, can be written in terms of these
propagators by evolving the local probabilities P�n , t�
=Tr���n��t�	,20 and taking into account P�n2 , t2�
=�n1

P
�n1 , t1 ;n2 , t2�, such that

P
�n1,t1;n2,t2� = Tr�G�n2 − n1,t2 − t1� G�n1,t1 − t0���t0�� .

�3�

The total joint probability reads

P�n1,t1;n2,t2� = TP
�n1,t1;n2,t2� = P
�n1,t1;n2,t2���t2 − t1�

+ P��n1,t1;n2,t2���t1 − t2� ,

where T is the time-ordering operator, ��t� the unit step func-
tion defined as ��t�=1 for t0, and zero otherwise, and
where P��n1 , t1 ;n2 , t2� is the joint probability with t2� t1. It
should be noted that, in contrast to the local probability
P�n , t�, the joint probability P�n1 , t1 ;n2 , t2� contains informa-
tion about the correlations at different times.

Result �3� may be alternatively derived using the Bayes
formula for the conditional density operator:21

P
�n1,t1;n2,t2� = P�n1,t1�P
�n2,t2
n1,t1� = Tr���n1��t1�	

�Tr���n2
n1��t2�	 = Tr���n1��t1�	

�Tr�G�n2 − n1,t2 − t1�
��n1��t1�

Tr���n1��t1�	� .

The normalization in the denominator accounts for the col-
lapse n=n1 at t= t1 using Von Neumann’s projection
postulate.21 Equation �3� is recovered when ��n1��t1� is writ-
ten as a time evolution from t0.

The two-time cumulant generating function �CGF� asso-
ciated with these joint probabilities is

e−F��1,�2;t1,t2� � �
n1,n2

P�n1,t1;n2,t2�ein1�1+in2�2,

which, using Eq. �3�, and e−F=e−TF

=Te−F


, gives

e−F��2,�1;t2,t1� = T Tr����2,t2 − t1� � ���1 + �2,t1 − t0���t0�� .

�4�

The above procedure can be easily generalized to obtain the
N-time CGF, which reads

e−F��;t� = T Tr�
k=1

N

���k;�N−k���t0�� , �5�

where �k��i=N+1−k
N �i, ����1 , . . . ,�N�, t��t1 , . . . , tn�, and

�k� tk+1− tk.
22 The multitime CGF in Eq. �5� contains a prod-

uct of local-time propagators, and expresses the Markovian

character of the problem. It allows one to obtain all the
frequency-dependent cumulants from the spectral decompo-
sition of M���. The N-time current-cumulant �e=1� is calcu-
lated using

S�N��t1, . . . ,tN� � ��I�t1� . . . �I�tN��

= �t1
. . . �tN

��n�t1� . . . n�tN���

= − �− i�N�t1
. . . �tN

��1
. . . ��N

F
��;t�
�=0.

�6�

The Fourier transform of S�N� with respect to the time inter-
vals �k, gives the Nth-order correlation functions as functions
of N−1 frequencies. In particular, the frequency-dependent
skewness is a function of two frequencies which, as a con-
sequence of time-symmetrization and the Markovian ap-
proximation, has the symmetries S�3��� ,���=S�3���� ,��
=S�3��� ,�−���=S�3����−� ,���=S�3��−� ,−���, and is
therefore real. The Nth-order Fano factor is defined as F�N�

�S�N� / �I�.
In the case where the jump matrix LJ contains a single

element, �LJ�ij =�R�i�� j�, which is the case for a wide class
of models including our two examples below, all the corre-
lation functions can be expressed solely in terms of the ei-
genvalues �k of M�0�, and the Nv coefficients ck

��V−1LJV�kk=�RV�kVk�
−1. The second-order Fano factor then

has the simple, general form

F�2���� = 1 − 2�
k=2

Nv ck�k

�2 + �k
2 , �7�

which has also been derived in other ways.23 The skewness

has the form F�3��� ,���=−2+�i=1
3 F�2���i�+ F̃�3��� ,���, with

�1=�, �2=��, and �3=�−��. F̃�3��� ,��� is an irreducible
contribution, the form of which is too cumbersome to be
given here. The high-frequency limit of the skewness is
F�3��� , � �=F�2����.

As a first example, we consider a SRL described by �
= ��00,�11�T and

M��� = �− �L ei��R

�L − �R
� ,

in the basis of “empty” and “populated” states, �
0� , 
1�	. Em-
ploying Eq. �5�, we obtain the known results for the current
and noise, and arrive at our result for the skewness:

F�3���,��� = 1 − 2�L�R

i=1

2
��i + �2 − ��� + ��2�

 j=1

3
��2 + � j

2�
,

with �1=�L
2 +�R

2 , �2=3�2, and �=�L+�R. The zero-
frequency limit F�3��0,0� is in accordance with Ref. 24.

This skewness is plotted in Fig. 1, from which the sixfold
symmetry of F�3� is readily apparent. The third-order Fano
factor gives, in accordance with the noise, a sub-Poissonian
behavior for all frequencies. This can be easily understood as
a CB suppression of the long tail of the probability distribu-
tion of instantaneous current: Due to the infinite bias, the
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distribution is bounded on the left by zero, but, in principle,
is not bounded on the right �large, positive skewness�. CB
suppresses large current fluctuations which explains a sub-
Poissonian skewness.

