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We investigate the displacement and stress fields associated with a biperiodic misfit dislocation network
located along a single interface in a multilayered crystal composite of �N−1� thin bonded anisotropic elastic
layers sandwiched between two semi-infinite anisotropic media. Specifically, dislocation networks of coplanar,
biperiodic, hexagonal-based linear misfit are considered within continuum elasticity theory. While the homo-
geneous solutions are obtained by using the double Fourier series and the Stroh formalism, the solutions for
multilayered structures are expressed in terms of a transfer matrix technique and the generalized Barnett-Lothe
tensors. The transfer matrix technique lends itself to composites containing large numbers of bonded crystal
layers because only a 3�3 matrix inversion is required. The use of the generalized Barnett-Lothe tensor
facilitates the treatment of inherent elastic anisotropy in the constituent crystals. The correctness and the
versatility of the method are illustrated by calculating the stress field associated with a multilayer formed by
alternating GaAs and Si layers �N=5� containing a single array of edge misfit dislocations along one interface.
To further demonstrate the influence of the material anisotropy, numerical examples for the misfit dislocation
induced stresses are given for the �N=5� multilayered structure �formed by GaAs and Si� and for the induced
surface displacements for an InAs thin film over a GaAs substrate. Both cubic and simplified isotropic mate-
rials are considered.
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I. INTRODUCTION

The exploration of dissimilar semiconductor heterostruc-
tures that are far beyond the limits of typical pseudomorphic
�or coherent� epitaxy is being considered in order to provide
greater functionality and configuration of highly integrated
electronic and optoelectronic microsystems.1 One structural
approach is the bonding2 of mismatched semiconductors
such as Si and GaAs that require structural defects to accom-
modate the strain at the interfaces.

Multilayered structures made of ultrathin lamellae exhibit
excellent mechanical properties, such as higher yield
strength, higher ductility and toughness, and creep
resistance.3–6 Periodic arrays of defects, such as dislocations,
have been observed along the interfaces, which can enhance
the macroscopic properties of the composite material.6 Peri-
odic boundary conditions are ubiquitous in describing crys-
talline states theoretically and computationally.7,8 In this pa-
per, we develop a theoretical framework that accounts for the
elastic properties of observed periodic dislocation arrays in
multilayered structures.

The elastic fields for a multilayered composite containing
one periodic �or biperiodic� array of interfacial misfit dislo-
cations have been investigated by using Fourier or double
Fourier series expansion methods.9–14 However, this method
is limited and time consuming as it requires the inversion of
a 6N�6N matrix for a laminated medium containing N in-
terfaces. This is especially problematic when N is very large
�say, N=100, 1000, or 10 000�, not to mention that the in-
version of the 6N�6N matrix is only for one term in the
Fourier or double Fourier series. Therefore, the cost of com-
plete solutions by taking sufficiently large number of the
Fourier or double Fourier series would be formidable. Due to

the computational demands, previous calculations have been
restricted to treating the elastic fields of isotropic or aniso-
tropic two-layer systems deformed by a biperiodic network
of misfit dislocations.12–14 Even for the simpler two-
dimensional �2D� problem of periodic misfit dislocations,
only the elastic field for layered structures containing a few
layers has been calculated.9,10 Based on published reports,
we concluded that the elasticity associated with a multilay-
ered crystal system containing a biperiodic array of interfa-
cial misfit dislocations is still far from complete.

In this research, we propose an efficient method based on
the Stroh formalism15–17 and transfer matrix17–19 techniques
to investigate the displacement and stress fields associated
with a biperiodic, hexagonal-based misfit dislocation net-
work located along one planar interface in an anisotropic and
multilayered crystal composite. It will be found that by uti-
lizing the present approach, we can address a multilayered
crystal composed of an arbitrary number of anisotropic �or
isotropic� elastic layers.

