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A systematic microscopic theory of magnetically induced ferroelectricity and lattice modulation is presented
for various electron configurations of Mott-insulating transition metal oxides. The origin of polarization is
classified as the spin-orbit interaction effective �i� within the magnetic t2g orbitals, �ii� between the t2g and eg

orbitals, and �iii� within the ligand ion’s p orbitals. Predictions for x-ray and neutron scattering experiments are
proposed to clarify the microscopic mechanism of the spin-polarization coupling in different materials. Semi-
quantitative agreements with the multiferroic TbMnO3 are obtained.
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I. INTRODUCTION

The coupling among the charge, spin, and orbital degrees
of freedom in Mott insulators has been one of the central
issues in strongly correlated electron systems. Despite the
localization of charge in Mott insulators, its displacement
and the associated lattice deformation can be produced by a
nontrivial low-energy magnetic and/or orbital structure, re-
sulting in ferroelectric behavior. The ferroelectricity and the
magnetism sometimes appear concomitantly in a class of
Mott insulators known as the multiferroics.1–3 Recently, a
prototype of ferroelectricity associated with the spiral mag-
netic order has been found in TbMnO3,4 attracting revived
interests in multiferroic behavior.3 Now, the number of mul-
tiferroic materials has rapidly increased to include such wide
diversity of Mott-insulating d-electron configurations as
found in Ni3V2O8,5 Ba0.5Sr1.5Zn2Fe12O22,

6 CoCr2O4,7

MnWO4,8 CuFeO2,9 LiCuVO4,10 and LiCu2O2.11 It is by
now highly desirable that a systematic and quantitative mi-
croscopic description of the coupling between the magnetism
and the electric dipole moment in realistic Mott-insulating
electron configurations and a proper classification scheme of
the multiferroic materials be established, which we under-
take in this paper.

Theoretically, there are several possible mechanisms of
magnetoelectric coupling already proposed. Usually, it is as-
sumed that the largest magnetoelectric force is given by the
exchange striction, which can give rise to the ferroelectric
polarization when the inversion symmetry is broken.2,12 On
the other hand, a mechanism based on the spin-current pic-
ture has recently been proposed in which a local dipole mo-
ment can exist in proportion to e� �mr�mr+e�, where mr

and mr+e denote the local magnetic moments at sites r and
r+e, respectively.13–18 In this picture, a net electric polariza-
tion is found under spiral and conical spin structures. Yet
another mechanism has been proposed for a model of t2g
electrons,18 predicting induced dipole moments different
from either the exchange striction or the spin-current mecha-

nism. In the latter two mechanisms, the spin-orbit interaction
plays a crucial role, whereas the exchange striction does not
depend on its existence. However, a coherent understanding
is still missing for when and where each mechanism is active
and dominant for the electric polarization of magnetic origin,
which makes the systematic material design very difficult at
the moment.

In this paper, we present a unified description of the mag-
netically induced polarization and lattice modulation in mul-
tiferroic transition metal oxides, by means of a perturbative
expansion in both V /� and � /� in generic Mott-insulating
d-electron configurations. Here, V and � represent the hy-
bridization and the charge transfer energy between the
transition-metal �TM� d and ligand �L� p orbitals, and � is
the spin-orbit interaction energy. Spin-orbit interaction
within the TM ion’s t2g orbitals and between the t2g and eg
orbitals is shown to give rise to the polarization of the spin-
current form. With eg orbitals, the spin-orbit interaction at
the ligand ionic site is argued to provide an important mecha-
nism of spin-polarization coupling. A classification scheme is
offered for the induced polarization �Table I�, which should
serve to identify the dominant magnetoelectric mechanism
by probing the nonuniform shifts of the L ions using x-ray
and neutron scattering.

TABLE I. Wave vectors and directions of the lattice modulation
originating from the mechanisms Pms, Porb, and Psp.