Along the symmetry lines in frequency space with ��=0,
��=�, and �=0, the skewness is highly suppressed. In con-
trast with the noise, the minimum in the skewness occurs at
finite frequency �Fig. 1�b�� with the strongest suppression
occuring at �L=�R �Fig. 1�c��.

As a second example, we consider a DQD in the strong
CB regime.25,26 In the basis of “left” and “right” states 
L�
and 
R�, which denote states with one excess electron with
respect to the many body “empty” state 
0�, the Hamiltonian
reads HS=��
L��L 
−
R��R 
 �+Tc�
L��R 
 + 
R��L 
 �, with de-
tuning � and coupling strength Tc. The two levels 
L�, 
R�, are
coupled to their respective leads with rates �L and �R. The
DM vector is now �= ��00,�LL ,�RR ,Re��LR� , Im��LR��T, and
the Liouvillian in this basis reads

M��� =�
− �L 0 ei��R 0 0

�L 0 0 0 − 2Tc

0 0 − �R 0 2Tc

0 0 0 −
1

2
�R 2�

0 Tc − Tc − 2� −
1

2
�R

� .

Comparison of the quantum-mechanical level-splitting �
�2�Tc

2+�2 with the incoherent rates �L,R divides the dy-
namical behavior of the system into two regimes. For
���L,R, all eigenvalues of M�0� are real, and correspond-
ingly, the noise and skewness are slowly varying functions
of their frequency arguments. In this regime, dephasing in-
duced by the leads suppresses interdot coherence, and the
transport is largely incoherent. In the opposite regime,
���L,R, two of the eigenvalues form a complex pair, �±
� ± i�−�R /2+O�� /��2, which signals the persistence of
coherent oscillations in the dots. The finite-frequency corr-
elators then show resonant features at �, since these eigen-
values enter into the denominators, as in Eq. �7�, giving rise
to poles such as ���− i�R /2. The structure of the skewness
is similar to the SRL for weak coupling ����L,R�, but much

FIG. 1. �Color online� The third-order frequency-dependent
Fano factor F�3��� ,��� for the single resonant level. (a) Contour
plot of F�3��� ,��� as a function of its arguments for �R=�L. (b)
Sections F�3��� ,0� and F�3��� ,−�� show that the skewness is sup-
pressed throughout frequency space both with respect to the Pois-
sonian value of unity and to the noise F�2����. In contrast to the
shotnoise, the skewness has a minimum at a finite frequency �m,
which exists in the coupling range �3−�5� /2��L /�R� �3+�5� /2.
In direction
�=−��, this minimum occurs, for �L=�R, at �m1 /�R

=��10−2/�3 whereas for ��=0 the position of the minimum shifts
slightly to �m2 /�R=2/�3. (c) The maximum suppression occurs at
�L=�R.

FIG. 2. �Color online� Frequency-dependent Fano skewness for
the double quantum dot in Coulomb blockade. (a) Contour plot in
the strong coupling regime, Tc=3�R, with �L=�R and �=0. (b)
Sections F�3��� ,0� and F�3��� ,−��, and shot noise F�2���� show a
series of abrupt increases with increasing �. Both noise and skew-
ness exhibit both sub- and super-Poissonian behavior. (c) Varying
the internal coupling Tc, the skewness shows rapid increases along
the lines �=� and �=� /2. For �
� the system is Poissonian
�slightly super-Poissonian for ����, while for ��� the transport
is always sub-Poissonian. The skewness is strongly suppressed at
low frequencies. (d) The derivative dF�3��� ,−�� /d� as a function
of frequency and detuning � for Tc=3�L=3�R. Resonances occur at
�=�, � /2, and ��R.
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richer in the strong coupling regime ����L,R� �Fig. 2�. Now
the skewness exhibits a series of rapid increases. From the
origin outwards in the �−�� plane, we observe first a mini-
mum at finite frequency and then inflexion points at ���R,

� 
 =�, 
�� 
 =�, and 
�−�� 
 =�. Figure 2�b� shows sections
in the �−�� plane, and the resonant behavior, in the form of
Fano shapes, is most pronounced in F�3��� ,−��. Starting
from high frequencies, the onset of antibunching occurs at
�=�. At higher frequencies, the system has no information
about correlations and is Poissonian. The overall behavior is
seen in Fig. 2�c� where we plot F�3��� ,−�� as a function of
Tc and �. The line �=� delimits two regions: At high fre-
quencies the skewness is Poissonian. At resonance, and after
a small super-Poissonian region at ���, the system be-
comes sub-Poissonian �and even negative, for certain inter-
nal couplings�. In the limit �→0, our results qualitatively
agree with those of Ref. 27 for a noninteracting DQD:
As a function of Tc, the skewness presents two minima
and a maximum �where the noise is minimum, not shown�.
In our case, however, the maximum occurs around �

=�R /2—half that of the noninteracting case. Finally, we plot
dF�3��� ,−�� /d� as a function of both � and � �Fig. 2�d��
where the resonances at �=�, �=� /2, and ���R are
clearly resolved. In contrast, the derivative dF�3��� ,0� /d�
�not shown�, exhibits a minimum at �=� for small �, which
transforms into a maximum for ��Tc. As expected, trans-
port tends to be more Poissonian as � increases, signaling
loss of coherence.

Despite the simplicity of the models we have studied, our
results demonstrate the importance of finite-frequency stud-
ies. Deviations from Poissonian behavior of higher-order cu-
mulants are frequency-dependent, such that a comprehensive
analysis in the frequency domain is needed in order to fully
characterize correlations and statistics in electronic transport.
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