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In the context of the dielectric-continuum model used here for a uniaxial crystal, the dispersion laws of the
full optical phonon spectrum of a quantum wire made of a wurtzite-type material and the corresponding
Fröhlich electron-phonon interaction terms are obtained. The coupling function describing the electron-phonon
interaction is obtained in an analytical closed form, which depends, mainly on the dispersion law of the phonon
branch involved. The Fröhlich Hamiltonian for the full optical phonon spectrum is obtained based on the
general orthogonality relation proven for the eigenvectors of the phonon field. Numerical calculations are
performed for ZnO and GaN quantum wires. In the frame of Rayleigh-Schrödinger perturbation theory, the
polaron problem is discussed in a GaN quantum wire.
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I. INTRODUCTION

The general progress experienced in the past two decades
by the semiconductor nanotechnology requires investigation
on the electron-optical-phonon interaction in low-
dimensional systems. In such systems, the electron-optical-
phonon interaction is recognized for affecting several physi-
cal properties such as electron scattering rates, hot-electron
energy losses, polaron effects, etc. This interaction, called
Fröhlich interaction, has mainly been investigated by using
the dielectric continuum �DC� model.1 The advantage of us-
ing the DC model is that it allows obtaining analytical
closed-form expressions. In addition, the results obtained
with the DC model are in good agreement with those result-
ing from detailed microscopic calculations2–4 and found in
experiments.5,6

Initially, the electron-optical-phonon interaction has been
examined in low-dimensional systems, such as quasi-two-
dimensional �q-2D� heterostructures, quantum wires
�QWRs�, and quantum dots �QDs�, made of optically isotro-
pic semiconductor materials. However, in the past years, an-
isotropic materials, such as ZnO, GaN, AlN, and InN, have
became of great interest due to their prospective applications
in electronics.7–9 Thus, by using the DC model, the proper-
ties of the optical phonons and their interaction with the
conduction electron in q-2D anisotropic uniaxial structures,
such as double heterostructures �isotrop/anisotrop/isotrop�,10

wurtzite-type heterostructures with single and double
heterointerfaces,11 single quantum wells,12 infinite
superlattices,13 and arbitrary wurtzite multilayer
heterostructures,14,15 have been theoretically investigated.
Also, the same interesting problem of the optical phonons in
the interaction with electrons has been investigated in aniso-
tropic GaN/AlN QDs.16–18 An experimental study19 of Ra-
man scattering in GaN/AlN QDs was reported, too.

Recently, a new low-dimensional anisotropic semiconduc-
tor system, that of QWR, came into attention, both
experimentally20–26 and theoretically.27–29 However, with the
exception of the classification27,28 of other possible types of
optical phonon modes, the theoretical studies were devoted
only to the interface phonon modes and their interaction with

electrons in wurtzite AlN/GaN/AlN cylindrical QWR,27

GaN/AlN QWR,28 and multishell wurtzite cylindrical
QWs.29

It is the aim of this paper to discuss, based on the DC
model, the full spectrum of the optical phonons, including
the quasilongitudinal and quasitransverse modes and their
interaction with electrons in a wurtzite cylindrical free-
standing QWR. The coupling function, describing the inter-
action between the conduction electrons and the different
phonons �quasilongitudinal, quasitransverse, and surface�,
will be obtained in analytical form, determined by their cor-
responding phonon dispersion law. Consequently, the
Fröhlich Hamiltonian including the contributions of all types
of optical phonons is found, allowing us to discuss the po-
laron problem in such anisotropic systems.

The paper is organized as follows. In Sec. II, we introduce
the dielectric-continuum model appropriate for our consid-
ered low-dimensional anisotropic system. In Sec. III, we
present the properties of all types of phonon modes obtained
from the corresponding three-dimensional �3D� extraordi-
nary phonon modes. The general orthogonality relation for
eigenvectors of the phonon field used in Sec. III is explicitly
derived in Appendix A. In Sec. IV, the Hamiltonian of the
interaction between the optical phonon modes and a conduc-
tion electron is obtained. Numerical results for ZnO and GaN
are shown in both Secs. II and III. In Sec. V, we discuss the
polaron problem in an anisotropic QWR with numerical ap-
plication only for GaN.

II. EQUATIONS OF THE MODEL

We consider an anisotropic uniaxial �cylindrical� wire of
radius R with the optical axis directed along the axis of the
wire. The optical phonon field is discussed in the context of
the Born-Huang model, which is generally known as the
dielectric-continuum model. For the sake of simplicity, we
will limit ourselves to the case of such polar crystals for
which the optical phonon field can be described by a 3D real
vector. This assumption, yielding a dielectric function with
two-oscillator contributions, allows us to discuss the dynam-
ics of the optical phonons in uniaxial crystals such as
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wurtzite-type materials �CdS, ZnO, GaN, and AlN�, layered
materials �InSe, GaSe, PbI2, SnS2, etc.�, and other polar ma-
terials. However, numerical results presented in the follow-
ing sections are restrained to the particular case of some
wurtzite-type materials �ZnO and GaN�.

By denoting the optical phonon field, the electric field,

and the polarization field by the vectors u��r� , t�, E� �r� , t�, and

P� �r� , t�, the equations of the model are30

u�̈��r�,t� = �11
� u���r�,t� + �12

� E� ��r�,t� ,

P� ��r�,t� = �12
� u���r�,t� + �22

� E� ��r�,t� , �1�

where �= � and �; the symbols � and � correspond to a
direction that is either parallel or orthogonal to the optical
axis. The � coefficients have the expressions31

�11
� = ��TO

� � ,

�12
� = �1/2����0� − ������1/2�TO

� ,

�22
� = �0������ − 1� , �2�

where ���0�, �����, and �TO
� are the low frequency dielectric

constant, the high frequency dielectric constant, and the
transverse phonon mode frequency, respectively. All quanti-
ties are considered along the principal direction �; �0 is the
vacuum permittivity.

