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In this paper we investigate the cooperative ridge-trench formation from the theoretical point of view. Our
investigation starts with numerical simulation for the morphological evolution of strained film-substrate system
driven by surface diffusion. The results demonstrate that the morphological evolution of thick films leads to the
unique cooperative formation of faceted trenches and ridges. The cooperative formation is further analyzed
from the energy point of view by considering the two pathways of the cooperative formation, namely, the
growth of the outermost structure and the gradual formation of a faceted structure adjacent to the existing one.
The analyses reveal that the first pathway dictates the process initially, while the second one is more energeti-
cally favorable once the size of the outermost structure reaches a critical value. The competition of the two
pathways repeats, resulting in the cooperative ridge-trench formation.
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I. INTRODUCTION

Rippling on solid surfaces at the length scale of nanom-
eters is a remarkable phenomenon of self-assembly. The phe-
nomenon was observed in Ref. 1 by annealing a Si0.5Ge0.5
alloy film of 5 nm in thickness on a thick Si substrate at
temperatures ranging from 570 to 590 °C. The result re-
vealed that the film developed into nanoridges and nan-
otrenches via a cooperative manner that the two types of
nanostructures formed one after another at the adjacent sites.
The cooperative ridge-trench �CRT� formation continued, re-
sulting in a ripple structure. The ripples were characterized
by the same type of facet but could exhibit a variety of dif-
ferent shapes. Similar ripple structures were also found in
other SiGe films2,3 and in the InGaAs/GaAs system.4,5

Subsequent to the observation in Ref. 1, the CRT forma-
tion was realized to be a useful mechanism for self-
assembling quantum-dot molecules �QDMs� on heteroepi-
taxial systems.6 The fabrication process of the QDMs
consisted of two steps. The first step was to generate shallow
holes on solid surfaces by embedding a small amount of hard
particles in a buffer layer prior to the deposition of a het-
eroepitaxial film.6–8 The shallow holes would trigger the
CRT formation on the film in the second step, causing the
self-assembly of QDMs around the holes. The QDMs gener-
ated by this process were clusters of dots with the number of
dots being adjustable.9 The size distribution of the QDMs
was much more uniform than that of single quantum dots.
These advantages, namely, self-assembly, unique structures,
adjustable number of dots, and uniform size distribution,
suggest that the QDMs are a promising building block for
quantum computation devices.10

In addition to the two situations mentioned above,1,6 the
CRT formation also happened on heteroepitaxial films during
the deposition process. This issue was examined in a series
of papers aiming at understanding the dependence of the
CRT formation on the growth rate, the substrate temperature,
the film thickness, and the interrupting annealing during the
process.11–16 Those papers focused on the Si0.7Ge0.3/Si sys-
tem, and the key findings can be summarized as follows. �1�
At 550 °C and a growth rate of 0.09 nm/s, the film morphol-

ogy developed shallow indents and then QDMs via the CRT
formation.11 The QDMs were mainly quantum fortresses,
characterized by a �105� ring surrounding a square pit with
the same type of facet. �2� At the same 550 °C but a much
slower growth rate �0.015 nm/s�, no shallow indent was
found, and the film morphological evolution led to a ripple
structure when the film thickness reached 30 nm.11 The
ripple structure was similar to that observed in Ref. 1. �3�
Increasing the temperature to 750 °C with similarly low
growth rates caused nanoislands to form at small thickness
�3 nm�; the islands grew and coalesced as the film thickness
increased.16,17 �4� The development of quantum fortresses
from the shallow indents was prevented when the fast film
growth at 550 °C was interrupted by annealing at the same
temperature; instead of quantum fortresses, the indents
evolved into elongated trenches.13

The CRT formation is commonly explained by the coop-
erative nucleation model.1 The model argues that the pres-
ence of one type of structure �e.g., a trench� can reduce the
energy barrier for the nucleation of the other type �e.g., an
island� at the adjacent site, thus facilitating the repeating oc-
currences of the two types of structures. The energy reduc-
tion can come from the mismatch strain in the film1 or the
adatom concentration on the film surface.18

The cooperative nucleation model points out the signifi-
cant effects of an existing nanostructure on the nucleation of
a different one. The nucleation model, however, cannot fully
account for the ordered morphology and the uniform size
distribution of the QDM generated by the pitted buffer layer6

and by the fast film deposition.11 Furthermore, nucleation
requires spontaneous accumulation of a large amount of ada-
toms at the adjacent sites, and there is an energy barrier
during the process. The difficulty in nucleating structures at
the adjacent sites suggests the CRT formation may be dic-
tated by a different mechanism.

The CRT formation is examined in this paper by consid-
ering two issues. First, instead of nucleation, the adjacent
structure may develop gradually via the surface undulation
process. The surface undulation process, driven by surface
diffusion, is another mechanism of the morphological evolu-
tion of the film surface. The process is characterized by a
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gradual change of the surface profile, and the process can
lead to the formation of faceted islands without experiencing
an energy barrier.19–21 These unique features suggest that the
surface undulation process can play an important role in the
development of the adjacent structure. Second, the gradual
development of the adjacent structure has to compete with
the growth of the existing outermost one. The competition
between the two pathways is the key to the alternative
growth of ridges and trenches during the CRT formation.22

The two issues are studied by simulating the surface un-
dulation process and by analyzing the energy difference be-
tween the two pathways of the CRT formation. The results
confirm that the CRT formation can happen during the sur-
face undulation process on a thick film and is caused by the
competition between the two pathways. In particular, the
growth of the existing outermost structure dictates the pro-
cess initially when the size of the outermost structure is
small. However, once the size reaches a critical value, the
gradual development of a structure adjacent to the outermost
one becomes the more energetically favorable pathway. The
critical size differentiating the two pathways explains the al-
ternative growth of ridges and trenches in the CRT forma-
tion. The critical size also accounts for the uniform size dis-
tribution of the ripple structures and QDMs.