P�q� Mechanisms Polarization

P�0� Psp −e� �m1�m2�sin Q ·e

P�±��e+Q�� Pms e�m0 · �m1± im2��cos�Q ·e /2�
P�±��e+2Q�� Pms e�m1

2+m2
2� /4

P�±Q� Porb �i��e ·m0�m±+ �e ·m±�m0�
Psp

�
i

2
e� �m0�m��sin�Q ·e /2�

P�±2Q� Porb

�
i

2
��e ·m±�m±�sin Q ·e
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Discussion of the spin-induced polarization in various cir-
cumstances can be found in Sec. II, along with a cluster
model on which the derivation of the spin-polarization cou-
pling is based. As the specific demonstration of the various
mechanisms at work, key experimental observations on the
polarization and the lattice modulation in TbMnO3 are ex-
plained within our scheme in Sec. III. We conclude with a
summary and outlook in Sec. IV.

II. CLASSIFICATION OF MAGNETICALLY INDUCED
POLARIZATION

A. Model

Let us consider a cluster composed of TM ions at r and
r+e hybridized through a L ion at the center r+e /2, as
shown in Fig. 1�a�. For simplicity, we neglect a deviation of
the bond angle away from 180°. The dipole moment Pr+e/2
induced at the ligand site r+e /2 is given by the general
expression

Pr+e/2 = Pms�mr · mr+e�e + Pspe � �mr � mr+e�

+ Porb��e · mr�mr − �e · mr+e�mr+e� , �2.1�

up to second order in the local spin moments mr and mr+e,
taken to have the unit magnitude �mr�=1 everywhere. The
case with nonuniform magnetic moment size can be treated
using the technique described later in the paper. There can be

polarizations of nonmagnetic origin that we will omit in the
discussion.

In the above formula, Pms� �V /��3 is the magnetostric-
tion, which does not depend on the spin-orbit interaction.
The spin-current term Psp� �� /���V /��3 and the orbital term
Porb�min�� /V ,1��V /�� have been obtained in the study of
partially filled, degenerate t2g orbitals.13,18 Further investiga-
tion carried out in this paper shows that Psp is present for
generic Mott-insulating d-electron configurations with non-
zero local moments, whereas Porb is only found for partially
filled t2g systems.

Equation �2.1� can be derived from the TM-L-TM cluster
model13,18 composed of the L p orbitals and the two TM d
orbitals, which are coupled with L through the hybridization
integrals Vpd	 and Vpd� corresponding to 	 and � bonding of
the orbitals, respectively. The TM d levels are assumed to be
split by the crystal field into t2g and eg orbitals with the
respective local energy levels given by Et2g

and Eeg
, while

the L p orbitals are assumed degenerate with the energy Ep.
The spin-orbit couplings for d and p orbitals are given by �d
and �p, respectively. Finally, an effective Zeeman field
�U /2�m̂a �a= l /r for the left/right TM ion� with an energy
separation U is assumed, which originates from the local
Coulomb repulsion and Hund’s-rule coupling in the magneti-
cally ordered phase. Our model Hamiltonian thus reads H
=Hd+Hp+Hdp+Hso, where

Hd = −
U

2 �
a=l,r

�



ma · sa
,

Hp = Ep�
�	

p�	
+ p�	,

Hdp = �
a=l,r

�
	
�

Va
��da
	
+ p�	 + H.c.� . �2.2�

Here, 
 and � refer to the d and p orbitals involved in the
hybridization, respectively. Particle-hole transformations,
da
	→	da
	̄

+ and p�	→	p�	̄
+ �	̄�−	�, have been imple-

mented on both the p and d orbitals. The local field direction
is given by ma= �sin �a cos 
a , sin �a sin 
a , cos �a� for left
�l� and right �r� d-electron sites, and sa
 is the spin operator
of the d-orbital state 
. The hybridization matrix Va
� de-
pends on the d and p orbitals involved �corresponding to 	
and � bonding of the orbitals� and also on their relative
positions �left or right�. The spin-orbit interaction Hso can be
imposed either for the magnetic d orbitals or the ligand ion p
orbitals. The polarizations that result from each case are the
subject of discussion in the following sections.