By taking into account Eqs. �1� and the forms of � coef-
ficients, the components of the dielectric tensor are obtained
as

����� = �����
��LO

� �2 − �2

��TO
� �2 − �2 , �3�

�LO
� being the longitudinal phonon mode frequency along the

principal direction �.
We shall discuss the problem in the context of the elec-

trostatic approximation. The form of the electrostatic poten-
tial, including also the contribution of surface charges, is

��r�,t� = −
1

4��0
�

V

dv��r�� 1

�r� − r���
	P� �r��,t� . �4�

For 2D anisotropic systems, it has been shown10,31 that it
is more convenient to work with the components of the pho-
non field rather than those of the polarization field. This is
because, unlike the eigenvectors of the polarization field, the
eigenvectors of the phonon field corresponding to different
frequencies are orthogonal. The same approach will be used
later for our quasi-one-dimensional �q-1D� anisotropic sys-
tem.

In the following, by using Eq. �4� together with the equa-
tions of the dielectric-continuum model, a system of integral
equations will be obtained for the components of the phonon
field. First, the polarization field is written in terms of partial
Fourier transforms:

P� ��r�,t� = �0g����	����u���r�,�� , �5�

where 	���� is the � component of the dielectric suscepti-
bility tensor and

g���� = ���TO
� �2 − �2�/�12

� . �6�

By choosing the x3 axis along the optical axis, the follow-
ing system of integral equations is obtained for the Cartesian
components of the optical phonon field:

gi���ui�r�,�� =
1

4�

�

�xi
�

V

dv��r�� 1

�r� − r���
	G� �r��,�� , �7�

where the following notations are introduced: i=1, 2, and 3;
g1���=g2���=g����; g3���=g����; and

G� �r�,�� = g����	����u� ��r�,�� + g����	����u���r�,�� . �8�

According to the electrostatic approximation

� 
 E� = 0, �9�

Eq. �7� leads to

� 
 �g����u� ��r�,�� + g����u���r�,��� = 0. �10�

It is worth mentioning that the same result can be obtained
directly from Eq. �1� by observing that the combination in-
side the parentheses is just the expression of the electric field

intensity E� .
Furthermore, the divergence of the vector


�=�,�g����u���r� ,�� can be constructed from the left side of
Eq. �7�, obtaining

g��������� � u� ��r�,�� + g��������� � u���r�,�� = 0.

�11�

Then, by combining Eqs. �10� and �11�, the classical differ-
ential equation for the electrostatic potential � inside the
wire is obtained

�����
�2�

�x3
2 + ������ �2�

�x1
2 +

�2�

�x2
2 	 = 0. �12�

Outside the wire, the electrostatic potential obeys Laplace’s
equation:

�� = 0. �13�

In the following, rather than searching for the solutions of
integral Eq. �7�, we choose to solve the problem of the pho-
non field by using the differential equations �12� and �13�,
and the relationship between the electrostatic potential and
the phonon field:

g����u� ��r�,�� + g����u���r�,�� = − �� . �14�

To do that, we have to consider first the standard electrostatic
boundary conditions at the surface of the cylindrical wire:

�a� the continuity of the electrostatic potential at the sur-
face of the system

��in�� = ��out��; �15�
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�b� the continuity of the normal component of the dielec-
tric displacement vector

n� · �D� in�� = n� · �D� out��; �16�

n� being the unit vector parallel to the exterior normal of the
cylindrical surface.

The solution of Eq. �12� can be written in a compact form
in cylindrical coordinates:

�in�
,z,�� = 

m,q

AmqWmq�z,��Fmq�
� . �17�

By considering periodic boundary conditions along the
optical axis of the system, we obtain

Wmq�z,�� =
1

�2�L
eiqzeim�, �18�

where L is the length of the wire, q takes the values deter-
mined by the cyclic boundary conditions �qr= 2�r

L ,r
=0, ±1, ±2, . . . �, and m has the values 0 , ±1 , ±2, . . ..

Depending on the behavior of the functions ����� and
�����, the specific forms of the function Fmq�
� are

�a� for s���=
�����

����� �0,

Fmq�
� = I�m�� �q�

�s

	 , �19�

where I�m��x� is the modified Bessel function of the first kind;
�b� for s����0,

Fmq�
� = J�m�� �q�

��s�

	 , �20�

where J�m��x� is the Bessel function of the first kind. Outside
the wire, the electrostatic potential has the expression

�out�
,z,�� = 

mq

BmqWmq�z,��Km��q�
� , �21�

Km�x� being the modified Bessel function of the second kind.

III. OPTICAL PHONON MODES

The dispersion laws of the phonon modes in an aniso-
tropic uniaxial wire will be obtained in the following by
using forms �17� and �21� of the electrostatic potential inside
and outside the wire and considering the boundary condi-
tions �15� and �16�. By knowing the electrostatic potential,
the components of the eingenmodes of the phonon field can
then be calculated from Eq. �14�.

According to the different types of solutions for Fmq�
�,
the optical phonon modes can be classified as surface phonon
modes and confined phonon modes �quasilongitudinal and
quasitransverse�. In the following, we shall introduce a new
index � with the values �=0 for the surface phonon modes,
�=1 for the quasitransverse-phonon modes, and �=2 for the
quasilongitudinal-phonon modes.