II. SPECIFICATION OF THE PROBLEM

We consider the deformation of a multilayered structure
composed of a stack of �N−1� thin bonded anisotropic elas-
tic layers, sandwiched between two semi-infinite anisotropic
media denoted 1 and �N+1�, as shown in Fig. 1. A Cartesian
coordinate system �x1 ,x2 ,x3� is established in such a way
that the bottom interface is at x3=0 and the top interface is at
x3=H, where H is the total thickness of the �N−1� thin an-
isotropic elastic layers. The homogeneous and anisotropic
elastic thin layer k �2�k�N� is bounded by its lower inter-
face at x3=zk−1 and upper interface at x3=zk with its thick-
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ness hk=zk−zk−1, and the layers are numbered sequentially
starting at 2 from the bottom thin layer. Apparently, zN=H
=�k=2

N hk. A biperiodic, hexagonal misfit dislocation network
that accommodates a lattice misfit between layer n and layer
n+1 lies on the interface x3=zn. The following boundary
conditions are assumed: �i� except for the interface at x3
=zn between layer n and layer n+1, perfect bonding condi-
tions exist between any two adjacent elastic media; �ii� con-
tinuity condition of tractions across the interface x3=zn; �iii�
linear variations of the relative interface displacement field
across the interface x3=zn inside each biperiodic pattern of
misfit dislocations.12,14 The multilayered structure discussed
in this paper is general in the sense that if we let the elastic
constants of the bottom �or top� semi-infinite medium be
very small, the multilayered system is then built with a pack-
age of �N−1� thin bonded layers with a traction-free surface
at x3=0 �or x3=H�, bounded by a semi-infinite medium. Fur-
thermore, if we let the elastic constants of both the two semi-
infinite media be very small, the multilayered system is then
made of a package of �N−1� thin bonded layers with two
traction-free surfaces at x3=0 and x3=zN.

The displacement jumps across the interface x3=zn can be
expanded into a biperiodic Fourier series as12,14

�uk
+ − uk

−�x3=zn
= �k

�G=0� + �
G�0

�K
�G�e2�i�G1x1+G2x2�, �1�

which describes a function depending linearly on x1 and x2
inside the domain considered. In Eq. �1�, G is a reciprocal
vector of the 2D lattice defined by the two periodic vectors a
and c. If n and m are integers, then G=na*+mc* in terms of
the base vectors.13 The components of G with respect to the
Cartesian coordinate system are �G1 ,G2 ,0�. �It should be
mentioned for clarity that we employ a different coordinate

system than that adopted in Refs. 12–14.� The specific ex-
pressions of the coefficients �K

�G� have been given in other
works.12,14 In addition, we can further take �k

�G=0�=0 to en-
force that the displacements are continuous at x1=x2=0, x3
=zn.

III. STROH FORMALISM FOR BIPERIODIC PROBLEMS

In this section, we first derive the expressions of displace-
ment and stress fields in any homogeneous and anisotropic
elastic layer by invoking the established Stroh formalism.

The linear constitutive equations, strain-displacement
equations, and equilibrium equations in the absence of body
force can be expressed as16

�ij = cijkl�ij , �2a�

�ij =
1

2
�ui,j + uj,i� , �2b�

�ij,j = 0, �2c�

where �ij, �ij, and ui are, respectively, the stress, strain, and
displacement, and cijkl are the elastic moduli.

For a certain nonzero G, we seek the solution of the dis-
placement vector in the form

u = �u1

u2

u3
� = ei�k1x1+k2x2+px3��a1

a2

a3
� , �3�

where p and ai �i=1–3� are unknowns, and

k1 = 2�G1, k2 = 2�G2 �G1
2 + G2

2 � 0� . �4�

Substitution of Eq. �3� into the strain-displacement rela-
tion �Eq. �2b�� and subsequently into the constitutive relation
Eq. �2a� yields the traction vector �at x3=constant� as

t = ��13

�23

�33
� = iei�k1x1+k2x2+px3��b1

b2

b3
� . �5�

If we introduce two vectors

a = �a1 a2 a3�T, b = �b1 b2 b3�T, �6�

then it is found that vector b is related to vector a through

b = �RT + pT�a = −
1

p
�Q + pR�a , �7�

where the superscript T denotes the matrix transpose and Q,
T, R are three 3�3 real matrices defined by

Bottom semi-infinite anisotropic medium 1

2

...

n

n+1

...
N

Top semi-infinite anisotropic medium N+1

h2

hn

hn+1

hN

x1

x3

z1=0

z2

zn-1

zn

zn+1

zN-1

zN=H

Biperiodic hexagonal misfit
dislocations network

FIG. 1. �Color online� Cross section of a multilayered system
with N interfaces and �N+1� anisotropic elastic media. A biperiodic,
hexagonal, misfit dislocation network that accommodates a misfit
dislocation between layer n and layer n+1 lies on the interface x3