A projection scheme in which the spin orientation antipar-
allel to the local Zeeman field is truncated out was intro-
duced in Ref. 18 and is used throughout this paper as well.
The scheme will be explained again when we consider the
case of active eg orbitals below.

On a linear array of ¯-TM-L-TM-L¯, the various
mechanisms of polarization included in Eq. �2.1� are mani-
fested as Fourier harmonics in x-ray or neutron scattering
probes. Assuming a general conical structure mr=m0
+m1 cos Q ·r−m2 sin Q ·r, we obtain the nontrivial Fourier

∆cf

∆ = E − Ecf

FIG. 1. �Color online� �a� The TM-L-TM cluster model with the
rod-type d3x2−r2 /d3y2−r2 staggered orbital order under a noncollinear
spin configuration �ml and mr� with the associated electric polariza-
tion Pz. Vl and Vr denote the pd hybridization. �b� The lattice struc-
ture and the staggered orbital order of TbMnO3 within the xy �or
ab� plane. �c� The level scheme for the t2g

3 eg
1 high-spin �S=2�

configuration.
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components P�q�=�r,ePr+e/2e−iq·�r+e/2� shown in Table I, with
m±=m1± im2 and Pr+e/2 given in Eq. �2.1�. We allowed for
the general case of �up to� two inequivalent L positions due
to, for instance, the orthorhombic distortion and/or staggered
orbital order in establishing Table I. To compensate the elec-
trostatic energy loss, each L ion tends to shift toward the
induced dipole moment and cause the lattice modulation
with the same wave vectors.

Pms gives a collinear lattice modulation along the cluster
direction with wave vectors �e+Q and �e+2Q, where the
shift of �e is due to the presence of two equivalent L sites.
This case is relevant for HoMnO3 as pointed out by Ser-
gienko and Dagotto recently.16 Under the spiral �conical�
magnetic structure, Porb yields a spiral, even noncoplanar,
modulation, while Psp gives a uniform �conical� modulation.
Porb is found only in the unquenched t2g system.18 Under the
spiral magnetic structure, Porb gives the spiral modulation at
twice the magnetic wave vector. The induced dipole moment
contains both oscillating and uniform components, but the
macroscopic polarization is due only to Psp or Pms for the
special case with the four periodicity Q ·e=� /2.16 Table I
can be used to classify the mechanisms of the magnetoelec-
tric couplings using x-ray and neutron scattering experi-
ments.

The mechanisms responsible for the spin-induced dipole
moments through spin-orbit coupling can be classified as in
Table II. We have identified three mechanisms that contribute
to the magnetically induced polarization, in the absence of
the lattice symmetry breaking. They are mediated by the
spin-orbit interactions active �i� within the t2g orbitals, �ii�
within the L p orbitals, and �iii� within the magnetic ions and
which couples the t2g−eg orbitals. In the following sections,
we describe each of the mechanisms in detail.

B. t2g-orbital mixing by spin-orbit interaction

Spin-orbit interaction within the degenerate t2g manifold
�intra-t2g� produces polarizations, Psp and Porb,13,18 for t2g

n

with the electron number n=1,2 ,4 ,5. As shown in a previ-
ous paper,18 Porb and Psp appear in proportion to
min��d /Vpd� ,1��Vpd� /�� and ��d /���Vpd� /��,3 with �
=Et2g

±U /2−Ep. Here, the � sign in � refers to the charge
transfer energy from the filled L site to the t2g orbital in the
t2g
5 and t2g

2 configurations, respectively.
Numerical solution of the cluster model yielded similar

results for t2g
1 and t2g

4 configurations. The t2g
3 and t2g

6 configu-

rations represent the orbital-quenched case with no polariza-
tion arising from intra-t2g spin-orbit interaction. Even in this
case, mixing with the unoccupied eg orbitals due to the spin-
orbit interaction, to be discussed later, can result in the or-
bital deformation and the induced dipole moment.7 Another
symmetry operation can be used to show that Psp and Porb for
t2g
4 are related to those of t2g

5 by a sign change, as well as
those for t2g

1 to t2g
2 .