The paper is organized as follows. Section II describes the
model and the simulation schemes employed to study the
surface undulation process driven by the surface diffusion
mechanism. Section III outlines the formulas for determining
the energy change due to the formation of nanostructures.
Section IV shows the simulation results for the alternative
growth of ridges and trenches and the formation of QDMs.
Section V presents the energy analyses for the two compet-
ing pathways that cause the CRT formation. Section VI sum-
marizes the results of this paper and discusses the limitations
of the model adopted in this paper.

II. MODEL

A. Stranski-Krastanow systems

Our study is based on a continuum model for the Stranski-
Krastanow �SK� system, which consists of a heteroepitaxial
thin film and a thick substrate bonded coherently along a flat
interface.23–25 The film and the substrate are elastically simi-
lar materials characterized by Young’s modulus E and Pois-
son’s ratio �. The film and the substrate are subject to a
mismatch strain �0 between them, which results in deforma-
tion and strain energy in the system.26 The strain energy is
the driving force for the nanostructure formation; the char-
acteristic strain energy density w0 is given by w0=E�1
+���0

2 /2�1−��.
In addition to the strain energy, the SK system is also

affected by the film-substrate interaction energy and the film
surface energy. The interaction accounts for the SK transition
and the development of the wetting layer.27–29 The interac-
tion can be modeled as a special type of film surface energy
of which the density g varies with the distance z between the
film surface and the film substrate interface.28 The density is
given by g�z�=g0l / �z+ l� for the case where the interaction is
caused by the quantum confinement and l is a material

property.29 The surface energy density � is assumed to be a
constant �0 except in the vicinity of the local minimums on
�105�, �15 3 23�, and �113�, the facet orientations of the is-
lands on the SiGe/Si system.30

The SK systems described here are characterized by two
characteristic lengths, L and ĝ0l, given by

L =
�0

w0
, ĝ0l =

g0l

�0
. �1�

The quantity L represents the length scale at which the strain
energy reduction due to island formation is balanced by the
corresponding surface energy increment. The quantity ĝ0l, on
the other hand, is the length scale associated with the inter-
action energy and the surface energy.

The three parameters, L, l, and ĝ0, are taken to be 70 nm,
0.1 nm, and 0.1, respectively, which are similar to those used
in Refs. 20 and 21. The value of L is chosen to match the
length scale of the Si0.7Ge0.3/Si�001� system observed in
experiments,14,16 and l and ĝ0 are selected to capture the
scenario that the Si0.7Ge0.3 film develops into separated is-
land arrays at small film thickness.16 The choice of L, l, and
ĝ0 has no effect on the cooperative formation at large film
thickness.

B. Surface chemical potential

The thermodynamics of the film surface is determined by
the surface chemical potential �, defined as the total free
energy change when one unit of the film material is bonded
onto the surface of the system.23,28,31–33 For the SK model
described in the previous section, � can be expressed as

� = �0 + ��w − �g + ��� +
�g

�z
nz + �	 ·

��

�n
� , �2�

where �0 is the chemical potential of the film material with-
out stress, � is the atomic volume, w is the strain energy
density, � is the curvature, �	 is the surface gradient opera-
tor, and nz is the z component of n.

The physical meanings of the five terms in Eq. �2� are
briefly discussed as follows. The first term �0 in Eq. �2� is
the energy change when ignoring the effects of the stresses
and the surface. This term is a constant when the film com-
position remains homogeneous. The second term �w is re-
sponsible for the effect that the total strain energy of the
film-substrate system decreases as a flat film surface devel-
ops into a rough profile.34–37 Hence, the second term de-
scribes an energetic force favoring surface undulation and
nanostructure formation. The third term −��g+��� is due to
a change of the surface area,31 and evidently this term op-
poses the development of islanded surfaces. The fourth term
accounts for the variation of the interaction energy with the
film thickness,28 and including this term is crucial for mod-
eling the SK transition and the formation of the wetting
layer. The last term is a consequence of the anisotropy of the
surface energy density, determining the orientations of the
facets that can form during the morphological evolution.23,33
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C. Morphological evolution

The variation of � on the film surface causes the morpho-
logical evolution of the system; the evolution controlled by
surface diffusion is expressed as34,38

�f�x,y,t�
�t

=
�
sDs

nzkBTk
�	 · ��	�� , �3�

where f�x ,y , t� is the film surface profile at time t, 
s is the
adatom density, Ds is the surface diffusivity, kB is the Boltz-
mann constant, and Tk is the temperature. The surface diffu-
sion mechanism is important during the annealing as well as
the growth process.

The implementation of the morphological evolution simu-
lation was similar to those in Refs. 23–25. The simulation
employed the two-dimensional �2D� Fourier series with the
same wavelength in the x and y directions to describe the
film surface profile f�x ,y , t�. The wavelength of the Fourier
series defined the calculation cell size, and it was taken to be
18L in our calculations. The simulation consisted of three
basic modules for determining the evolution of the surface
profile f�x ,y , t�. The first module evaluated � expressed in
Eq. �2�. In particular, the last three terms in Eq. �2� were
calculated by the fast Fourier transform method, while the
term w was obtained by using the high-order boundary per-
turbation method to solve the elasticity problem of a strained
film on a thick substrate.23 The second module then used the
result � to compute the surface migration rate �f�x ,y , t� /�t
according to Eq. �3�. Finally, the third module integrated the
surface migration rate �f�x ,y , t� /�t with respect to time t by
the generalized midpoint rule39 to update the surface profile
f�x ,y , t�. The simulation results were normalized by the time
scale tL=kBTkL

4 /
sDs�
2�0. Unless specified, the substrate

orientation and thus the vertical direction are taken to be the
�001� direction of the material coordinates. Our simulation
lacked the capability to produce perfect facets. Nevertheless,
the term facet is loosely used in this paper when describing
the simulation results.

III. ENERGY OF NANOSTRUCTURES

This section summarizes the first-order boundary pertur-
bation method for evaluating the total energy change due to
the formation of strained nanostructures on the SK film-
substrate system under the condition of mass conservation.
For simplicity, the discussion is limited to the 2D cases, and
the total energy is the sum of the strain energy and surface
energy. The third type of energy in the SK system, namely,
the interaction energy, can be ignored in the analyses for the
CRT formation because, as demonstrated later in Sec. IV, the
CRT formation occurs on thick films where the effects of the
interaction energy become insignificant.

