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We introduce a very simple method to study the phase transition from the homogeneous dilute large polaron
gas toward the formation of a cubic crystal within the framework of the Vlasov �Many-Particle Theory and its
Applications to Plasma �Gordon and Breach, New York, 1962�� nonlinear kinetic equation and the equations
for the Bogolyubov �Problems of Dynamic Theory in Statistical Physics. Selected Works on Statistical Physics
�Moscow State University, Moscow, 1979�� distribution functions. Two different critical temperatures T1

cr and
T2

cr are introduced, defining the range of stability of the crystal phase �T2
cr�T�T1

cr�. The existence and
properties of the crystal phase are discussed as a function of the ionicity parameters of the medium, the
electron-phonon Fröhlich coupling constant and the density of the dilute polaron gas. In particular, the lattice
parameter is found to increase when the ionicity of the medium decreases whereas it is independent of the
Fröhlich constant � and the polaron density. Furthermore, it increases upon decreasing the temperature from
T1

cr toward T2
cr, showing a behavior different from that observed for common solids. We find also that a drift

velocity of the polaron gas tends to reduce the stability of the crystal. To illustrate the simplicity of the
calculation scheme, we apply the same technique to study the formation of the argon �Ar� crystal starting from
the atomic gas interacting through a reliable Lennard-Jones potential. We calculate the crystallization tempera-
ture and the Ar atom distribution. The lattice parameter is an increasing function of the temperature and the
second critical temperature is not defined. We try to relate the different dependence on the temperature of the
lattice parameter to the features of the polaron-polaron and atom-atom interactions.

DOI: 10.1103/PhysRevB.76.144303 PACS number�s�: 71.38.�k, 71.10.�w, 71.45.�d

I. INTRODUCTION

The formation of a polaron lattice concerns the most gen-
eral problem of the phase transition from the homogeneous
to the periodic phase of interacting particles �the well known
solidification and sublimation processes�. This is a very old
and important problem of the statistical physics which has
been treated with a variety of techniques. We note that, even
today, there are attempts to show analytically or numerically
the phase transition from the homogeneous to the crystalline
phase in the case of the hard sphere model1,2 and that there
are many methods to treat this problem.3–9 In all the cases,
analytical or numerical calculations are based on the knowl-
edge of the interactions between the particles or of the static
structure factor of the homogeneous phase or of the correla-
tion function.10–12 Phonon dispersion frequencies near the
melting point have been an object of investigation as
well.13,14 Finally, a renewed interest in this problem has been
stimulated by studies on photoinduced phase transitions.15–21

The crystallization of the large polaron gas has already
been studied in specific models: interacting electrons in polar
medium with isotropic and anisotropic structures,22 extended
in a recent work;23 dielectric function models;24,25 and for-
mation of linear strings26 in the Pekar polaron theory.27,28

Furthermore, the combined effect of the electron-phonon in-
teraction and the double- and superexchange magnetic ef-
fects determines in the manganites, such as La1−xCaxMnO3,
the appearance of antiferromagnetic or paramagnetic do-
mains with small polarons and ferromagnetic domains with
large polarons.29 Finally, the quantum lattice fluctuations in
the ground state of the half-filled electron band are the source

of the Peierls instability of the one-dimensional molecular
crystals.30–33

In a previous work,34 we studied the instabilities of the
homogeneous large polaron system versus the formation of a
periodic phase. We used two different approaches to describe
this problem: the Bogolyubov method of the equilibrium dis-
tribution functions35 to find the features of the thermody-
namical transition and the kinetic Vlasov nonlinear equation
to determine the mechanical instabilities of the polaron
system.36 Both methods apply to dilute systems in which the
correlation contributions are taken into account and the ex-
change terms neglected. The main input of the theory is the
knowledge of the effective interaction between two polarons
and this quantity is calculated a priori with the best sophis-
ticated field theory methods.37 The main results can be sum-
marized as follows.