A. Surface phonon modes

The frequency range of these modes is determined by
values for which the condition discussed above at �a� is fully
satisfied. Dispersion laws of these modes are given by the
relation

fmq
�0� = 0, �22�

where

fmq
�0� =

�����
�s���

−

I�m�� �q�R
�s

	Km� ��q�R�

I�m�� � �q�R
�s

	Km��q�R�
, �23�

with the inequality ������0 taken into account.
The spectrum is formed by a set of surface phonon

branches having different indices m and depending on �q�.
There is a degeneracy of these branches depending on the
sign of m.

By using the trihedron for cylindrical coordinates with the
unit vectors e�
, e��, and e�z, the expressions of the components
of the normal mode �m ,q ,0� are

u�mq,�
�0� �r�,�mq

�0�� = Cmq
�0� iq

g���mq
�0��

e�zWmq�z,��I�m�� �q�

�s

	 , �24�

u�mq,�
�0� �r�,�mq

�0�� =
Cmq

�0�Wmq�z,��
g���mq

�0�� �e�


�q�
�s

I�m�� � �q�

�s

	 + e��

im



I�m�


� �q�

�s

	
 , �25�

Cmq
�0� being a normalization constant.

In Appendix B, after a cumbersome calculation, it is
shown that the normalization constant can be put under the
remarkable form

Cmq
�0� =

� 2�mq
�0�

�0�q�R
	1/2

��I�m�� �q�R
�s

	I�m�� � �q�R
�s

	 �fmq
�0�

��



�=�mq
�0�
�1/2

, �26�

which represents a generalization to the anisotropic uniaxial
case of the expression previously obtained for the isotropic
material.32

B. Confined phonon modes

The confined phonon modes correspond to the solutions
of the electrostatic potential obtained for s����0. In the
case of three-dimensional uniaxial crystals, these are the
modes of the extraordinary optical phonons1 which can be
classified in quasilongitudinal modes and quasitransverse
modes. For the particular case of wurtzite-type materials,
there are two distinct frequency ranges, one of the quasilon-
gitudinal phonon modes �������0, i.e., �� ��LO

� ,�LO
� ��

and one of the quasitransverse phonon modes �������0, i.e.,
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�� ��TO
� ,�TO

� ��. The same situation is encountered in the
case of uniaxial slab31 and q-2D structures.10,12 We shall
keep the same classification also for the anisotropic uniaxial
cylindrical quantum wire.

The dispersion laws of these confined phonon modes are
obtained by solving the equation

fmq
������ = 0, � = 1 and 2, �27�

where

fmq
������ =

�����
��s����

−

J�m�� �q�R
��s�

	Km� ��q�R�

J�m�� � �q�R
��s�

	Km��q�R�
. �28�

For indices m, q, and � fixed, a supplemental index l
appears, labeling the different solutions of Eq. �27�. In the
case of isotropic materials,32 this supplemental index l is
associated with the lth zero of the Bessel function J�m��x�. At
� fixed, the spectrum is formed by a set of confined phonon
branches, �=�mql

��� =�ml
����q�, depending on �q� and having the

indices m and l; the branches with the same �m� are degen-
erated. Conventionally, we shall choose �=1 for the quasi-
transverse modes and �=2 for the quasilongitudinal modes.

The expressions of the components of the normal mode
�m, q, l, �; �=1 and 2� are

u�mql,�
��� �r�,�mql

��� � =
iqCmql

���

g���mql
��� �

e�zWmq�z,��J�m�� �q�

��s�

	 , �29�

u�mql,�
��� �r�,�mql

��� � =
Cmql

��� Wmq�z,��
g���mql

��� � �e�


�q�
��s�

J�m�� � �q�

��s�

	 + e��

im



J�m�


� �q�

��s�

	
 . �30�

Following the procedure developed in Appendix B to ob-
tain the normalization constant of the surface phonon modes,
a compact expression is obtained for Cmql

��� :

Cmql
��� =

� 2�mql
���

�0�q�R
	1/2

��J�m�� �q�R
��s�

	J�m�� � �q�R
��s�

	 �fmql
���

��



�=�mql
���
�1/2

. �31�

In addition to the trivial orthogonality relation determined
by the properties of the functions Wmq�z ,��, based on the
result of Appendix A and taking into account the phonon
spectrum, the orthogonality of the eigenvectors of the optical
phonon field is demonstrated:

�
V

dVu�mql
���*�r��u�m�q�l�

���� �r�� = �mm��qq��ll�����. �32�

We have to stress that following the line of calculation
used in Appendix B is at hand to prove directly relation �32�.
In the particular case when we consider a surface mode and
a confined mode, an extension of the Lommel integrals33 by
taking into account the pair Im��x� and Jm��x� needs to be
derived.

In Figs. 1�a� and 1�b�, the full spectrum of optical phonon
modes is shown for ZnO and GaN. The following material
parameters were considered: �TO

� =380 cm−1, �TO
�

=413 cm−1, �LO
� =579 cm−1, �LO

� =591 cm−1, �����=3.78,
and �����=3.70 for ZnO,34 and �TO

� =533 cm−1, �TO
�

=561 cm−1, �LO
� =735 cm−1, �LO

� =743 cm−1, �����=5.29,
and �����=5.29 for GaN.35 Regarding the quasilongitudinal
modes, for both materials, the branches start from �LO

� for
�q�R�1 and go to �LO

� at large values of �q�R. Here, the
principal effect of the anisotropy is that of raising the strong
degeneracy of the longitudinal-phonon spectrum as com-
pared to the isotropic case where �mql

�2� =�LO. The behavior of
the quasilongitudinal branches �m , l� is shown in the insets of
both figures. In all the sections of the two figures, the phonon
branches having the same value for m are drawn with the
same type of line. The situation in our case is similar to that
found in 3D or 2D uniaxial polar crystals and/or structures.