This section is divided into three parts. The first one ex-
amines the case of a single nanostructure. The second one
explores the situation where an additional nanostructure de-
velops at a site adjacent to a preexisting one. Based on the
results of the second part, the third one considers the sce-
nario that the additional adjacent structure is much smaller
than the preexisting one.

A. Single nanostructure

1. System

Figure 1 depicts the morphology of a 2D strained film-
substrate system that may appear during the deposition
and/or annealing process. The system is attached by a set of
Cartesian coordinate axes on the flat film surface. The x and
y axes lie parallel with the surface, while the z axis is normal
to the surface.

The substrate of the system is a semi-infinite solid, and
the film consists of a flat wetting layer of thickness Hf and a
nanostructure with N facets. There are totally N+1 vertices
on the structure; the x components of the vertices are denoted
as �b1 ,b2 , . . . ,bN+1�. The angle between the jth facet and the
x direction is � j. For convenience, one of the angles, denoted
as �*, is chosen to define the characteristic slope S=tan �*

of the structure. The ratio between the slope of the jth facet
and the characteristic value S gives the relative slope mj of
the facet, i.e., mj =tan � j /S.

2. Strain energy change

The strain energy change �W due to the formation of the
nanostructure can be estimated by the first-order perturbation
method, assuming the total film volume is conserved during
the formation process and the slope S is small.36,40,41 The
starting point of the method is to determine the strain energy
density w�x� on the islanded film surface,40,41

w�x� = w0
3d − 2w0S�x� , �4�

where w0
3d=2w0 / �1+�� is the strain energy density of the flat

strained film, and the function �x� describes the variation
of w�x� on the film surface due to the nanostructure,

�x� = −
2

�
	
j=1

N

mjR
ln
x − bj+1

x − bj
� . �5�

The symbol R in Eq. �5� denotes the real part of a complex
number. Equation �4� is accurate to the first order of S.

The result of w�x� is used in the following formula to
describe the variation of the strain energy �W of the system
with that of the surface profile �f�x�,40,42,43

Film

Substrate

z
x

y b1 b2 bj bj+1 bN+1

Hf

φ j

FIG. 1. Schematic diagram of a heteroepitaxial film-substrate
system containing a faceted nanostructure on a flat wetting layer of
thickness Hf.
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�W =� w�x��f�x�dx . �6�

Carrying out the integral in Eq. �6� and evoking the solution
procedure outlined in Ref. 40 determine the strain energy
change �W to be

�W = − w0SVU , �7�

where V is the volume of the structure and U represents the
effect of the nanostructure shape on �W,

U =
1

V
� �x�f�x�dx . �8�

The quantity U has the unique property that U remains the
same when the nanostructure enlarges self-similarly.

3. Surface energy and total energy changes

The surface energy change �Es due to the formation of
the nanostructure can be calculated to be

�Es = 	
j=1

N

�0Gj�bj+1 − bj� , �9�

where Gj =−1+� j / ��0 cos � j�, � j is the surface energy den-
sity of the jth facet, and �0 is that of flat film. Summing the
changes of the strain and surface energy yields the total en-
ergy change �Etot,

�Etot = �W + �Es. �10�

B. Adjacent nanostructure

1. System

Figure 2 illustrates the case considered in this section
where a nanostructure �denoted by the dashed line� develops
at the adjacent site of a preexisting one �denoted by the solid
line�. The preexisting nanostructure contains N facets with
the characteristic slope being S0; the last vertex at the right
edge of the nanostructure is located at x=a and z=0. In
comparison, the adjacent nanostructure includes two sur-
faces. The slopes of the surfaces are n1S� and n2S�, respec-
tively, and S� is the corresponding characteristic slope. There

are three vertices on the adjacent nanostructure. The first
vertex is at the same location as the last vertex of the preex-
isting structure, the second one is at x=b and z=n1S��b
−a�, and the third one is at x=c and z=0.

2. Strain energy change

It follows from Eq. �4� that the strain energy density on
the film surface containing the preexisting and the adjacent
nanostructures can be expressed as

w�x� = w0
3d − 2w0S00�x� − 2w0S���x� , �11�

accurate to the first order of S0 and S�. In Eq. �11�, 0�x�
describes the variation of w�x� due to the preexisting nano-
structure and ��x� illustrates that due to the adjacent one.
Both 0 and � can be obtained by employing Eq. �5�. For
example, � can be found to be

��x� = −
2

�

n1 ln

x − b

x − a
+ n2 ln

x − c

x − b
� . �12�

Similar to the solution procedure for deriving �W of a
single nanostructure, Eq. �11� can be substituted into Eq. �6�
to evaluate the variation of the strain energy of the system
when the characteristic slope S� of the adjacent nanostruc-
ture increases gradually from 0 to S� with other parameters
of the system being fixed, including S0 and the total mass of
the film. The result can be written as40

�W = − 2w0S0VU0 − w0S�VU�, �13�

where V is the volume of the adjacent nanostructure, and U0
and U� are given by

Uk =
1

V
� k�x�f�x�dx . �14�

In Eq. �14�, the subscript k can be 0 or �, and f�x� refers to
the surface profile of the adjacent nanostructure. The quanti-
ties U0 and U� represent the effects of the shapes of the
preexisting and adjacent nanostructures on �W, respectively.