�1� Upon decreasing the temperature, the transition from
the homogeneous to the periodic phase occurs at a critical
temperature T1

cr. The periodic phase can exist only for tem-
peratures T�T1

cr, being thermodynamically unstable other-
wise. It turns out that T1

cr decreases if the medium becomes
less polar �namely, if �* /��= �1−�� /�s�−1 increases, where
�� and �s are the high frequency and static dielectric con-
stants�, whereas it increases if the electron-phonon Fröhlich
coupling constant � increases. Furthermore, in the dilute
limit, T1

cr becomes larger if the polaron density n of the ho-
mogeneous phase increases. The phenomenon shows other
features, such as the existence of an upper limit ��* /���cr, for
�* /��, and a lower limit �cr, for �. Both conditions �* /��

� ��* /���cr and ���cr must be fulfilled for the existence of
the periodic phase. Both �cr and ��* /���cr depend on n. Fur-

PHYSICAL REVIEW B 76, 144303 �2007�

1098-0121/2007/76�14�/144303�9� ©2007 The American Physical Society144303-1

http://dx.doi.org/10.1103/PhysRevB.76.144303


thermore, �cr depends on �* /�� and ��* /���cr on �. This
limits the range of the material parameters compatible with
the formation of the periodic polaron lattice.

�2� At small temperatures, a mechanical instability of the
periodic phase shows up. Thus, the existence of this phase is
also limited by a lower critical temperature T2

cr. The tempera-
ture range of existence �Tc=T1

cr−T2
cr depends on n, �, and

�* /�� and it tends to zero if either �→�cr
+ or �* /��

→ ��* /���cr
− .

It is important pointing out that our previous results34

were obtained within a semianalytical scheme, allowing us to
only explore a small region around the transition points. An
alternative scheme will be presented in this work, leading to
the exact calculation of the same quantities. The polaron gas
will be shown to crystallize as a simple cubic lattice. We
study as function of T, �* /��, and n, some crystal features as
the lattice parameter, the particle distribution function along
fixed directions, and the influence of the particle oscillations
and of the polaron velocity in the homogeneous phase on the
phase transition. We consider densities n up to 1019 cm−3.

The same theoretical framework of the polaron crystalli-
zation is also applied to the formation of the Ar crystal start-
ing from the atomic homogeneous gas phase and a suitable
Lennard-Jones atomic potential. In this case there is only one
critical temperature T1

cr and the temperature T2
cr cannot be

defined.
The physical mechanism explaining the above phenomena

is related to the specific form of the polaron-polaron and
Lennard-Jones interactions. The former is repulsive and
finite at r=0, attractive at distances r of the order of the
polaron radius, and repulsive for higher distances, with a
long range tail for r→�; the latter is repulsive and divergent
if r→0, and attractive at intermediate distances, with a
�negative� r−6 tail as r→�. The critical temperatures depend
on the effective potentials that contain terms due to the cor-
relation effects depending on the details of the bare polaron-
polaron or argon-argon interactions, on the temperature T
and on the density n.

The work is organized as follows: In Sec. II the theoreti-
cal framework, already discussed in a different form in Ref.
34, is outlined. In Sec. III A the simple cubic polaron crystal
formation is discussed, whereas in Sec. III B our approach is
applied to the Ar crystallization. Finally, in Sec. IV we sum-
marize our conclusions.

II. THEORETICAL SCHEME

In the cited previous work34 the polaron-polaron potential
��r�, calculated to describe the bipolaron formation, was
used as a starting point to derive the interaction between
polarons K�r� �see the Appendix�, including correlations
terms and neglecting exchange terms, for a dilute many-
polaron system. The polarons move in a rigid background of
positive charges.

As already mentioned, both a kinetic �mechanical� and a
thermodynamic instability can hinder the formation of the
crystal phase. The two approaches needed for a full assess-
ment of the problem are shortly summarized in the follow-
ing. More details can be found in Ref. 34.

A. Thermodynamic instability

In the framework of the linearized nonstationary Vlasov
kinetic equation, the effect of a small perturbation is de-
scribed through the variation f�r ,v , t�=F�r ,v , t�−F0�v� of
the distribution function F�r ,v , t� with respect to the station-
ary one F0�v�. It can be calculated from the integral equation

f�r,v,t� =
1

2
�

−�

t

	„
,r − v�t − 
�,v…d


+
1

2
�

�

t

	„
,r − v�t − 
�,v…d
 , �1�

where

	�t,r,v� =
1

M
�vF0�v� · �r� K��r − r���f�r�,v�,t�dr�dv�.