A low-n transition metal involving Ti or V will be the
likely candidate to observe t2g-mediated Psp and Porb. A spin-
canted phase in YVO3 was found recently.19 For such a state,
we argue that Porb, which is much larger than Psp on the
atomic scale, is detectable in the microscopic x-ray or neu-
tron probes and can be compared with the expressions given
in Eq. �2.1� and Table I.

C. p-orbital mixing by spin-orbit interaction

A number of eg systems with filled t2g came to be classi-
fied as a multiferroic: Ni3V2O8 �Ref. 5� with the d-orbital
configuration t2g

6 eg
2 and LiCuVO4 �Ref. 10� and LiCu2O2

�Ref. 11� both with t2g
6 eg

3. The two orbital states comprising
the eg level differ by two units of angular momentum lz �lz

=0, ±2�, whereas the spin-orbit interaction only connects
states with angular momentum mismatch of 1. Therefore, the
spin-orbit interaction within the eg manifold vanishes. Bear-
ing this in mind, we propose that the oxygen spin-orbit-
mediated mechanism,

Hso
p = �pL̂p · Ŝp, �2.3�

should play an important role for these materials. Here, L̂p

and Ŝp schematically refer to the angular momentum and
spin operators of the p orbitals.

For instance, the d9 Cu sites can be modeled as dx2−y2

orbitals at the TM sites in the cluster model. Taking the hy-
bridization to the left �Vl� and the right �Vr� TM ions to be
−Vl=Vr=Vpd	 �see Fig. 1�a��, the resulting polarization Psp

mediated by the oxygen spin-orbit interaction is given by
�details in Appendix A�

Pp
sp = − 4	2Lx2−y2,z

z �p

�

Vpd	

�
�3

. �2.4�

Here, Eeg
is the energy of the dx2−y2 orbital, �=Eeg

+U /2
−Ep, and Lx2−y2,z

z = �dx2−y2�z�pz
.
The d8 contains two eg orbitals with the total spin S=1,

which can be decomposed as d3x2−r2 and dy2−z2 in the degen-
erate case. Of these, the latter does not couple to the oxygen
orbitals and one is left with a single d3x2−r2 orbital per site
with the polarization again given by Eq. �2.4� with the d3x2−r2

replacing dx2−y2. No Porb term is found for pure eg models
with the oxygen spin-orbit interaction.

The d7 case with a single eg electron is subject to the
Jahn-Teller �JT� distortion and the lifting of the orbital de-
generacy. When the adjacent TM sites are occupied by the
same eg orbitals due to the JT distortion, one again has Eq.
�2.4�. If not, the appropriate cluster model should involve
different orbitals for the right and left TM’s, and the inver-

TABLE II. Classification of the relevant orbitals coupled by the
spin-orbit interaction, the d-electron configuration, the correspond-
ing types of induced polarization, and the materials in which the
polarization mechanism is expected to be active.

Orbitals Configuration Polarization Materials

t2g t2g
n �n=1,2 ,4 ,5� Psp, Porb Ref. 19

p Arbitrary dn, nonzero S Psp Refs. 4–6 and 8–11

t2g-eg Arbitrary dn, nonzero S Psp Refs. 4 and 6–9
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sion symmetry breaking yields nonzero values of Pms. On the
local scale, Pms is greater than Pp

sp, but its macroscopic av-
erage usually vanishes. Although analytical expressions for
the induced dipole moment is not available in this case, our
numerical study confirms that the dependence of the induced
polarization on the magnetic moment orientations is always
given by Eq. �2.1�. Both constants, Pms and Pp

sp, can be
worked out numerically.