=zn of the multilayered structure.
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Q = QT = � k1
2c11 + 2k1k2c16 + k2

2c66 k1
2c16 + k1k2�c12 + c66� + k2

2c26 k1
2c15 + k1k2�c14 + c56� + k2

2c46

k1
2c16 + k1k2�c12 + c66� + k2

2c26 k1
2c66 + 2k1k2c26 + k2

2c22 k1
2c56 + k1k2�c25 + c46� + k2

2c24

k1
2c15 + k1k2�c14 + c56� + k2

2c46 k1
2c56 + k1k2�c25 + c46� + k2

2c24 k1
2c55 + 2k1k2c45 + k2

2c44
� ,

T = TT = �c55 c45 c35

c45 c44 c34

c35 c34 c33
� ,

R = �k1c15 + k2c56 k1c14 + k2c46 k1c13 + k2c36

k1c56 + k2c25 k1c46 + k2c24 k1c36 + k2c23

k1c55 + k2c45 k1c45 + k2c44 k1c35 + k2c34
� , �8�

where the standard contracted notations c�� for the elastic moduli cijkl have been adopted.
In addition, the in-plane stresses can be expressed as

��11

�22

�12
� = iei�k1x1+k2x2+px3��k1c11 + k2c16 + pc15 k1c16 + k2c12 + pc14 k1c15 + k2c14 + pc13

k1c12 + k2c26 + pc25 k1c26 + k2c22 + pc24 k1c25 + k2c24 + pc23

k1c16 + k2c66 + pc56 k1c66 + k2c26 + pc46 k1c56 + k2c46 + pc36
��a1

a2

a3
� . �9�

The stress components should satisfy the equilibrium
equations �Eq. �2c��, which in terms of vector a yields the
following eigenequation:

�Q + p�R + RT� + p2T	a = 0 . �10�

It is observed that Eq. �10�, derived for the biperiodic
problem, is identical in structure to the Stroh formalism in
terms of the 2D Fourier transform for three-dimensional �3D�
problems.15–19 This agreement is somewhat expected given
that the Fourier transform is a generalization of the Fourier
series in the limit as the period of the Fourier series ap-
proaches infinity. With aid of Eq. �7�, Eq. �10� can be recast

into the following standard eigenvalue problem:

N
a

b
� = p
a

b
� , �11�

where

N = 
 − T−1RT T−1

− Q + RT−1RT − RT−1� . �12�

We remark that, for any material anisotropy, the expres-
sion of the material matrix N is explicit. For example, when
the material is orthotropic, the explicit expression of N is

N = �
0 0 − k1 1/c55 0 0

0 0 − k2 0 1/c44 0

− k1c13/c33 − k2c23/c33 0 0 0 1/c33

− k1
2�c11 − c13

2 /c33� − k2
2c66 − k1k2�c12 + c66 − c13c23/c33� 0 0 0 − k1c13/c33

− k1k2�c12 + c66 − c13c23/c33� − k1
2c66 − k2

2�c22 − c23
2 /c33� 0 0 0 − k2c23/c33

0 0 0 − k1 − k2 0

� . �13�

Furthermore, if the material is isotropic, then N is reduced to

ANISOTROPIC ELASTICITY OF MULTILAYERED… PHYSICAL REVIEW B 76, 134112 �2007�

134112-3



N = �
0 0 − k1

2

c11 − c12
0 0

0 0 − k2 0
2

c11 − c12
0

−
k1c12

c11
−

k2c12

c11
0 0 0

1

c11

− k1
2c11

2 − c12
2

c11
− k2

2c11 − c12

2
− k1k2

c11
2 + c11c12 − 2c12

2

2c11
0 0 0 −

k1c12

c11

− k1k2
c11

2 + c11c12 − 2c12
2

2c11
− k1

2c11 − c12

2
− k2

2c11
2 − c12

2

c11
0 0 0 −

k2c12

c11

0 0 0 − k1 − k2 0

� , �14�

where c11=2	�1−
� / �1−2
� and c12=2	
 / �1−2
� with 	
being the shear modulus and 
 the Poisson’s ratio.