�2�

The perturbation induces a variation of the electron density

��r,t� =� f�r,v,t�dv . �3�

If we write ��r , t�=�k�k�t�exp�ik ·r� we obtain

�k�t� =
1

2
�

−�

t

Gk�t − 
��k�
�d
 +
1

2
�

�

t

Gk�t − 
��k�
�d
 ,

�4�

where the kernel of the integral equation is

Gk�t� =
��k�
M

� exp�− ik · vt��ik · �vF0�v��dv �5�

and

��k� =� K�r�exp�− ik · r�dr . �6�

The spherical symmetry of K�r� and F0�v� implies that
Gk�t�=Gk�t� and the existence condition for the solution of
Eq. �4� is37

�
0

�

Gk�t�dt � 1. �7�

We see that Gk�t� depends on the distribution function of the
velocity F0�v� of the homogeneous phase that we assume
given by the Maxwell function.

If the whole homogeneous polaron phase has a drift ve-
locity vx along the x axis, F0�v� must be replaced with
F0��v−vx�� and the condition of existence for the solution of
Eq. �4� becomes

�
0

�

Gk�t�cos�kxvxt�dt � 1. �8�

The previous equation can be rewritten in a simpler form as
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1 = −
2��k�n

�
�

0

�

x exp�− x2�cos��xx�dx � 1, �9�

with k= �kx
2+k�

2 �1/2, k�= �ky
2+kz

2�1/2, u= �2� /M�1/2, and �x

=2vx /u the adimensional parameter linking the drift velocity
of the polaron gas to the thermal velocity. The corrections to
the polaron effective mass M due to vx could also be taken
into account,27 but their contribution is small,28 if the veloc-
ity is so small that the polaron state corresponds to a cloud of
electrons and virtual phonons.

If vx=0, the condition to be satisfied to have a periodic
phase �taking into account screening effects� is34


 = −
n��k�

��1 +
4�ne2

�s�k2 + �2��	
� 1, �10�

where �= � 4�ne2

�s�
�1/2

is the reciprocal Debye screening length,
��k� the Fourier transform of K�r�, and �=kBT. The highest
critical temperature T1

cr is determined by the value of � sat-
isfying the equation 
=1 with k=kopt �such that ��kopt� is the
minimum negative value of ��k��. At this temperature, the
system crosses from the homogeneous to the periodic phase,
with periodicity d= 2�

kopt
. The phase transition is determined by

the combined action of the correlation and screening effects.
In the range of densities we consider here �up to 1019 and
1022 cm−3 for the polaron and the argon gas, respectively�34

the correlation enhances K�r� with respect to ��r�. At higher
densities the screened interaction K�r� gets lower.

If �x�0, the x axis becomes the anisotropy axis. We will
assume that k� is the same as in the isotropic case and kx is
calculated through the equation 
1=1. In this case, the criti-
cal temperature T1

cr is found by first taking the values of kx
giving the lowest negative value of � and then solving the
equation 
1=1 as function of �.

The same stability problem can be approached within the
stationary nonlinearized Bogolyubov scheme,34 describing
the polaron gas through the equilibrium distribution func-
tions Fs�r1 ,r2 , . . . ,rs� �s=1,2 , . . . �. They satisfy a set
of equations in which Fs�r1 ,r2 , . . . ,rs� can be calculated
if Fs+1�r1 ,r2 , . . . ,rs+1� is known. Each function
Fs�r1 ,r2 , . . . ,rs� gives the probability of finding in the con-
figuration space with s dimensions, s particles in the unit
volume. When the method is applied to dilute systems, ne-
glecting the three-particle and higher order correlations, the
single particle distribution function F1�r� is given by the
nonlinear integral equation

log��F1�r�� +
��r�

�
+

n

�
� K��r − r���F1�r��dr� = 0,

�11�

where ��r� is the electrostatic energy due to the polaron
charge −eF1�r� plunged in the homogeneous background of
the ionic positive charge and � is a Lagrange multiplier in-
troduced to take into account the normalization condition