D. t2g-eg-orbital mixing by spin-orbit interaction

In addition to the intra-t2g and intra-p-orbital spin-orbit
interactions discussed above, mixing of an occupied eg and
an unoccupied t2g orbital, or of an unoccupied eg and an
occupied t2g, can occur due to the spin-orbit interaction,

Hso
t2g-eg = �dL̂d · Ŝd, �2.5�

within a given TM ion and contribute to the polarization
Psp.17 An earlier consideration13,18 restricted the effect of the
above spin-orbit Hamiltonian within the t2g subspace. Here,
we focus on the matrix elements connecting the t2g and the eg
orbitals through spin-orbit coupling and demonstrate the ef-
fect of the t2g-eg mixing on the induced polarization within
the cluster model. In particular, the case of Mn3+ ions in
TbMnO3 is studied as the prototype case.

The Mn3+ ions in TbMnO3 have the t2g
3 eg

1 configuration.
Because of the large Jahn-Teller effect, TbMnO3 exhibits the
rod-type d3x2−r2 /d3y2−r2 orbital ordering shown in Fig. 1�b�
far above the room temperature.20 Accordingly, we assume
that the d3x2−r2 and d3y2−r2 orbitals are occupied at the l and r
sites of the TM-L-TM cluster. Assuming Vl=Vr=−Vpd	, one
obtains polarization of the spin-current form, due to the
t2g-eg mixing �see Appendix B�,

Pt2g-eg

sp = − 	3Lzx,x
z �d

U − �cf + EJT/2

Vpd	

�
�3

, �2.6�

where �cf is the crystal field gap Eeg
−Et2g

, EJT is the Jahn-
Teller energy splitting, and Lzx,x

z = �dzx�z�px
. A similar term is
obtained in the case of uniform orbital order, i.e., same d
orbitals for both TM ions in the cluster. We expect the t2g-eg
mixing mechanism to be operative for arbitrary dn configu-
rations. Particularly the high-spin state of Fe3+ �d5, S=5/2�
where the orbital angular momentum is supposed to be
quenched, the t2g-eg spin-orbit interaction could give a fairly
large polarization. The GdFeO3-type orthorhombic distortion
present in perovskite oxides could also mix t2g and eg orbit-
als and contribute to the polarization. This distortion also
increases the intra-t2g contribution to the Psp due to the larger
matrix element Lzx,x

z , which is now allowed in addition to the
rather small Lyz,y

z = �dyz�z�py
 for cubic perovskites.13,18 No or-
bital polarization Porb is induced from the mixing. The three
mechanisms of generating local dipole moment from the
magnetic order, intra-t2g, intra-p, and t2g-eg mixing, are sum-
marized in Table II.

In addition to TbMnO3, the t2g-eg mixing should play a
prominent role in other multiferroic materials discussed in
Refs. 6–9. Quite remarkably, the spin-current mechanism of
the polarization is found for all three cases: intra-t2g, intra-p,

and t2g-eg mixed. The three mechanisms are summarized in
Table II.

III. COMPARISON TO EXPERIMENTS

In this section, a semiquantitative analysis based on the
above theory is given to explain the experiments in TbMnO3,
where the simultaneous presence of orbital ordering, unfilled
eg levels, and t2g-eg mixing presents a complex challenge for
theory. The two terms, Eqs. �2.4� and �2.6�, combine con-
structively to produce Psp, the uniform polarization. Quanti-
tative agreement with the measured uniform polarization
value in TbMnO3 is obtained as follows.