Depending on the given material property �e.g., isotropic
material�, the six eigenvalues of Eq. �11� may not be distinct.
Should repeated roots occur, a slight change in the material
constants would result in distinct roots with negligible
errors.19,20 In doing so, the following simple solution struc-
ture can still be applied. Let us assume that the first three
eigenvalues of Eq. �11� have positive imaginary parts, and
the remaining three eigenvalues are conjugate to the first
three, i.e., pi+3= p̄i �i=1–3�. We distinguish the correspond-
ing six eigenvectors by attaching a subscript to a and b.
Then, the general solutions for the displacement and traction
vectors �of the x3-dependent factor� are


 u

− it
� = 
A Ā

B B̄
�
�eip�x3
 0

0 �eip̄�x3

�
K1

K2
� , �15�

where K1 and K2 are two constant vectors to be determined,
and

A = �a1 a2 a3�, B = �b1 b2 b3� ,

�eip�x3
 = diag�eip1x3 eip2x3 eip3x3�,

Im�pj	 � 0 �j = 1 – 3� . �16�

It is easy to show that the two matrices A and B satisfy
the following normalized orthogonal relationship:16


BT AT

B̄T ĀT�
A Ā

B B̄
� = 
I 0

0 I
� . �17�

The above orthogonal relationship provides us with a
simple way of inverting the eigenvector matrix, which is
required in forming the transfer matrix.

Furthermore, in view of the above orthogonal relation-
ship, we can also introduce the generalized Barnett-Lothe
tensors S, H, L defined by16

S = i�2ABT − I�, H = 2iAAT, L = − 2iBBT, �18�

with H and L being symmetric and positive definite and SH,
LS, H−1S, SL−1 being antisymmetric. The generalized
Barnett-Lothe tensors will be useful when addressing a semi-
infinite medium. We further point out that, for isotropic ma-
terials, if we set

k1 = � cos 
, k2 = � sin 
 , �19�

where � is the norm of �k1 ,k2�, and define the following
three vectors:

x = � sin 


− cos 


0
�, n = � 0

0

− 1
�, m = �cos 


sin 


0
� , �20�

then the three generalized Barnett-Lothe tensors can be re-
duced to16

S =
1 − 2


2�1 − 
�
�mnT − nmT� ,

H =
1

4�	�1 − 
�
��3 − 4
�I + xxT� ,

L =
�	

1 − 

�I − 
xxT� . �21�

With the displacement and traction vectors in Eq. �15�, the
in-plane stress components can be expressed in terms of
them as

��11

�22

�12
� = i��k1c11 + k2c16 k1c16 + k2c12 k1c15 + k2c14

k1c12 + k2c26 k1c26 + k2c22 k1c25 + k2c24

k1c16 + k2c66 k1c66 + k2c26 k1c56 + k2c46
�

− �c15 c14 c13

c25 c24 c23

c56 c46 c36
�T−1RT�u + �c15 c14 c13

c25 c24 c23

c56 c46 c36
�T−1t .

�22�
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IV. TRANSFER MATRIX FOR THE „N−1… THIN BONDED
LAYERS

For a certain elastic layer k of finite thickness hk with its
lower surface at x3=zk−1 �k=2,3 , . . . ,N�, it follows from
Eqs. �15� and �17� that K1 and K2 can be expressed in terms
of the displacement and traction vectors at its lower interface
x3=zk−1 as


K1

K2
� = 
�e−ip�zk−1
 0

0 �e−ip̄�zk−1

�
BT AT

B̄T ĀT�
 u

− it
�

zk−1

.

�23�

Then, the displacement and traction vectors at any posi-
tion within this layer are related to the displacement and
traction vectors at its lower interface x3=zk−1 as follows:


 u

− it
� = Ek�x3 − zk−1�
 u

− it
�

zk−1

, �24�

where

Ek�x3� = 
A Ā

B B̄
�
�eip�x3
 0

0 �eip̄�x3

�
BT AT

B̄T ĀT� �25�

is called the transfer matrix �or the propagator matrix�.19 In
deriving the above expression of Ek�x3�, the orthogonal rela-
tionship in Eq. �17� has been utilized. Moreover, by utilizing
the orthogonal relationships in Eqs. �17� and �11�, the trans-
fer matrix Ek�x3� can also be expressed in terms of a matrix
exponential as

Ek�x3� = exp�iNx3� , �26�

which is strikingly simple and can be easily calculated even
the matrix N is nonsemisimple when the material is �math-
ematically� degenerate such as an isotropic material.16 Equa-
tion �26� demonstrates that by employing the matrix expo-
nential for the transfer matrix, one can avoid directly solving
the eigenvalue problem of Eq. �11�.