F1�r� =� F�r,v�dv, lim
V→�

1

V
� F1�r�dr = 1. �12�

Since ��r� is a linear functional of F1�r�, Eq. �11� is a non-
linear integral equation of the Hammerstein type.38 This
equation can present the bifurcation phenomenon, namely,
two independent solutions can occur for the same physical
parameters of the system. Such solutions describe in our case
the crossover from the homogeneous phase to the polaron
lattice formation. In Ref. 34, we solved Eq. �11� with stan-
dard mathematical methods,38 to find the critical tempera-
tures at which the periodic phase appears. Such an approach
gives quantitatively accurate results only near the bifurcation
point, because it is based on series expansions of F1, �, �−1,
and � around the critical temperature. To gain insight on the
formation of the polaron crystal, in the present work we find
exact solutions of Eq. �11�, written in the form

F1�r� =
1

�
exp�−

��r�
�

−
n

�
� K��r − r���F1�r��dr�	 .

�13�

This allows us to calculate the temperature T1
cr and other

parameters that characterize the formation of the polaron
crystal as function of n, �, �s, and ��.

B. Kinetic instability

As previously reported,34 it turns out that a single tem-
perature T1

cr does not allow to completely describe the exis-
tence and stability of the periodic phase. A careful analysis of
the linearized Vlasov equation shows that a mechanical in-
stability in the density fluctuation motion appears if

−
�0�k�n

�
� 1. �14�

Here, �0�k� is the Fourier transform of the polaron-polaron
interaction potential ��r�. As a consequence, a lower critical
temperature T2

cr�T1
cr must be introduced, such that the crys-

talline polaron phase can exist only if T2
cr�T�T1

cr. This odd
behavior may be related to the temperature and density de-
pendence of K�r�.

The dependence on T of K�r� occurs through the term
���r� �and n0� of Eq. �A2�. While this equation applies to
both the polaron and argon gas, the features of ���r� �and
n0� may be rather sensitive to the details of the bare particle-
particle interaction ��r�. It turns out that, in the case of the
polaron gas, upon reducing the temperature below a given
threshold the corrections to ��r� due to the correlations, re-
sponsible for the periodic phase, become negligible. In par-
ticular, as T→0, the attractive part of ��r� gives the largest
contribution to n0, which becomes positive and large. Since
the quantity n0 balances the repulsive and the attractive part

of ��r� through T, ���r�→0− and K�r�

��r�

1+�0
��0 is the

dilution parameter that increases on increasing n, see the
Appendix�. We conclude that in this limit the correlation
term ���r� becomes negligible, K�r����r�, and conse-
quently the periodic phase cannot be present. Thus, suffi-
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ciently small temperatures tend to destroy the ordered phase,
at variance with the argon gas. On the other hand, the in-
crease of the density n with fixed T produces an increase of
the weight of the correlation term ���r� with respect to the
bare interaction ��r�.

The competition between the correlation and screening
effects also plays a role in determining the critical value �cr
of �. As reported elsewhere �Fig. 4 of Ref. 34�, �cr is nearly
independent of n for low polaron densities, whereas increas-
ing with n for higher densities.

III. RESULTS

A. Polaron lattice

Firstly, we discuss the features of the solution of Eqs. �13�
in the absence of a drift velocity of the polaron gas ��x

=0�. We fix k=kopt �the optimal wave vector corresponds to
the polaron crystallization with lowest lattice parameter� and
assume cubic symmetry. Therefore, the distribution of po-
larons in the periodic phase can be written as

F1�r� = �
�s�=0

+�

as exp�isk · r� , �15�

with �k�=kopt. By inserting Eq. �15� into Eq. �13�, we obtain
the following transcendental equations for the coefficient as:

as =
C0

�
�

0

�

exp�−
n

�
�

�p�=0

+�

ap��pk�exp�ip�� − is�	d� ,

s = 0, ± 1, ± 2, . . . , �16�

with �=k ·r, and

��k� =
� K�r�exp�ik · r�dr

1 +
4�e2n

�s�k2 + �2��

,

C0 =
1

�
�

0

�

exp�−
n

�
�
n=1

�

2an��nk�cos�n��d�	 . �17�

The quasiexact solution of Eqs. �16� is made possible be-
cause it turns out that ���kopt��� ���2kopt��� ���3kopt��� . . ., so
that we can limit the number of equations to be solved. We
find that in all the cases we can consider only the terms p,
s=0, ±1, ±2, ±3, whose self-consistent solutions give the
coefficients a1, a2, and a3. They are shown in Fig. 1 as func-
tion of T for n=1018 cm−3, �* /��=1.00, and �=15. The
critical temperature T1