Matrix elements needed to evaluate Eqs. �2.4� and �2.6�
are calculated by taking the TM–O bond length 1.9 Å and
the Clementi-Raimondi effective charges21 ZMn 3d

eff =10.53 and
ZO 2p

eff =4.45. Other parameters are chosen as Vl=2Vr=
−Vpd	=−1.2 eV, U=3 eV, and Eeg

−Ep=2 eV. The spin-
orbit coupling for the oxygen 2p and TM 3d orbitals are
chosen as �p=25 meV and �d=48 meV from �L
�2�EL / �2L+1�, where L=1,2 for p and d orbitals. The
spin-orbit energy splitting is given by �Ep=37 meV ��p

=25 meV� and �Ed=120 meV ��d=48 meV�.22

With these values, we obtain the uniform polarization
along the c axis Pp

sp�130 �C/m2 from the oxygen spin-
orbit interaction and Pt2g-eg

sp �860 �C/m2 from the t2g-eg

mixing with �cf =2 eV and EJT=1 eV. The net value Psp

�990 �C/m2 multiplied with �mr�mr+e��sin�0.28�� in
Eq. �2.1� gives the uniform c-axis polarization of
�760 �C/m2, in reasonable agreement with the experimen-
tal value in TbMnO3 �Ref. 4� ��700 �C/m2 at 10 K�. The
direction of the polarization is also consistent with the ex-
periment.

Another interesting aspect of TbMnO3 concerns the x-ray
intensity of the 2Q lattice modulation, which increases
monotonically in the temperature range TN �onset of the col-
linear magnetic phase� and TL �onset of spiral magnetic or-
der�, then decreases upon lowering the temperature.4 The
spin configuration in the magnetic phase T�TN can be de-

scribed by the ordered spin moment, �si
=S�b̂ cos �i

+ ĉ	1−e2sin �i�, where �i evolves roughly with the period of
seven lattice constants. The collinear phase can be modeled
with e=1 and the magnitude S increasing monotonically at
the lower temperature. The elliptic spiral phase below TL
evolves from collinear �e=1� to nearly circular �e=0� pattern
with decreasing temperature,4 while S remains more or less
constant. In both instances, the size of the local magnetic
moment ��si
� depends on the coordinate. The TM-L-TM
cluster calculation, originally for equal magnetic moment
sizes on the TM ions, can be generalized to handle the non-
uniform cases by writing a self-consistent equation,

�si
 =
� d�imiwi

� d�iwi

, �3.1�

with a Boltzmann-like weight wi=exp��i�si
 ·mi�. Here, the
self-consistent parameter �i �not to be confused with the in-
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verse temperature� is used to produce the desired average
magnetic moment at each site i by averaging over the O�3�
unit vector mi. The dipole moment at r+e /2 in the collinear
and/or elliptic spin configuration can be obtained by taking
the average of Eq. �2.1� over the spins mr and mr+e with
weights wr and wr+e, using �si
 for the spin configuration of
the low-temperature TbMnO3. According to our classifica-
tion scheme �Table I�, Pms is the only mechanism operative
at the wave vector 2Q.

As shown in Figs. 2�c� and 2�d�, the increasing signal in
the collinear phase, followed by the decrease in the noncol-
linear phase in the 2Q intensity, arising from the magneto-
striction Pms, is consistent with the experiment. The direction

of the lattice modulation is predicted to be along the b̂ axis
while experimentally it has not been clearly determined
yet.23 A proper identification of the lattice modulation direc-
tion in the future will be essential to discriminate the differ-
ent scenarios of magnetoelectric coupling.

IV. CONCLUSIONS

We have presented a complete identification of the
mechanisms responsible for magnetically induced polariza-
tion in the TM-L-TM¯ array using the cluster model.24 The
driving force is the spin-orbit interaction active either in the
magnetic or the ligand ions. Three mechanisms are consid-
ered in this work: polarization driven by spin-orbit mixing of
t2g orbitals, of p orbitals when the t2g orbital is quenched,
and finally of t2g-eg mixing. In agreement with the polariza-
tion observed in the spiral magnetic phase over a wide vari-

ety of multiferroic materials in recent years, our consider-
ation leads to the spin-current form of induced polarization
regardless of the mechanisms considered. Sometimes there
can be more than one source of polarization, such as due to
both oxygen-mediated and t2g-eg mixing-mediated polariza-
tions in TbMnO3. In such cases, the various contributions
must add up to give the polarization in real materials. A good
quantitative agreement with the observed polarization value
in TbMnO3 has been obtained in this way.