For �m��1, the branches of the surface modes start from

�=�TO
� � ���0�+1

�����+1 , which is the solution of the equation

�����=−1, and for large values of �q�R goes to the same
value of frequency, which, in fact, is the only physically
significant solution of the equation ����������=1.

However, the behavior of the branch �0
�0��q� is different.

The limiting frequency �TO
� of the domain of frequencies of

the surface modes is reached for a finite value q0, according
to the equation

����TO
� � =

2

�q0�R
K0���q0�R�
K0��q0�R�

. �33�

The branch �=�0
�0��q�, which belongs to the surface

modes, is defined for �q�� �q0�. For large values of �q�R, this
branch reaches the same value of frequency as the other
surface-mode branches do. For smaller values of �q� ��q�
� �q0��, the character of the surface-mode branch changes
into that of quasitransverse-mode character, the branch �
=�0

�0��q� becoming the branch �=�0
�1��q�. This situation is

observed for both considered materials. For �q�R�1, the
quasitransverse-phonon branches �=�m

�1��q�, �m��1, ap-
proach the limiting value �TO

� . These unexpected result is a
direct consequence of the distribution of the phonon frequen-
cies ��TO

� ,�TO
� ,�LO

� ,�LO
� �, which is typical for wurtzite-type

materials.
The situation is different for q-2D systems. Thus, for

a uniaxial anisotropic slab31 of wurtzite-type material, there
is no such mode-character changing. However, for a
material having a phonon-frequency distribution like
��TO

� ,�TO
� ,�LO

� ,�LO
� �, as in the case of PbI2 slab,31 two con-

fined modes, one quasilongitudinal and one quasitransverse,
become surface modes at different values of �q� � �the modulus
of in-plane wave vector�. A similar situation is obtained in a
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stressed GaAs/ InP/GaAs �001� heterostructure,36 in which
case the distribution of the phonon frequencies
��TO

� ,�TO
� ,�LO

� ,�LO
� � of the uniaxially distorted InP material

is realized.

IV. FREE PHONON HAMILTONIAN AND THE
ELECTRON-PHONON INTERACTION

In this section, the Fröhlich Hamiltonian is obtained for
an anisotropic QWR by paying equal consideration to all
types of optical phonons. First, we will discuss the Hamil-
tonian of the free phonons. Zhang et al.28 have obtained the
Hamiltonian of the free optical phonons Hph for the interface
phonon modes only. Their approach was to start with a
Hamiltonian density written in terms of the components of

both fields, the phonon field and the local electric field E� loc,
and finally, to work with a Hamiltonian density depending on
the components of the polarization field. Because the eigen-
vectors of the polarization field are not orthogonal in aniso-
tropic systems, this approach is suitable for isotropic systems
and anisotropic systems, but, in this latter case, when only
one type of phonons needs to be considered. Here, in order to
obtain the contributions of all types of phonons to Hph, all
the fields appearing in the form of the Hamiltonian density
will be developed in terms of the eigenvectors of the phonon
field, which verify the orthogonality relation �32�. We choose
to work with the following form of the Hamiltonian
density:37

hph�r�� = 

�=�,�

1

2
���

2�r�� + ��TO
� �2u�

2�r�� − �12
� E��r��u��r��� ,

�34�

where ���r�� is the � component of the momentum density
canonically conjugated to the phonon field component u��r��.
E� �r�� is the intensity of the macroscopic electric field created
by both, surface and volume, polarization charges.

As an important step in the procedure developed to obtain
the final form of Hph that includes the contributions of all
types of the phonon modes, the orthogonality relation �32�
for the eigenvectors of the phonon field will be used.

Now, in the following, we shall consider �� �r�� and u��r�� as
field operators written in the Schrödinger picture. Thus, the
operator u��r�� can be written in terms of the phonon normal
modes �m ,q , l ,��:

u��r�� = 

mql�

�mql
��� �u�mql

��� �r��amql
��� + H.c.� , �35�

where, without loosing the generality of the problem, the
quantities �mql

��� are considered to be real, depending on �m�
and �q�; amql

��� and amql
���+

are the annihilation and creation op-
erators for the phonon mode �m ,q , l ,��. The operators amql

���

and amql
���+

verify typical Bose commutation relations:

�amql
��� ,am�q�l�

���� � = 0, �amql
���†

,am�q�l�
����†

� = 0,

�amql
��� ,am�q�l�

����†
� = �mm��ll��qq�����. �36�

For the purpose of putting the phonon Hamiltonian into
the form

FIG. 1. �Color online� Optical phonon spectrum �a� for ZnO
wire and �b� for GaN wire, respectively. The two quantum numbers
�m , l� of each branch for the confined modes are indicated on the
plot. The phonon branches of all types having the same value for m
are drawn with the same type of line: orange �gray� solid line for
m=0, blue �black� solid line for m=1, and black dashed line for
m=2. In the inset, the behavior of the quasilongitudinal branches is
presented; for clarity, m=2 phonon branches are drawn with a black
dotted line here.
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Hph = 

mql�

��mql
��� �amql

���†
amql

��� +
1

2

 , �37�

we make use of the classical equation of motion37

�� = u�̇ �38�

to derive the following development in the Schrödinger pic-

ture for the operator �� :

�� �r�� = − i 

mql�

�mql
��� �mql

��� �u�mql
��� �r��amql

��� − H.c.� . �39�

To be consistent with the notations used to differentiate be-
tween various types of the phonon normal modes, we have to
assign l=1 for the surface modes in the following notations:
�mq1

�0� =�mq
�0� and u�mq1

�0� �r��=u�mq
�0��r��.