cr is the point at which the three coef-
ficients become zero. The same T1

cr was found in Ref. 34. We
also find that T1

cr is an increasing function of � for fixed
�* /�� and n and a decreasing function of �* /�� for fixed �
and n, as in Ref. 34. As a new result, we show in Fig. 2 the
distribution function ��x�=F1�x ,0 ,0� �a� with fixed �, n, and
T�T1

cr for different values of �* /��, �b� with fixed �* /��, n,
and T�T1

cr for different values of �, and �c� with fixed �,

�* /��, and T�T1
cr, for different values of n. Several aspects

can be highlighted here: �i� the decrease of the ionicity of the
medium has both effects of widening and lowering the peak
and increasing the polaron lattice parameter �Fig. 2�a��; �ii�
the increase of � or n makes the distribution function more
peaked �Figs. 2�b� and 2�c��; �iii� upon decreasing the tem-
perature T�T1

cr, the lattice parameter d= 2�
kopt

�unexpectedly�
increases in the case of the polaron gas �see Fig. 5, curve
�x=0�, while �as expected� increases for the argon gas �see
Fig. 10�. Since in both cases the same procedure is applied,
the features of the effective polaron-polaron and the atomic
argon interactions are expected to play a key role in deter-
mining the temperature dependence of d. In particular, we
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FIG. 1. The coefficients a1, a2, and a3 �Eq. �16�, k=kopt� are
shown as function of T for a polaron gas with �* /��=1.00, n
=1018 cm−3, and �=15. The critical temperature T1

cr is found when
a1, a2, and a3 become zero.
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FIG. 2. The position dependent density ��x�=F1�x ,0 ,0� for dif-
ferent parameters of the polaron gas: �a� �=20, n=1018 cm−3, T
=13 K�T1

cr, and different values of �* /��; �b� �* /��=1.05, n
=1018 cm−3, T=10 K�T1

cr, and different values of �; �c� �=25,
�* /��=1.02, T=50 K�T1

cr, and different values of n. The horizon-
tal lines (��x�=1) correspond to the homogeneous gas. a0

* is the
effective Bohr radius �see the Appendix�.
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point out that the polaron-polaron interaction is finite and
repulsive as r→0, attractive in a range of distances of the
order of the polaron radius, and decays to zero at large dis-
tances, with a long range repulsive tail. On the other hand,
the argon-argon interaction is repulsive and divergent as r
→0, attractive in a range of distances around 3.8 Å, and
decaying to zero with a short range attractive tail at larger
distances.

To clarify the physical mechanism explaining the features
of the polaron crystal, we introduce simple partial criteria to
calculate �cr and T1

cr. By analogy with the electron Wigner
crystal, the occurrence of a crystal phase is marked by the
condition that the single-particle kinetic energy Ec is much
lower than the potential energy Ep.39 If ��r� is the effective

polaron-polaron potential, we can write Ec= 9
8�� Z���r0�

M
�1/2

and Ep=Z���r0�� where r0 has been already defined and Z
is the coordination number of the crystal.39 The equation
Ec=Ep defines �cr as function of �* /��, because it turns out
that if ���cr, then Ec�Ep. This simple remark allows us to
conclude that the formation of the polaron crystal is driven
by the same physical mechanism that determines the forma-
tion of the electron Wigner crystal. Nonetheless, at variance
with the electron Wigner crystal, the temperature dependent
correlation effects introduce the second �lower� critical tem-
perature T2

cr.
The analogy with common crystals can be made even

tighter by introducing the Lindemann criterion, well known
in the theory of the phase transition. The crossover from the
homogeneous to the periodic phase can be characterized40

through the parameter �= ��x2� /a2�1/2, with a the crystal lat-
tice parameter and �x2�1/2 the fluctuation length around the
equilibrium position. The Lindemann criterion, applied to the
polaron crystal, leads to the conclusion that the periodic
phase can exist only if ��1 �for example, we can choose
��0.1�. In Figs. 3�a� and 3�b� we show � as function of
�* /��, for fixed T and n and � and as function of T for fixed
�, n, and �*