There are other induced polarizations with nonzero modu-
lation wave vectors that we have identified. The classifica-
tion scheme presented here will be of help in identifying and
classifying the origin of spin-induced polarization in future
multiferroic research.
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APPENDIX A: THE DIPOLE MOMENTS INDUCED BY
OXYGEN SPIN-ORBIT INTERACTION

In this appendix, we calculate the dipole moment induced
at the oxygen site by deriving the ground state in terms of the
strong-coupling expansion in terms of V /U and taking the
expectation value of the position r operator. First, due to the
large energy difference U separating the parallel and antipar-
allel d states, we diagonalize Hd for the eg

1 configuration by
using the low-energy da orbital operator,18

da
+ = cos��a/2�da↑

+ + e−i
a sin��a/2�da↓
+ . �A1�

at the site a= l ,r. For Hp, with the spin-orbit interaction Hso
p

acting on the local p orbitals, the six p states are splitted into
four with the total angular momentum J=3/2 and two with
J=1/2. Of these, only the following four contain the px or-
bital and hybridize with the eg levels, P1

+=	2
3 px↑

+ + 1
	3

p1↓
+ ,

P2
+=	2

3 px↓
+ + 1

	3
p

1̄↑
+

, P3= 1
	3

px↑
+ −	2

3 p1↓, and P4
+= 1

	3
px↓

+ −	2
3 p

1̄↑
+

.

Here, 1�1̄� refers to the p-orbital angular momentum. The
remaining two p orbitals are left out as they are completely
decoupled from the others. In diagonalizing Hdp, it is conve-
nient to use an orthonormal basis given by


Q1,2
+

Q3,4
+ � =

1
	2�1 ± ����

�
P2
+

P4
+ � ± ei�
P1

+

P3
+ �� , �A2�

where P2i−1,2i=cos��l,r /2�P2i−1+ei
l,r sin��l,r /2�P2i for i
=1,2. Nonorthogonality of �P1 , P2� and �P3 , P4� pairs leads
to the overlap �= �0�P1P2

+�0
= �0�P3P4
+�0
 and ei�=� / ���. Af-

ter redefining da�=sgn�Va�da, and introducing

1 2 3 4 5 6 7
i

0

0.75

1.5

�b�

Pz
sp �10�3Lz�
�Px

ms � �10�3Lx�
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�c�

Pz
sp�0�
�Px

ms ��2Q�

0 0.1 0.2 0.3 0.4 0.5
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0.4
�d�

Pz
sp�0�
�Px

ms ��2Q�

FIG. 2. �Color online� �a� Elliptic spiral spins �arrows at mag-
netic M ions� with the ellipticity e=0.6 and the associated local
dipole moments �at oxygen O sites� arising from oxygen spin-orbit
interaction are shown as Pz

sp �along the z direction, enlarged by 103

times� and Px
ms �along the x direction� for the observed spin modu-

lation period �Q�0.28�� as in TbMnO3 at low temperature. Two
types of M sites exist �even and odd i� due to the orbital ordering.
Statistical weights are introduced to account for elliptic spins. Px

ms

alternates its direction due to the staggered orbital order. �b� In-
duced dipole moments Pz,i

sp and �Px,i
ms� at the oxygen site Oi in

TMi-Oi-TMi+1 cluster in units of 10−3Lz and 10−3Lx, respectively,
with Lz= �dzx�z�px
 and Lx= �d3x2−r2�x�px
. ��c� and �d�� Main Fourier
components of the dipole moments, at q=2Q for �Px,i

ms� and at q
=0 for Pz,i

sp, as functions of e for T�TL in �c� and S with e=1 for
TL�T�TN in �d�. Note that e in �c� and 1/2−S in �d� decrease
with decreasing temperature. This figure is worked out for the or-
bital ordered model of TbMnO3 �Fig. 1� with
�U ,�cf ,EJT,Vpd	 ,�p ,�d�= �3.0,2.0,1 ,1.2,0.025,0.048� eV.
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D1,2
+ =