By using expression �35� of the operator u��r��, the � com-
ponent of the electric field operator in Eq. �1� can be put in
the form

E��r�� = 

mql�

�mql
��� ��TO

� �2 − ��mql
��� �2

�12
� ��u�mql

��� �r����amql
��� + H.c.� ,

�40�

with �= � and �.
Now, the phonon Hamiltonian density given by Eq. �34�

is fully solved with the use of expressions �35�, �39�, and
�40�, and the free phonon Hamiltonian

Hph = �
V

dVhph�r�� �41�

can be converted into form �37� by making the simple nota-
tion

�mql
��� = � �

2�mql
��� 	1/2

. �42�

Next, we derive the interaction Hamiltonian between the
conduction electron and the optical phonon field �Fröhlich
interaction�. This interaction is due to both types of polariza-
tion charges which contribute to the electrostatic potential,
the volume charges and the surface charges. Simply, it may
be written as

He-ph = e��r��, e � 0, �43�

e being the electron charge and ��r�� the electrostatic poten-
tial including the above specified contributions.

The different phonon mode contributions to this Hamil-
tonian will be obtained by developing the electrostatic poten-
tial in terms of eigenvectors of the phonon field. By taking
into account solution �17� for the electrostatic potential, the
development �35� of the phonon vector field, and expression
�42� of the constant �mql

��� , the electron-phonon interaction
Hamiltonian is obtained in the form

He-ph = − 

mql�

�ml
����q��Wmq�z,��gqlm

��� ��q�
�amql
��� + H.c.� .

�44�

The coupling functions �ml
����q� and the functions gqlm

��� ��q�
�
in Eq. �44� are specified by the type of the involved optical
phonon modes as follows:

�a� for surface modes ��=0, l=1�

�m1
�0��q� =

� �e2

�q�R�0
	1/2

��I�m�� �q�R
�s

	I�m�� � �q�R
�s

	 �fmq
�0����
��



�=�mq

�0�
�1/2

,

�45�

gqml
�0� ��q�
� = I�m�� �q�


�s��mq
�0��

	; �46�

�b� for confined modes ��=1,2�

�ml
����q� =

� �e2

�q�R�0
	1/2

��J�m�� �q�R
��s�

	J�m�� � �q�R
��s�

	 �fmql
��� ���
��



�=�mql

���
�1/2

,

�47�

gqml
��� ��q�
� = J�m�� �q�


��s��mql
��� ��

	 . �48�

The behavior of the coupling function �ml
����q� for all types

of the optical phonon modes is shown in Figs. 2�a� and 2�b�
for ZnO and GaN, respectively. Once again, only the cou-
pling functions for the phonon modes with �m��2, l=1 and
2, and �=0, 1, and 2, are plotted. As can be seen, unlike the
case of an isotropic wire when the transverse phonon modes
do not interact with a conduction electron, for uniaxial
anisotropic wires, the quasitransverse-phonon modes interact
with electrons. The values of the coupling function
�lm

�2���q�R� for quasilongitudinal modes are over an order of
magnitude higher than the corresponding values of coupling
function �lm

�1���q�R� for quasitransverse modes. At relatively
small values of �q�R, the strength of the interaction between
electrons and the surface phonon modes is comparable with
that involving the quasilongitudinal-phonon modes.

The continuity of the coupling function �01
�0���q�R� when

the character of the phonon modes changes from surface into
quasitransverse is observed.

V. POLARON IN ANISOTROPIC QUANTUM WIRE

The previously obtained results are used in this section to
obtain the self-energy and the effective mass of an optical
polaron in our anisotropic QWR. The Fröhlich Hamiltonian
we have derived for a uniaxial crystal is an extension, to this
anisotropic case, of the Hamiltonian previously introduced in
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Ref. 38 for a QWR made of isotropic materials. The polaron
renormalization effects including the contributions of all
types of phonons will be found in the frame of the Rayleigh-
Schrödinger perturbation theory.

The polaron Hamiltonian is

H = He + Hph + He-ph, �49�

where for the Hamiltonian of the electron we shall consider
the form

He =
p� �

2

2m�
+

p��
2

2m�

+ V�
� . �50�

In the above expression, p� and p� are the components of
the electron momentum along a direction that is either par-
allel ��� or orthogonal ��� to the optical axis, m� and m�

being the corresponding components of the diagonal mass
tensor for the conduction electron. V�
� is the electron con-
finement potential defined for a cylindrical quantum well
wire by V�
�=0 for 
�R, and V�
�=� otherwise.

The electron state �k ,M ,s� with the wave function39

�kMs�r�� = � 2

R2	1/2 J�M����M�s

R

	

�J�M�+1���M�s��
WMk�z,�� �51�

and the energy

EMs�k� =
�2k2

2m�
+

�2

2m�

���M�s

R
	2

�52�

depend on the following quantum numbers: k the wave vec-
tor component along the optical axis, having the values de-
termined from the periodic boundary conditions; M the an-
gular quantum number �M =0, ±1, ±2, . . . �; and s the radial

FIG. 2. �Color online� Coupling functions �ml
����q� for �a� ZnO

and �b� GaN QWRs, plotted with orange �gray� solid line for m
=0, blue �black� solid line for �m�=1, and black dotted line for
�m�=2. The quantum numbers �m , l� of the phonon modes are indi-
cated on the plot.