��
, respectively. In the first case we see that �

decreases by increasing � or the polarity of the medium; in
the second case we see that the lines are broken when the
system crosses the lower temperature T2

cr. Finally, in Fig. 4
we show �cr as function of n and for different values of
�* /��, when we require that the Lindemann’s criterion �
�0.1 be satisfied �this makes the result qualitatively differ-
ent from that shown in Fig. 4 of Ref. 34�. We notice that each
line does not span the entire range of densities. After the
ending point no value of � satisfying all the required condi-
tions can be found. Therefore, the ending point defines the
lower critical temperature T2

cr. The obtained values of T2
cr are

the same as in our previous work.34 For each given value of
�* /��, Fig. 4 can be seen as a phase diagram in the �-n
plane, the periodic phase existing only above the given
curve. The strong Lindemann’s criterion ��0.1 �small fluc-
tuation of the polaron about the equilibrium position� re-
quires that the screening and correlation effects act in a co-
operative way. We remark also that, as shown in Figs. 3�a�
and 3�b�, the condition ��1 is fulfilled for a large range of
values of � and �* /��. This indicates that the specific values
of T1

cr and T2
cr depend on the particular criterion adopted, but

the qualitative description of the phenomenon is not modi-

fied. The issue of the Wigner crystallization in a polarizable
medium is also discussed in Ref. 23.

We now discuss how the previous results get modified in
presence of a drift velocity of the polaron gas, which we
assume directed along the x axis �we use the x subscript to
label the calculated quantities�. In Fig. 5 we show kopt,x as
function of T for fixed �* /��, n, �, and different values of
�x. The temperature dependence of ��kx ,k�� is taken into
account. The critical temperature T1,x

cr corresponds to the end
point of each curve and is found to decrease as a function of
�x. On the other hand, for a given drift velocity, a lower
temperature bound is found �defined by the occurrence of
kopt,x=0�, which increases with �x. This implies that, for
fixed �* /��, n, and �, a critical velocity �cr,x exists, such
that for �x��cr,x the periodic phase cannot form. As stated
above, the occurrence of the polaron lattice corresponds to
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FIG. 3. �a� Dependence of the dimensionless parameter �
= �x2�0.5 /a on �* /�� �we fix T=13 K and n=1018 cm−3�, for differ-
ent values of � �let us note that the periodic phase is absent if �
=17.5 and �* /���1.05 or �=20 and �* /���1.08�. The region �
�1 �limited by the thin solid line� corresponds to the absolute
instability of the periodic phase. �b� Dependence of � on the tem-
perature, for different values of �* /�� �we fix �=25 and n=5
�1018 cm−3�.
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FIG. 4. �cr as function of n, for different values of �* /��. We
require the Lindemann criterion ��0.1 be satisfied. The ending
point of each line defines T2

cr �see text�.
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periodic solutions of Eq. �13�. Nonetheless, the presence of
kinetic instabilities can drive the loss of the oscillatory char-
acter of such solutions, in favor of an exponentially decaying
behavior.34 We have already pointed out that a lower critical
temperature T2

cr�T1
cr is the signature of the appearance of

such instabilities. It can be inferred from Eq. �13� that also
T2

cr depends on the distribution function of the homogeneous
phase and, consequently, on the drift velocity of the polaron
gas, in agreement with the findings of Fig. 5. The depen-
dence of the critical temperatures on the drift velocity is well
highlighted in Figs. 6 and 7. In Fig. 6 we show T1,x

cr as func-
tion of �x for fixed n and �* /�� and several values of � �as
expected, we find that T1,x

cr is an increasing function of ��. In
Fig. 7 we show the phase diagram of the polaron gas in the
plane ��x ,T�, where the region of existence of the periodic
phase is shown for �=20, �* /��=1.05, and n=1019 cm−3.

As a final result, we show in Fig. 8 the polaron distribu-
tion function ��x�=F1�x ,0 ,0� for �a� fixed T, �, �* /��, n,
and several values of �x and �b� for fixed T, �, �x, n, and
several values of �* /��. From Fig. 8�a� we can see that the
lattice parameter increases upon increasing �x, with the dis-
tribution function becoming lower and wider. The same oc-
curs in Fig. 8�b�, upon decreasing the medium polarity.