1
	2

�d�r
+ ± ei�d�l

+� , �A3�

the effective Hamiltonian for the symmetric case �Vl�= �Vr�
=V is written as ��m

T = �Dm ,Qm ,Qm+2��

H = �
m=1,2

�m
+�− U/2 Vm Vm�

Vm Ep� 0

Vm� 0 Ep�
��m, �A4�

where V1,2=V	�1± �� � � /3, Ep�=Ep+�p /2, and Ep�=Ep−�p. In
the energy hierarchy of our interest, the two lowest Em1�
−U /2 �hole� states will be occupied first, and the dipole mo-
ment P=�m=1,2�Xm1�r�Xm1
 is calculated,

Pp
sp = − 2	2�Lrz

z + Llz
z �

�p

�

V

�
�3

x̂ � �ml � mr� ,

Pms = −
1

4
�Lrx

x − Llx
x �
V

�
�3

x̂�ml · mr� , �A5�

with �=Eeg
+U /2−Ep. Here, Laz

z �Lax
x � are the nonzero over-

lap integrals between eg d orbital and oxygen pz �px� orbitals,
Laz

z = �da�z�pz
 and Lax
x = �da�x�px
 with a= l�r�, respectively.

Note that if the identical orbitals are positioned on either side
of the oxgen, such as d9 Cu with dx2−y2, Pms will vanishe and
Pp

sp reduces to Eq. �2.4�.

APPENDIX B: MECHANISM OF t2g-eg MIXING

As shown in Fig. 1�c�, the occupied eg and the unoccupied
t2g orbitals are separated by the energy gap ��=U−�cf
+EJT/2; taking bare Hamiltonian of the eg levels as

Hd
a = ���

	

�da,x2−y2	
+ da,x2−y2	 + da,3z2−r2	

+ da,3z2−r2	� ,

�B1�

with a=1,r and we treat Hso
t2g-eg perturbatively. For Mn3+

ions, since all parallel t2g states are already occupied by elec-
trons, we can furthermore truncate out these components.

Then, the perturbed eg states are given by the first-order per-
turbation theory,

�da,x2−y2↑
� = �da,x2−y2↑
 +
�d

��

− iei
a sin

�a

2
�da,xy


+
1

2
cos

�a

2
��da,zx
 − i�da,yz
���APa
 ,

�da,x2−y2↓
� = �da,x2−y2↓
 +
�d

��

− i cos

�a

2
�da,xy


+
1

2
ei
a sin

�a

2
��da,zx
 + i�da,yz
���APa
 ,

�da,3z2−r2↑
� = �da,3z2−r2↑
 −
�d

��

	3

2
cos

�a

2
��da,zx
 + i�da,yz
�

��APa
 ,

�da,3z2−r2↓
� = �da,3z2−r2↓
 − ei
a sin
�a

2

�d

��

	3

2
��da,zx
 − i�da,yz
�

��APa
 . �B2�

Here, the substitutions, �↑ 
→−ei
a sin��a /2��APa
 and �↓ 

→cos��a /2��APa
, have been used to describe the spin state
of the antiparallel unoccupied t2g orbitals.

Now, the Mn3+ ions on the left and the right are described
by �dl,3x2−r2
�=− 1

2 �dl,3z2−r2
�+
	3
2 �dl,x2−y2
� and �dr,3y2−r2
�=

− 1
2 �dr,3z2−r2
�−

	3
2 �dr,x2−y2
� orbitals, respectively. Both are hy-

bridized with the oxygen px orbital. The effects of spin-orbit
interaction is already included in the modified wave func-
tions given in Eq. �B2�. Then, the model Hamiltonian �Eq.
�2.2�� can be easily diagonalized by using the techiniques
developed in Appendix A, which leads to the polarization in
Eq. �2.6�.
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