FIG. 3. �Color online� The matrix elements Gml,s
��� �q� of a few

phonon branches for GaN wire, plotted with orange �gray� solid line
for m=0, blue �black� solid line for �m�=1, and black dotted line for
�m�=2. The quantum numbers �m , l� of the phonon modes are indi-
cated on the plot.
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quantum number which corresponds to the sth zero of the
Bessel function of order �M� according to the relation

J�M����M�s� = 0. �53�

The energy values of the electric subbands ��M�s� verify,
for the same value of k, the following inequalities:39

E01�k� � E11�k� � E21�k� � E02�k� � E31�k� � E12�k�

� E41�k� � E03�k� . �54�

We assume the system to be at zero temperature and the
electron in the unperturbed state �k ,0 ,1� of the first electric
subband. Thus, the initial state of the total system is ��i�
= �k ,0 ,1� � �0ph�, where the vacuum state of the phonon sys-
tem was denoted by �0ph�. With these assumptions, according
to the phonon-emission process, the intermediate state is

���� = �k − q,− m,s� � �1ph�q,m,l,��� . �55�

The energy of the polaron can then be obtained in the
second order of the Rayleigh-Schrödinger perturbation series
as

Epol�k� = E01�k� + 

�

�����He-ph��i��2

Ei − E�

. �56�

The matrix element appearing in Eq. �56� has the form

����He-ph��i� = −
Gml;s

��� �q�
�2�L

, �57�

where

Gml;s
��� �q� = 2�ml

����q��
0

1

zdz
J�m����m�sz�gqml

��� �z�q�R�J0��01z�

�J�m�+1���m�s�J1��01��
.

�58�

In Fig. 3, the matrix element Gml;s
��� �q� is shown for GaN as

a function of �q�R; only the values �m��2; l=1 and 2,�=0,
1, and 2; and s=1 have been considered here. One can see
that the behavior of this matrix element is similar to that of
�ml

����q� �which is shown in Fig. 2�b��. The surface mode
contributions for �m��2 are comparable with those of the
quasilongitudinal modes for �m��2 and l=1. However, the
contributions of the quasitransverse modes are 1 order of
magnitude lower. By taking into account relations �52�, �56�,
and �57�, the expression of the polaron energy is

Epol�k� = E01�k� −
1

2�L



mqls�

�Gml;s
��� �q��2

��ml
����q� +

�2

2m�

�q2 − 2kq� +
�2

2m�

����m�s

R
	2

− ��01

R
	2
 . �59�

By using relation �59�, the expressions of the quantities of interest, such as the self-energy of the polaron �Es� and the
effective mass of the polaron �Mp�, are obtained:

Es = Epol�0� − E01�0� , �60�

Mp =
m�

1 − 4�2m�

�2 	2 1

2�L



m,q,l,s,�

q2�Gm,l;s
��� �q��2

�q2 +
m�

m�

����m�s

R
	2

− ��01

R
	2
 +

2m�

�2 �m
�p��q��3

. �61�

In the following, the values of the polaron self-energy and
polaron effective mass as a function of the wire radius R are
calculated for the phonon branches �m��3; l=1, 2, and 3;
and �=0, 1, and 2; and the corresponding electronic states
with �M��3 and s=1, 2, and 3, with the values40 m�
=0.20m0 and m�=0.20m0 for the components of the effec-
tive mass tensor of the bare electron.

Figure 4 shows the self-energy of the polaron, Es, includ-
ing the contributions of the states mentioned above as a func-
tion of the radius of the wire. For comparison purposes, two
curves are shown, the polaron energy values calculated by
including the contributions of the states �m��2; l ,s�2; and
�=0, 1, and 2 �open squares�, and of the states �m��3; l ,s

�3; and �=0, 1, and 2 �filled squares�, respectively. As one
can see, there are no significant differences for R�4 nm; in
fact, for a wire having a radius R=4 nm, the relative differ-
ence is about 4.4%. We can conclude that for smaller radii,
the performed numerical evaluations of the polaron self-
energy lead to acceptable results. Concerning the radius de-
pendence of the polaron effective mass, we have observed
that there are no differences between the curves calculated
with the inclusion of the above mentioned terms. That be-
havior is determined by the fact that the summation terms
containing energy differences in the denominator of Eq. �61�
are cubic. The value of the self-energy of a 3D polaron �Es

=−42.03 meV� is also specified on the plot. This is calcu-
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lated by considering the anisotropic forms of the so-called
dimensionless Fröhlich polaron constants.37 For this mate-
rial, there are two such quantities, denoted by �1 and �2 for
quasitransverse- and quasilongitudinal-phonon modes, re-
spectively. These quantities depend on the angle � formed by
the 3D phonon wave vector with the optical axis; their an-
gular average values are ��1����=0.002 and ��2����=0.456.
We have to stress that, in some circumstances, like magne-
topolaron resonance in 2D anisotropic uniaxial systems,41

such small coupling between the conduction electron and the
quasitransverse optical phonons can lead to important ef-
fects.

Because in the process of evaluating the self-energy we
have used only a small part of the set of intermediate states,
the 3D value is not obtained for R→�; this fact limiting our
results to the case of wires with very small radius �R
�4 nm�. Of course, the results could be improved by enlarg-
ing the number of the intermediate states taken into consid-
eration. In the particular case of a parabolic confinement po-
tential, we have succeeded to sum41 the contributions of all
the intermediate states for a 2D system and the correct 3D
limit has been obtained.