C. Small adjacent nanostructure with the same facet
as the preexisting one

This section examines the special case where the adjacent
nanostructure is small and its first facet is the same as the last
one of the preexisting structure, i.e., n1S�=mNS0. Since the
adjacent structure is small, the function 0�x� associated
with the preexisting nanostructure in the vicinity of x=a can
be rewritten as the sum of the contribution from the vertex at
x=a, denoted as a�x�, and a constant c representing the
contribution from the remaining vertices,

0�x� = c + a�x� , �15�

where c and a�x� can be expressed as

a�x� = −
2mN

�
ln�x − a� , �16�

c = lim
x→a

�0�x� − a�x�� . �17�

Substrate

z

y

Hf

x

S , {m , m ... m }0 1 2 N

a b c

Film

n S n S1 2α α

FIG. 2. Schematic diagram of a nanostructure developing at the
adjacent site of a preexisting one with N facets. The adjacent struc-
ture is illustrated by the dashed line, while the preexisting one by
the solid line.
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Substituting Eqs. �12� and �15� into Eqs. �13� and �14�,
employing the identity �c−b�n2+ �b−a�n1=0, and evoking
the condition n1S�=mNS0 yield �W for the special case con-
sidered here,

�W = − 2w0S0�Vc +
mN

�
�3 − 2 ln�c − b��� , �18�

where �V can be calculated to be

�V = 1
2S��n1 − n2��c − b��b − a� . �19�

IV. NUMERICAL SIMULATION FOR THE COOPERATIVE
RIDGE-TRENCH FORMATION

This section presents numerical simulation results of the
CRT formation. In particular, Sec. IV A investigates the con-
dition under which the CRT formation can be activated by
the surface undulation process to produce the unique QDM
morphology observed in experiments. Section IV B then ex-
amines the details of the undulation process to reveal the
kinetic pathways of the CRT formation.

A. Cooperative ridge-trench formation via surface undulation

We simulated the surface undulation of three cases of
Si0.7Ge0.3 films driven by the surface diffusion mechanism
described in Sec. II C. The results correspond to the anneal-
ing process in experiments; the implications of the results for
the growth process are discussed later in Sec. VI B.

The three cases of Si0.7Ge0.3 films had identical material
properties but differed in film thickness and initial surface
profiles. The two factors adopted in the three cases are sum-
marized in Table I. In the first case the film thickness was
4 nm, which was slightly higher than the critical value for
the SK transition, and the initial surface was an almost flat
profile with the root-mean-square �rms� roughness being
0.05 nm. The results, depicted in Figs. 3�a1�–3�a3�, and il-
lustrated a typical example of surface undulation on a thin
film with small roughness: The thin film first developed a
wavy profile containing shallow bumps and valleys. The
bumps then underwent shape transition from smooth struc-
tures to faceted pyramids.19–21,44 Evidently, the surface undu-
lation on thin films favored islands over pits and trenches.

The film morphology changed totally when the film thick-
ness was sufficiently large. This was shown in the second
case where the initial surface profile was identical but the
film thickness was increased to 30 nm. Plotted in Figs.
3�b1�–3�b3�, the results indicated the surface undulation pro-
cess mainly resulted in faceted pits and trenches first, instead

of islands or ridges. The pits and trenches subsequently fa-
cilitated the growth of pyramids and ridges at the adjacent
sites, leading to a ripple structure. The ripple structure could
be described as a network of nanoridges and nanotrenches.
Those nanostructures were still defined by the �105� facets,
while the shapes were irregular. The results agree with the
experimental findings2,3 and demonstrate that the surface un-
dulation on thick films can cause the CRT formation.

Using the same film as in the second case, the third case
examined how the CRT formation was affected by the pres-
ence of shallow holes on the initial surface.45 The holes were
randomly distributed; the diameter and depth of the holes
were varied ±10% around the prescribed average values,
which were 50 and 0.9 nm, respectively. The same random
roughness as employed in the earlier cases was still included
on the initial surface profile. The results, illustrated in Figs.
3�c1�–3�c3�, showed that the CRT formation caused the
holes to develop into QDMs of comparable shapes. The
QDMs consisted of a faceted pit, a ridge ring, and a trench
ring, which were consistent with the structures reported in
Refs. 11 and 14. The regular QDM morphology was in con-

TABLE I. The film thickness and the initial surface profiles of
the three cases shown in Fig. 3.

Case Film thickness �nm� Initial profile

1 4 Random roughness

2 30 Random roughness

3 30 Holes and random roughness

FIG. 3. �Color online� The morphological evolution of
Si0.7Ge0.3/Si with different film thicknesses and initial surface pro-
files. ��a1�–�a3�� Hf =4 nm and the initial film surface is flat with
rms roughness being 0.05 nm. ��b1�–�b3�� Hf =30 nm and the initial
profile is the same as the first case ��c1�–�c3�� Hf =30 nm and an
array of shallow holes are present at t=0. The average diameter and
depth of the holes are 50 and 0.9 nm, respectively. The tone of the
colors represents the angle � between the normal vector of the
surface and the vertical direction. The lightest one corresponds to
�=0°; the darkest ones to 0.14° in �a1� and �b1�, 6.9° in �c1�, 11.3°
in �a2�, �b2�, �c2�, and �a3�, and 15° in �b3� and �c3�.
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trast to the random distribution of trenches and ridges in the
second case. The difference demonstrates the important role
of shallow holes in the QDM formation.

In summary, Fig. 3 shows that the CRT formation happens
on thick films; the process leads to QDMs if shallow holes
are present on the initial surface and to a network of irregular
ripples if the initial surface is characterized by random
roughness.

The suppression of the cooperative formation on thin
films can be understood as follows. Both islands and
trenches and/or pits can reduce the strain energy stored in the
film, and the latter is more effective than the former. Though
reducing more strain energy, the formation of trenches and/or
pits is obstructed on thin films because of the film-substrate
interaction energy. The interaction energy favors nanostruc-
tures protruding out of the films over those penetrating into
the films. Since the strength of the interaction energy in-
creases with decreasing film thickness, the trench and/or pit
growth and thus the CRT formation are impeded when Hf is
small.

The significance of the interaction energy on suppressing
the trench and pit formation was further investigated by em-
ploying a lower interaction energy density �ĝ0=0.01� to
simulate case 1 in Table I. The results confirmed that faceted
trenches and pits formed if the interaction energy density
was sufficiently low. The trenches and pits, however, exhib-
ited flat bases at the bottom of the nanostructures instead of
an apex or a sharp edge. The pit and trench shapes were
different in this case because the depths of fully developed
pits and trenches were larger than the thickness of the film
above the wetting layer. Due to the small film thickness,
when the growth of the pits and trenches approached the
wetting layer, the growth was hindered by the wetting layer,
leading to the formation of the flat bases.