B. Argon crystallization

To check the goodness of the theory, we apply Eqs.
�15�–�17� to study the crystallization of the Ar in a simple

cubic crystal. The atomic interaction can be suitably mod-
elled using the well known Lennard-Jones potential

�a�r� = 4��
 r0

r
�12

− 
 r0

r
�6	 , �18�

with r0=3.408 Å and �=0.0103 eV.43 As in the case of the
polaron, we define the effective argon-argon interaction �see
Ref. 34 and Appendix�.

If we adopt the Bogoliubov approach �in analogy with the
polaron gas, see Fig. 1�, we can obtain the critical tempera-
ture Tcr from the plot of the coefficients a1, a2, and a3, shown
in Fig. 9. All three coefficients become zero at T=Tcr. We get
Tcr=107 K for n=2.1�1022 cm−3. In Fig. 10 we show kopt as
function of T. We see that the lattice parameter d= 2�

kopt
is an

increasing function of T �in contrast with what is shown for
the polaron lattice parameter, see Fig. 5, curve �x=0� and
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FIG. 5. kopt,x as function of T �the temperature dependence of
��kx ,k�� is taken into account� for different values of �x. We fix
�* /��=1.05, n=1019 cm−3, and �=20. a0

* is the effective Bohr ra-
dius �see the Appendix�.
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FIG. 7. The phase diagram of the polaron gas in the plane
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that no lower critical temperature T2
cr shows up. In Fig. 11 the

atomic distribution function ��x�=F1�x ,0 ,0� is calculated
for several values of T, showing how the peaks of F1�x ,0 ,0�
get lower and wider on increasing the temperature.

As for the polaron gas, the problem can also be ap-
proached within the kinetic Vlasov approach. If we assume
that the medium has a specific vibration frequency and if we
look for solutions of the form �k�t��qk���exp�i�t� in Eq.
�4�, we find that the following condition �analog of Eq. �8��
must be satisfied:


2 = −
2n��k�

�
�

0

�

x exp�− x2�cos
2�x

k
� m

2�
� � 1

�19�

to have the periodic phase. Following the route traced in the
previous section, the solution of the equation 
2=1 allows us
to determine the adimensional frequency of the oscillation
W= �

k
� m

2� as function of k and �. We find the critical tem-
perature Tcr by first taking the values of k giving the lowest
negative value of 
2 and then solving the equation 
2=1 as
function of �. We calculate kopt=0.956a0

−1 �a0= �2�*

e2m
is the

effective Bohr radius� and Tcr=107 K if W=0 �in agreement
with the above result�, whereas kopt=0.959a0

−1 and Tcr

=96.05 K if W=0.5.
We stress that the same procedure applied to the forma-

tion of the polaron and argon crystal gives results that are

very similar for what it concerns the existence of the periodic
phase, but opposite for what it concerns the behavior of the
lattice parameter as function of T. Moreover in the formation
of the argon crystal there is only the first critical temperature,
indicating that when T→0, the correlation terms survive to
assure the existence of the periodic phase.

Finally, we conclude that a huge number of theoretical
calculations can be found in the literature, concerning both
the fluid and solid phases. Several approaches have been
pursued, from analytical methods,44,45 to Monte Carlo
numerical approaches,43,46 to molecular dynamics
calculations.47,48 Our result for Tcr for the simple cubic argon
crystal are coherent with the face-centered cubic structure
calculation of Ref. 43 done using the Monte Carlo numerical
approach. Nevertheless, we point out that a precise, numeri-
cal assessment of the argon gas properties is out of the scope
of the present work. The method presented here, applied to
both the polaron and the argon gas, has allowed us to bring
out the combined effect of correlation and temperature in
differently correlated systems.