The polaron problem in asymmetric quantum well struc-
tures was analyzed in Ref. 42 by using second-order pertur-
bation theory and the modified Lee-Low-Pines variational
method. By taking into account the contributions of the full
energy spectrum, the authors have pointed the importance of
including the continuum part of the spectrum for obtaining
correct values of the polaron self-energy in the whole range
of well widths. The same perturbative approach was used to
obtain the polaron self-energy and the polaron effective mass
in a free-standing cylindrical quantum wire made of an iso-
tropic material.43 It seems that the author succeeded to evalu-
ate correctly the contributions of all intermediate states to the
polaron self-energy and effective mass. As the radius of the
wire increases, both quantities of interest reach the corre-
sponding 3D values. At small values of the wire radius, our
results regarding the dependence of the self-energy on the

wire radius are similar to those reported in Ref. 43.
The same polaron problem in the case of a cylindrical

wire embedded in a polar medium �the two materials being
isotropic� was addressed in Ref. 44. Due to both the finite-
ness of the confining potential and the presence of the barrier
material, the behavior of the contributions of the interface
phonons to the polaron self-energy and effective mass is dif-
ferent from that obtained in the case of a free-standing quan-
tum wire. Such an approach could be useful for a future
study of the polaron problem in a uniaxial anisotropic quan-
tum wire embedded in an anisotropic medium.

In Fig. 5, the contributions of different phonon modes
with the same character to the polaron self-energy are calcu-
lated as function of wire radius �up triangles for surface
modes, circles for quasilongitudinal modes, and squares for
quasitransverse modes�. The considered states are those cor-
responding to the quantum numbers �m�, �M��2 and l ,s
�2. For QWRs with radius smaller than 2.8 nm, the surface
mode contribution to the polaron self-energy becomes the
most important one. Also, for this confined system �R
=2.8 nm�, the quasitransverse mode contribution to the po-
laron self-energy �−2.6 meV� is 1 order of magnitude greater
�in absolute value� than the same contribution �−0.18 meV�
for a 3D crystal, those differences being larger for smaller
wire radius.

The approach developed in this paper to study the disper-
sion laws of the optical phonon modes and their interaction
with a conduction electron in anisotropic uniaxial QWRs can
be easily extended to the case of q-1D heterostructures made
of anisotropic uniaxial materials.

VI. SUMMARY

In the context of the DC model, the dispersion laws of full
optical phonon spectrum for a uniaxial anisotropic QWR
made of wurtzite-type material and their interaction Hamil-

FIG. 4. The self-energy �open squares for �m��2; l ,s�2; �
=0, 1, and 2; and filled squares for �m��3; l ,s�3; and �=0, 1, and
2� and polaron mass �open circles� as function of wire radius in a
GaN QWR.

FIG. 5. The contribution to the polaron self-energy for different
types �QL, quasilongitudinal; QT, quasitransverse; and S, surface�
of phonon modes.
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tonian with a conduction electron are obtained. Unlike the
situation found in isotropic QWRs, the degeneracy of the
confined �longitudinal and transverse� modes is raised for an
anisotropic uniaxial QWR. Thus, for the particular case of
wurtzite-type materials, the confined modes show dispersion
and have their frequencies distributed in two distinct inter-
vals, one of the longitudinal-phonon modes ��
� ��LO

� ,�LO
� �� and one of the quasitransverse-phonon modes

��� ��TO
� ,�TO

� ��. For one specific quasitransverse-phonon
branch, it has been found that its character changes into that
of a surface branch starting at a threshold value of the wave
vector. Also, the coupling function describing the electron-
phonon interaction, for all types of optical phonons �quasi-
longitudinal, quasitransverse, and surface�, is obtained in an
analytical closed form, which is, mainly, determined by the
dispersion law of the phonon modes involved. Unlike the
case of isotropic systems, in anisotropic QWRs, the
quasitransverse-phonon modes interact with conduction elec-
trons in the same way as in 3D uniaxial crystals and other
low-dimensional systems. Similar to the continuity property
of the dispersion law when a phonon branch changes its
character �e.g., from quasitransverse to surface type�, the
continuity of the corresponding coupling function has been
demonstrated here. As practical applications, numerical cal-
culations for ZnO and GaN QWRs have been performed.
Though small compared with the strength of the interaction
between an electron and surface and quasilongitudinal
phonons, the electron-quasitransverse-phonon interaction can
yield, in some circumstances, important effects. We have
demonstrated the orthogonality relation between the eigen-
vectors of the phonon field and used this to obtain the ex-
pression of the complete Fröhlich Hamiltonian for our sys-
tem. Finally, we have discussed, in the second order of
perturbation theory, the polaron problem in GaN QWR with
infinitely deep potential. The dependences of the self-energy
and effective mass of the polaron on the radius of the wire
have been obtained. The contribution of the surface modes to
the polaron self-energy becomes significant for thin QWR
�R�2.8 nm�. A ten times larger contribution �and this could
be even larger for smaller radii� of the quasitransverse modes
to the polaron energy is found in a GaN QWR with R
=2.8 nm than in a similar 3D crystal. All the obtained results
could be extended to the case of an anisotropic QWR em-
bedded into a nonpolar isotropic �anisotropic� material hav-
ing a dielectric constant �H���

H ,��
H� by replacing ����� and

����� everywhere by
�����

�H ,
�����

�H , and � �����

��
H ,

�����

��
H �.