B. Kinetic pathways

Motivated by the findings in Figs. 3�c1�–3�c3�, our inves-
tigation turned to the case of a single shallow hole on a thick
Si0.7Ge0.3 film to reveal the kinetic pathways of the CRT
formation. The diameter and depth of the hole were 50 and
0.9 nm, respectively. In addition to the hole, the random
roughness was also present on the initial surface. The mor-
phological evolution of the hole is depicted in Figs.
4�a�–4�c�. The results suggested, via the cooperative forma-
tion, the shallow hole first evolved into a QDM and then a
relatively ordered ripple structure involving multiple rings of
ridges and trenches. The formation process was consistent
with our findings in Sec. IV A.

The formation process was further studied in Fig. 4�d� by
plotting the film cross sections at different time steps along
the solid line shown in Fig. 4�b�. The figure reveals that the
shallow hole first transformed into a faceted pit and then the
pit enlarged �see lines 0–2�. The pit growth was significantly
impeded when ridges developed at the pit edges. The ridges
were faceted on the side facing the pit initially �see line 3�.
Afterward, the ridges were fully faceted and grew continu-
ously �see line 4�. Similar to the pit, the ridge growth was
also hindered after the ridges activated the formation of fac-

eted trenches surrounding the ridges �see line 5�. The subse-
quent morphological evolution on the film followed the same
pattern, leading to the cooperative formation �see line 6�.

In short, Fig. 4�d� shows that the cooperative formation
results from the competition of two kinetic pathways: the
growth of the existing outermost nanostructure and the for-
mation of a structure adjacent to the outermost one.

V. ENERGY ANALYSES FOR THE
COOPERATIVE FORMATION

The two competing pathways of the CRT formation are
analyzed from the energy point of view with the focus on the
initial stage of the formation process where the shallow hole
has transformed into a faceted pit. The results provide an
insight into the alternative growth of ridges and trenches and
the size selection mechanism of the CRT formation.

A. Model problem

Figure 5 plots the 2D model adopted in the energy analy-
ses for the CRT formation on the surface of a heteroepitaxial
film-substrate system. The film thickness is sufficiently large
so that the film-substrate interaction energy in the system can
be neglected, and it is the strain energy and surface energy
that dictate the morphological evolution of the nanostruc-
tures on the film surface.

FIG. 4. �Color online� ��a�–�c�� The morphological evolution of
a hole with 50 nm in diameter and 0.9 nm in depth on a film with
Hf =30 nm. �d� The film cross sections along the solid lines shown
in �b� during the evolution. In �d� the horizontal line represents the
initial height of the film, and the dashed lines indicate the final pit
size.
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The film-substrate system contains a faceted pit initially,
as illustrated in Fig. 5�a�. The pit may evolve via two path-
ways. In the first pathway, depicted in Fig. 5�b�, the film
material is transported from the pit surfaces to the remaining
flat film profile, causing the pit to grow self-similarly. The
volume �V �per unit length in the y direction� of the trans-
ported material can be calculated to be

�V = S�2a + d�d , �20�

where S=tan �, � is the facet angle, 2a is the width of the
initial facet, and 2d is the increment of the pit width. Accord-
ing to Eq. �20�, d can be expressed as a function of the
volume �V,

d =�a2 +
�V

S
− a . �21�

In contrast to the first pathway, the film material in the
second pathway is transported from the flat film surface to
the edges of the pit, leading to the formation of a ridge at
both edges of the pit, see Fig. 5�c�. The surface of the ridge
facing the pit is the same facet as the pit one, while the other
surface of the ridge is nonfacet. The angle between the non-
facet surface and the flat film profile is � and is allowed to
vary during the formation process. The nonfacet surface with
adjustable � is adopted here as a simple model to account for
the gradual ridge formation.

The surface energy density ���� of the film surface is
taken to be

���� = �0 − �� exp�− ��� − ��� , �22�

which contains a cusp at the facet angle �=�. In Eq. �22�,
�� is the depth of the cusp, and ��� is the gradient d� /d�
at the cusp. The quantity � is assumed to be large; thus, �
approximates to �0 in the vicinity of �=0.

The volume �V of the material that is transported from
the flat film surface to form the ridges can be expressed as

�V = Sn�1 + n�p2, �23�

where p, as illustrated in Fig. 5�c�, is the length of the pro-
jection of the ridge nonfacet surface onto the flat film, S
=tan �, and n is defined to be n=tan � / tan ��� /�.

The energy changes of the two pathways, namely, the
self-similar pit growth and the adjacent ridge formation, are
compared in the next section.

B. Energy changes

The energy change �E1 due to the self-similar pit growth
can be estimated by using the method discussed in Sec. III A,
and the result is found to be

�E1 = −
8 ln 2

�
w0S�V + 2�0G�d , �24�

where G�=−1+�1 /�0 cos �, �1=�0−�� is the surface en-
ergy density of the facet, and d is related to �V by Eq. �21�.
In comparison, the energy change �E2 due to the adjacent
ridge formation is determined by adopting the scheme de-
scribed in Sec. III B,

�E2 = − w0S�VU2 + 2�0�nG� + G��p , �25�

where the quantity �VU2 is defined in Eq. �A8� and G�

=−1+���� / ��0 cos ��. The derivation procedure of Eqs. �24�
and �25� is presented in the Appendix.

The energy difference �E=�E2−�E1 between the ridge
formation and the pit growth is illustrated in Fig. 6 by plot-
ting the contours of �E as a function of �V and �. The
contours with �E�0 determine the domain ��V ,�� in which
the adjacent ridge formation is more energetically favorable,

FIG. 5. Schematic diagrams of the two competing pathways of the CRT formation: �a� the initial condition, �b� the self-similar pit growth,
and �c� the adjacent ridge formation. The dotted lines in �b� and �c� indicate the initial profile illustrated in �a�.
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while those with �E�0 define the domain where the pit
growth is preferred. The figure considers two cases that dif-
fer in the initial pit size: 2a=90 and 190 nm in Figs. 6�a� and
6�b�, respectively. Except a, the other parameters adopted in
the two cases are identical: L=�0 /w0=70 nm, �0=1 J /m,
�� /�0=0.015, �=50, and �=11.3°.