It follows from Eq. �24� that the displacement and traction
vectors at the upper interface x3=zk of layer k is related to
those at the lower interface x3=zk−1 through the following
propagating relation:


 u

− it
�

zk

= Ek�hk�
 u

− it
�

zk−1

. �27�

Consequently, the solution at the interface x3=zn
− �here the

superscript “�” indicates approaching the interface from be-
low� of the multilayered system can be expressed by that at
the bottom interface x3=0 as


 u

− it
�

zn
−

= 
Y11 Y12

Y21 Y22
�
 u

− it
�

0
, �28�

where Y11, Y12, Y21, Y22 are four 3�3 matrices given by


Y11 Y12

Y21 Y22
� = En�hn� � En−1�hn−1� � ¯ � E3�h3�

� E2�h2� . �29�

Similarly, the solution at the top interface x3=H of the
multilayered system can be expressed by that at the interface
x3=zn

+ �here the superscript “�” indicates approaching the
interface from above� as


 u

− it
�

H
= 
Ỹ11 Ỹ12

Ỹ21 Ỹ22

�
 u

− it
�

zn
+
, �30�

where Ỹ11, Ỹ12, Ỹ21, Ỹ22 are four 3�3 matrices given by


Ỹ11 Ỹ12

Ỹ21 Ỹ22

� = EN�hN� � EN−1�hN−1� � ¯ � En+2�hn+2�

� En+1�hn+1� . �31�

V. GENERAL SOLUTION FOR THE TWO SEMI-INFINITE
MEDIA

Since x3→−� for the bottom semi-infinite medium, the
solution for the bottom semi-infinite medium can be taken as


 u

− it
� = 2i
Ā�1�

B̄�1�
��eip̄��1�x3
B̄�1�

T qb, �32�

where qb is a constant vector to be determined and the sub-
script “�1�” is utilized to indicate the quantities associated
with the bottom semi-infinite medium 1. The above general
solution ensures that the elastic field approaches zero as x3
→−�.

Similarly, due to the fact that x3→ +� for the top semi-
infinite medium, then the general solution for the top semi-
infinite medium can be taken as


 u

− it
� = 2i
A�N+1�

B�N+1�
��eip��N+1��x3−H�
B�N+1�

T qu, �33�

where qu is a constant vector to be determined and the sub-
script “�N+1�” is utilized to indicate the quantities associ-
ated with the top semi-infinite medium N+1. The above gen-
eral solution ensures that the elastic field approaches zero as
x3→ +�.

VI. SOLUTION OF THE TOTAL STRUCTURE

Enforcing that the displacements and tractions are con-
tinuous across the bottom interface x3=0, it follows from
Eqs. �28� and �32� that we can arrive at the following rela-
tionship between the traction and displacement vectors at the
interface x3=zn

−:

t�zn
−� = i�Y21�iI − S�1�� + Y22L�1���Y11�iI − S�1��

+ Y12L�1��−1u�zn
−� . �34�

During the derivation of the above expression, Eq. �18�
for the generalized Barnett-Lothe tensors has been utilized.

Similarly, due to the fact that the displacements and trac-
tions are also continuous across top the interface x3=H, then
it follows from Eqs. �30� and �33� that we can arrive at the
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following relationship between the traction and displacement
vectors at the interface x3=zn

+:

t�zn
+� = − i�Ỹ12 + �S�N+1� + iI�L�N+1�

−1 Ỹ22�−1�Ỹ11 + �S�N+1�

+ iI�L�N+1�
−1 Ỹ21�u�zn

+� . �35�

In view of Eq. �1� for the double Fourier series, the
boundary conditions on the interface x3=zn can be recast into

t�zn
+� = t�zn

−�, u�zn
+� − u�zn

−� = � , �36�

where

� = ��1
�G� �2

�G� �3
�G��T. �37�

Consequently, it follows from Eqs. �34�–�36� that the dis-
placement and traction vectors at x3=zn can be uniquely de-
termined as

u�zn
−� = − �−1� ,

u�zn
+� = �I − �−1�� ,

t�zn
+� = t�zn

−� = − i�Y21�iI − S�1�� + Y22L�1��

��Y11�iI − S�1�� + Y12L�1��−1�−1� , �38�

where

� = I + �