APPENDIX A: ORTHOGONALITY RELATION BETWEEN
TWO VECTORS OF THE PHONON FIELD HAVING

DIFFERENT FREQUENCIES

Equation �12� can be written in the general form



i,j

�

�xi
��ij���

���r�,��
�xj


 = 0. �A1�

By multiplying the left side of Eq. �12� with �*�r� ,��� and
integrating over the system volume, we obtain

�
V

dV�*�r�,���

i,j

�

�xi
��ij���

���r�,��
�xj


 = 0. �A2�

Expression �A2� can be further developed with the help of
the Gauss theorem, resulting in

�
V

dV

i,j

��*�r�,���
�xi

�ij���
���r�,��

�xj

= �
�

d��*�r�,���

i,j
�ni�ij���

���r�,��
�xj


 , �A3�

ni being the i component of the unit vector parallel to the
outward normal from the surface ��� of the system. Now, by
taking the complex conjugate of Eq. �1� written for �� and
considering the fact that matrix � is a real and symmetrical
matrix, the following simple expression is obtained:



i,j

�

�xj
� ��*�r�,���

�xi
�ij����
 = 0. �A4�

By multiplying the left side of relation �A4� by ��r� ,��
and applying the Gauss theorem, we get the relation

�
V

dV

i,j

���r�,��
�xj

�ij����
��*�r�,���

�xi

= �
�

d���r�,��

i,j
�nj�ij����

��*�r�,���
�xi


 . �A5�

By taking into account relations �15� and �16� and the sym-
metry of the matrix �, it is easy to see that the two surface
integrals appearing in Eqs. �A3� and �A5� are equal and have
the value

J� = 

mq

�Bmq�2�q�Km�R�q���Km� �R�q�� . �A6�

Thus, the result of subtracting Eq. �A3� from Eq. �A5� leads
to

�
V

dV 
 ��*�r�,���
�xi

��ij��� − �ij�����
���r�,��

�xj
= 0.

�A7�

Now, by taking into account relationship �14�, the left
hand term of the above expression can be written in terms of
the components u� � and u�� of the phonon vector field:



�=�,�

������ − �������g����g������
V

dVu��
*�r�,���u���r�,��

= 0. �A8�

Based on Eqs. �3� and �6�, relation �A8� can be put into the
remarkable form

��2 − ����2��
V

dVu�*�r�,���u��r�,�� = 0. �A9�

This means that any two vectors of the phonon field having
different frequencies are orthogonal.
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APPENDIX B: EXPRESSION OF THE NORMALIZATION
CONSTANT Cmq

„0…

By taking into account expressions �24� and �25� of the
components of the normal mode �m ,q ,0�, one obtains

1

�Cmq
�0��2

= �
0

R


d
� q2

g�
2��mq

�0��
I�m�

2 � �q�

�s

	
+

1

g�
2 ��mq

�0���m2


2 I�m�
2 � �q�


�s
	 +

q2

s �I�m�� � �q�

�s

	
2�
 .

�B1�

To simplify the presentation, in the following, we shall write
� instead of �mq

�0� and we shall denote by � the ratio �q�
�s

. We
shall calculate separately the last integral of expression �B1�.
Integrating by parts, one obtains

�
0

R


d
�I�m�� ��
��2 =
R

�
I�m�� ��R�I�m���R� − �

0

R


d
I�m���
�


�I�m�� ��
� +
1

�

I�m�� ��
�
 . �B2�

Based on the Bessel equation written for I�m���
�:

I�m�� ��
� +
1

�

I�m�� ��
� − �1 +

m2

�2
2	I�m���
� = 0, �B3�

the integral �B2� becomes

�
0

R


d
�I�m�� ��
��2 =
R

�
I�m�� ��R�I�m���R�

− �
0

R


d
�1 +
m2

�2
2	I�m�
2 ��
� .

�B4�

By taking into account relation �B4�, expression �B1� simpli-
fies to

1

�Cmq
�0��2

=
R�

g�
2 ���

I�m�� ��R�I�m���R� + q2� 1

g�
2���

−
1

sg�
2 ���
�0

R


d
I�m�
2 ��
� . �B5�

The integral appearing in Eq. �B5�, known as one of the
Lommel integrals, can be performed,33 obtaining

�
0

R


d
I�m�
2 ��
� = −

R2

2
��I�m�� ��R��2 − I�m���R�I�m�� ��R��

+
R

2�
I�m���R�I�m�� ��R� . �B6�

In these circumstances, expression �B5� becomes

1

�Cmq
�0��2

=
�q�R

2 � 1
�sg�

2 ���
+

�s

g�
2���
I�m�� ��R�I�m���R�

−
q2R2

2
� 1

g�
2���

−
1

g�
2 ���
��I�m�� ��R��2

− I�m���R�I�m�� ��R�� . �B7�

Now, by replacing the functions g�
2��� and g�

2 ��� in terms of

the derivatives
������

�� and
������

�� by considering the relations

1

g�,�
2 ���

=
�0

2�

���,����
��

, �B8�

expression �B7� can be put in the form

1

�Cmq
�0��2

=
q2R2

4�

�0

��

���

���

��
− ��

���

��
	��I�m�� ��R��2

− I�m���R�I�m�� ��R�� −
�q�R
4�

�0

�����


���

���

��
+ ��

���

��
	I�m�� ��R�I�m���R� . �B9�

Now, a straightforward calculation, which involves the dis-
persion law Eq. �22�, allows us to express the right member
of relation �B9� in terms of the derivative of the function
fmq

�0����, which was defined in Eq. �23�.
Returning to the initial variables �mq

�0� and �q�
�s

, expression
�B9� becomes

1

�Cmq
�0��2

=
�0�q�R
2�mq

�0� �I�m�� �q�R
�s

	I�m�� � �q�R
�s

	 �fmq
�0����
��



�=�mq

�0�
.

�B10�

By dropping out a possible phase factor, form �26� for the
normalization constant Cmq

�0� is obtained.
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