A distinctive feature in both Figs. 6�a� and 6�b� is the
sharp variation of the contours in the narrow strip located at
�=�. The narrow strip is called the facet domain in this
paper since the strip corresponds to the case where the adja-
cent ridge is fully faceted. The remaining area, characterized
by smooth contours, gives �E for the case where the ridge
contains a nonfacet surface; this area is termed the nonfacet
domain. The two domains represent different ways of adja-
cent ridge formation. The facet domain refers to an abrupt
shape transformation, which can occur by nucleation. This
domain is discussed later in Sec. V F. The nonfacet domain,
in contrast, implies a gradual shape change that happens dur-
ing the surface undulation process. The nonfacet domain is
investigated in the following.

The nonfacet domain depicted in Fig. 6�a� shows a typical
result of �E for the case of small pit size. The result is
characterized by the pattern that �E is positive and increases
with �V. The characteristic suggests the energy favors the pit
growth over the adjacent ridge formation during the surface
undulation process when the pit size is small.

The nonfacet domain plotted in Fig. 6�b�, in contrast, rep-
resents the result of large pit size. The domain is divided into
two regimes along the two black lines that depict the con-
tours �E=0.46 The regime outside the two black lines indi-
cates positive �E and is favored by the pit growth. The re-
gime between the black lines, on the contrary, shows �E
�0 and is dictated by the adjacent ridge formation. The re-
sult suggests that the adjacent ridge formation can be more
favorable than the pit growth during the surface undulation

process when the pit size is sufficiently large.

C. Gradient F

The effect of the initial pit size on the adjacent ridge
formation can be further understood by considering the func-
tion �Eeq��V�, defined as the minimum of �E��V ,�� among
all � for a given value of �V. The function �Eeq��V� is
plotted by the solid lines in Figs. 7�a� and 7�b� for the two
cases shown in Fig. 6. The two lines suggest whether the
adjacent ridge formation can happen or not during the sur-
face undulation process is determined by the gradient F of
the function �Eeq��V� at �V=0,

F = �d�Eeq

d�V
�

�V=0
. �26�

A positive value of F signifies that the adjacent ridge forma-
tion encounters an energy barrier, see Fig. 7�a�. On the con-
trary, F is negative if the formation process is barrierless, see
Fig. 7�b�.

D. Derivation of F

The crucial quantity F is derived in this section. The re-
sult is then employed in the next section to determine the
critical pit size for the adjacent ridge formation.

The key step in deriving F is to calculate �E1 and �E2
under the condition �V /Sa2�1. For �E1, the condition
means d given in Eq. �21� can be expressed as d
=�V / �2Sa�. Applying the result to Eq. �24� yields

�E1 = w0�V
−
8S ln 2

�
+

LG�

Sa
� . �27�

For �E2, the condition of small �V implies � and n are
small. Accordingly, ������0, G��G�, and p=��V /Sn.
Substituting these expressions into Eq. �25�, noticing that the
term �VU2 can be simplified by the scheme presented in
Sec. III C, and ignoring the terms with higher order of n
reduce �E2 to

FIG. 6. �Color online� The contours of the energy difference �E
as a function of �V and � for the cases where L=70 nm, �0

=1 J /m, ��0 /�0=0.015, �=11.3°, and �=50; 2a=90 nm in �a�
and 2a=190 nm in �b�.

FIG. 7. �Color online� The effects of �V on �Eeq and �E of
faceted ridges for the two cases shown in Fig. 6. The function �Eeq

is depicted by the solid lines and �E of faceted ridges by the dotted-
dashed lines.
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�E2 = −
w0S�V

�
�6 − 4 ln 2 + 2 ln
Sna2

�V
��

+ 2�0G��n�V

S
. �28�

The derivation procedure of Eq. �28� is described in the Ap-
pendix.

The condition ��E2 /�n=0 yields the equilibrium relative
slope neq that minimizes �E2 at �V /Sa2�1,

neq =
4S3�V

�2G�
2 L2 . �29�

Substituting Eq. �29� into Eq. �28� and subtracting �E1 from
the result determine the minimum �Eeq at small �V,

�Eeq = ��E2�n=neq
− �E1

=
w0S�V

�
�− 2 −

�G�L

aS2 + 4 ln
4�G�L

aS2 �� . �30�

Differentiating Eq. �30� with respect to �V gives F,

F =
w0S
�


− 2 −
1

4â
− 4 ln â� , �31�

where â is the normalized pit size,

â =
aS2

4�G�L
. �32�

E. Critical pit size for adjacent ridge formation

Figure 8 plots the variation of �F /w0S with the normal-
ized pit size â. The result is divided into three ranges of â:
�0, âcr,0�, �âcr,0 , âcr�, and �âcr ,��, where âcr,0 corresponds to
the critical pit size above which the formation of the faceted
pit reduces the total energy of the system,

âcr,0 =
1

16 ln 2
, �33�

and the quantity âcr=0.5403 is the larger solution of the two
results that satisfy the equation F=0.

The first range, �0, âcr,0�, is characterized by a drastic
variation of F. The range, however, is disregarded since the
initial pit is too small to be an energetically favorable nano-
structure in the first place. The second range, �âcr,0 , âcr�, is
characterized by positive F. The characteristic suggests that
in the second range the pit formation is energetically favor-
able and the pit growth suppresses the development of adja-
cent ridges. The third range �âcr ,��, in contrast, shows nega-
tive F. This confirms the finding implied in Figs. 6 and 7 that
the adjacent ridge formation by a gradual shape change can
reduce more energy than self-similar pit growth once the pit
size exceeds a critical value. By substituting âcr=0.5403 into
Eq. �32�, the critical pit size acr for the adjacent ridge forma-
tion can be expressed as

acr =
�G�L

S2 , �34�

where �=4�âcr. The critical value acr gives a good estimate
for the pit size appearing in the cooperative formation. For
example, 2acr=106 nm for the parameters adopted in Figs. 6
and 7, which is consistent with the value reported in Ref. 11.