IV. DISCUSSION AND CONCLUSIONS

In this work an exact formulation of the transition from a
dilute large polarons gas �n�1019 cm−3� to the simple cubic
polaron lattice has been shown. The same theoretical scheme
as that developed in a previous work34 has been adopted but,
at variance with that case, the equation for the Fourier coef-
ficients of the single-particle distribution function has been
exactly solved. The features of the polaron-polaron interac-
tion allow us to limit our problem to the solution of a small
number of transcendental algebraic equations. The results
previously reported34 can be retrieved. The definition of �cr
is connected also to the formation of the Wigner crystal for
the electrons and that of T2

cr is due to the peculiar features of
the correlation part of the interaction. We have also calcu-
lated the polaron distribution function in the crystal phase,
showing that it depends on the ionicity parameter of the me-
dium �* /��, the electron-phonon Fröhlich constant �, the
polaron density n, and the temperature T. In particular, we
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FIG. 9. The coefficients a1, a2, and a3 �see Eq. �16�� as function
of T calculated for the Lennard-Jones potential �Eq. �18�� with r0

=3.408 Å and �=0.0103 eV. The critical temperature Tcr is found
at the point where a1, a2, and a3 become zero.
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tive Bohr radius �see the Appendix�.

FORMATION OF A LARGE POLARON CRYSTAL FROM A… PHYSICAL REVIEW B 76, 144303 �2007�

144303-7



have found that the lattice parameter increases upon decreas-
ing the temperature, showing a behavior in contrast with
what is expected for common crystals.

To check the goodness of our theoretical scheme, we have
calculated also the transition temperature for the formation
of the simple cubic Ar crystal, using a suitable Lennard-
Jones potential to model the interaction between two atoms.
We have found that the transition temperature is 107 K �the
experimental one is 85 K for a face-centered cubic crystal�
and the lattice parameter is an increasing function of the
temperature. We notice the following.

�i� For both systems �polaron and Ar lattice� the calcula-
tion method includes the anharmonic terms.

�ii� The different behavior of the lattice parameter as func-
tion of T is due to the different features of ��r� and �a�r�:
the first one is finite at r=0, has a central attractive part, and
goes to zero with a repulsive tail as r→�. The second one is
infinite at r=0, has a central attractive part, and goes to zero
with an attractive tail as r→�. Furthermore, the Grüneisen
constant is different as well.

�iii� The electron-phonon Fröhlich constant � and the ion-
icity parameter of the medium �* /�� do not modify the lat-
tice parameter, but only the height and the width of the peaks
in the distribution function.

We have also calculated the same quantities when the
polaron gas has a fixed drift velocity. Our main finding is that
the system becomes nonisotropic in the direction of the col-
lective motion. Our final conclusion is that the drift velocity
makes the solid phase less stable. Furthermore, a critical ve-
locity �x

cr exists, for fixed values of n, �, and �* /��, such
that for �x��x

cr the solid phase cannot form. This case
seems of academic interest, but it could be important to show
the behavior of the polaron lattice in a flow of free polarons
or in the formation of the polaron lattice on a surface of an
ionic material.
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APPENDIX: INTERPOLARON POTENTIAL

The polaron-polaron interaction has been calculated in the
strong coupling Pekar theory adapted to give reliable results
also in the intermediate coupling regime.34,37 This potential
is coherent with those obtained within the Lee-Low-Pines41

and path-integral techniques.42 It can be approximated by the
following analytical form:34,37

��r�
2�2��0

= �d + cr2�a + b�r − �0�2��1 − exp�− �r���exp�− �r�

+ 
 �*

��

− 1��1 − exp�− �r��
a0

*

r
, �A1�

where a0
*= �2�*

e2M
is the effective Bohr radius and the coeffi-

cients a, b, c, d, �0, �, and � depend on �* /��.34 Furthermore
��0 is the energy of the longitudinal optical phonon and �

= � 1
2�* �� e2

��0
�� 2M�0

�
�1/2

. Neglecting three-particle correlation ef-
fects and using a suitable ansatz for the two-particle distri-
bution function F2�r1 ,r2�, we find an explicit form for the
effective polaron-polaron interaction K�r� �Ref. 34� given by

K�r� =
1

1 + �0
„��r� + ���r�…

with

���r� =
��0

n0
�1 − exp
−

��r�
�

� −
��r�

�
	 �A2�

and �0=r0
3 /v1 �v1=V /N is the average volume per particle�.

�0 is the dilution parameter, r0 �of the order of the polaron
radius� is the point at which ��r� has its minimum value, and

n0 =
4�

V
�

0

� �exp�−
��r�

�
	 − 1�r2dr . �A3�

We see that ���r� is due to correlation effects and depends
on the details of ��r�, n, and T.
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