F. Fully faceted adjacent ridge

The adjacent ridge formation is barrierless when the ridge
is allowed to change its shape during the formation process.
The scenario is completely different if the adjacent ridge is
fixed to be a fully faceted structure, i.e., �=�. The energy
difference �E of this scenario is illustrated by the facet do-
main in Figs. 6�a� and 6�b� and is redrawn by the dotted-
dashed lines in Figs. 7�a� and 7�b�, respectively. The two
dotted-dashed lines follow the same trend: �E increases with
�V first, reaches a maximum, and then declines to negative
values. The result demonstrates that the direct formation of a
faceted structure at the adjacent site always needs to over-
come an energy barrier and a critical nucleation size before
the process can reduce more energy than the pit growth.

The dotted-dashed lines coincide with the solid lines in
Fig. 7 after �V exceeds a critical value. The result shows that
though the fully faceted structure is less favorable than a
partially faceted one in the early stage of the adjacent ridge
formation, the fully faceted one eventually becomes the most
favorable morphology. The transition to the fully faceted
ridge is expected to be similar to that of a single nanoisland
changing from a shallow bump to a faceted pyramid.19–21

VI. DISCUSSION

This section first presents an overview of the CRT forma-
tion based on the results shown in Secs. IV and V. This is
followed by a brief discussion on how the CRT formation
may be affected by the deposition process in Sec. VI B and a
survey of the limitations of the model employed in this study
in Sec. VI C.

A. Cooperative ridge-trench formation

The results in Secs. IV and V reveal that the cooperative
formation is an interplay between the growth of the outer-

FIG. 8. The variation of �F /w0S with the normalized pit size
â.
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most nanostructure and the formation of a structure adjacent
to the outermost one via the surface undulation process. The
cooperative formation starts with the development of faceted
nanostructures on a thick film by surface undulation, a bar-
rierless process similar to that on a thin film.19–21 The faceted
nanostructures are mainly pits and trenches.

After the faceted structure forms, the structure grows until
reaching a critical size. In this stage, the growth reduces
energy, and it reduces more energy than the gradual forma-
tion of adjacent structures. Above the critical size, however,
the adjacent structure formation becomes more effective in
reducing the energy than the growth of the first structure. As
a consequence, the growth of the first structure is suppressed
and the adjacent structure emerges.

The development of the adjacent structure is characterized
by a sequence similar to that of the first structure: �1� forma-
tion of a small ridge with nonfacet surface, �2� shape transi-
tion to a fully faceted structure, �3� further enlargement of
the structure, and �4� suppression of growth due to the for-
mation of another adjacent structure. The repeating emer-
gence of the adjacent structures and their self-limiting
growth is the mechanism of the CRT formation.

The resulting morphology of the cooperative formation is
a ripple structure consisting of nanotrenches and nanoridges.
The shapes of those nanostructures are irregular if the initial
surface profile is dictated by random roughness.2,3 The nano-
structures, however, can self-organize into an ordered con-
figuration to form QDMs if the initial surface contains shal-
low holes.11

B. Deposition

Before exploring the effects of the deposition process on
the CRT formation, it is helpful to discuss first how the depo-
sition process influences the morphological evolution of the
film surface from three aspects. First, the deposition intro-
duces statistical roughening on the film surface, and this can
play a crucial role in the development of shallow holes.47

Second, the deposition increases the film thickness, which in
turn influences the types of nanostructures emerging from the
film surface. Third, the effects of the deposition process are
controlled by the ratio between the deposition and the sur-
face diffusion rates. The ratio can be increased by raising the
deposition rate and/or reducing the substrate temperature.

Back to the effects of the deposition process on the CRT
formation. Of particular interest here are the three general
cases where the ratio between the deposition and the surface
diffusion rates is large, moderate, and small, respectively.
For the case where the ratio is large, the film can quickly
become a thick one before an island array can develop. Fur-
thermore, when the ratio is large, there is a high probability
for the statistical roughening to form holes deeper than the
average roughness of the film surface during the deposition
process. The thick film and the holes suggest that the CRT
formation happens in this case and is characterized by the
development of ordered QDMs.

For the case of a moderate ratio, it is conjectured that the
ratio is high enough to induce the CRT formation but insuf-
ficient to cause the statistical roughening to generate holes on

the film surface. As a consequence, the film morphology is a
ripple structure composed of irregular nanoridges and nan-
otrenches in the second case.

For the case of a small ratio, the film thickness can remain
low for a long period of time to promote the development of
islands on a thin wetting layer. After the development, the
islands will grow in size since the material deposited onto
the film surface can be transported to the islands quickly by
surface diffusion. The process continues until the islands
coalesce. The development and growth of the islands sup-
press the CRT formation in this case.

The qualitative descriptions of the three cases are consis-
tent with the findings reported in Ref. 16. In particular, the
first case of a large ratio agrees with the observations at a
low deposition rate and a high temperature. The second case
of a moderate ratio corresponds to the experimental results at
the same deposition rate but a lower temperature. The third
case of a low ratio captures the phenomenon at fast deposi-
tion and a low temperature.

C. Limitations

The surface diffusion model adopted here captures well
the formation of QDMs during the fast deposition
process11,16 and the development of the ripple structure dur-
ing the high-temperature annealing.2,3 The model, however,
cannot explain the finding that shallow holes evolve into
long trenches when annealed at low temperatures. The dif-
ference suggests the simple model described by Eqs. �2� and
�3� is suitable for the surface diffusion mechanism in the
deposition and in the high-temperature annealing, while the
model needs to be modified in order to simulate trench
growth during annealing at low temperatures.

Besides the deposition process and the elongated trenches,
other issues that need to be considered include the composi-
tion variation in the film,48,49 the surface stress,50 the orien-
tation of the substrate, and the different stiffness between the
film and the substrate.51 Understanding these issues is essen-
tial for building a complete picture of the cooperative forma-
tion.
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APPENDIX: ENERGY CHANGES

1. Self-similar pit growth

We first consider the pit illustrated in Fig. 5�a� where the
center of the pit is located at x=0 and the width of the pit is
2a. Based on the information and Eq. �5�, the function 0�x�
for the pit can be found to be

0�x� = −
2

�
ln
 x2 − a2

x2 � . �A1�

Substituting the function into Eqs. �7� and �8� yields the
strain energy change W0 due to the formation of the pit,
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W0 = −
8 ln 2

�
w0SV0, �A2�

where V0=Sa2 is the pit volume. Equation �A2� suggests
when the pit volume increases from V0 to V0+�V during the
self-similar growth as shown in Fig. 5�b�, the total strain
energy changes by

�W1 = −
8 ln 2

�
w0S�V . �A3�

Adding the strain energy change and the corresponding sur-
face energy change, given by 2�0G�d, leads to the total en-
ergy change �E1 of the self-similar growth expressed in Eq.
�24�.

2. Adjacent ridge formation

Turn to the adjacent ridge formation illustrated in Fig.
5�c�. There are two adjacent ridges in this problem, differing
from that considered in Sec. III B. In spite of the difference,
the strain energy change of the current case can still be cal-
culated by Eqs. �13� and �14� presented in Sec. III B.

The calculation begins with writing down the two func-
tions f−�x� and f+�x� that describe the shapes of the adjacent
ridges at the left and right edges of the pit, respectively,

f−�x� =  nS��x + c� for − c � x � − b

− S��x + a� for − b � x � − a ,
� �A4�

f+�x� = S��x − a� for a � x � b

− nS��x − c� for b � x � c ,
� �A5�

where b=a+np, c=a+ �n+1�p, and n=tan � /S�. Based on
the information provided in Eqs. �A4� and �A5�, ��x� of the
two adjacent ridges can be expressed as

��x� = −
2

�

ln

x2 − b2

x2 − a2 + n ln
x2 − b2

x − c2 � . �A6�

In comparison, 0�x� of the pit is given in Eq. �A1�. Substi-
tuting the expressions for 0�x� and ��x� into Eqs. �13� and
�14� and noticing that S0 and S� appearing in those two
equations are equal to S for the current case yield the strain
energy change �W2 due to the adjacent ridge formation,

�W2 = − w0S�VU2, �A7�

where �VU2 is given by

�VU2 = �
−c

−a

�20�x� + ��x��f−�x�dx

+ �
a

c

�20�x� + ��x��f+�x�dx . �A8�

Summing �W2 and the corresponding surface energy
changes yields the total energy change �E2 of the adjacent
ridge formation expressed in Eq. �25�,

�E2 = − w0S�VU2 + 2�0�nG� + G��p . �A9�

The result is repeated here to facilitate further discussion
later.

3. Infinitesimal adjacent ridges

This section focuses on �E2 for the case where �V /Sa2

�1, ��1, and n�1. In this special case, the strain energy
change �W2 can be calculated by multiplying Eq. �18� by 2,

�W2 = −
2w0S�V

�

3 − 2 ln 2 + 2 ln

a

p
� . �A10�

Similarly, when n�1 and ��1, ������0 and the quantity
G� can be simplified to

G� =
����

�0 cos �
− 1 �

�2

2
�

n2�2

2
. �A11�

Substituting Eqs. �A10� and �A11� into Eq. �A9� and noticing
that p=��V /Sn at small �V lead to

�E2 = −
2w0S�V

�

3 − 2 ln 2 + ln

Sna2

�V
� + 2�0G��n�V

S

+ �0�2�n3�V

S
. �A12�

Since n�1 and G���2, the term 2�0G��n�V /S in Eq.
�A12� is much larger than the last term in the same equation.
Consequently, the last term can be ignored, and Eq. �A12� is
reduced to Eq. �28�.

4. Second approach for calculating �W2

In addition to the solution procedure described in Eqs.
�11�–�14�, the strain energy change due to the formation of
an adjacent nanostructure can also be given by the difference
between the strain energy of the system containing both the
preexisting and the adjacent structures and that containing
the preexisting one only. For the case considered in Fig. 5�c�,
the approach can be expressed as

�W2 = W2 − W0, �A13�

where W0 is given in Eq. �A2� and W2 is the strain energy
change due to the formation of the pit-ridge nanostructure.

The procedure for evaluating the quantity W2 is similar to
that for W0, starting with the function �x� for the nanostruc-
ture,

�x� = −
2

�
�ln
 x2 − b2

x2 � − n ln
 x2 − c2

x2 − b2�� , �A14�

where b and c are defined in Eq. �A6�. Substituting �x� into
Eqs. �7� and �8� leads to

W2 = − w0S�
−c

c

�x�f�x�dx , �A15�

where f�x� expresses the shape of the pit-ridge structure. The
integral in Eq. �A15� is divided into four ranges, �−c ,−b�,
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�−b ,0�, �0,b�, and �b ,c�, corresponding to the four facets of
the pit-ridge structure. Since the structure is symmetric, the
results of the first and the second ranges are equal to those of
the fourth and third ranges, respectively. Accordingly, Eq.
�A15� can be reduced to

W2 = − 2w0S��
0

b

f3�x��x�dx + �
b

c

f4�x��x�dx� ,

�A16�

where f3�x�=S�x−a� describes the third facet in the range
�0,b�, and f4�x�=−nS�x−c� is for the fourth facet in �b ,c�.

The integral in Eq. �A16� can be calculated analytically.
The result, though extremely lengthy, can be significantly
simplified by evoking the following Taylor series expansion
under the condition t�1:

ln�1 + t� = t −
t2

2
+ o�t3� . �A17�

Deducting W0 from the simplified expression yields the same
formula given in Eq. �A10�, which is derived from the solu-
tion procedure described in Eqs. �11�–�14�. The agreement
confirms the validity of the procedure presented in Sec. III B
for determining the strain energy change due to the forma-
tion of an adjacent nanostructure.
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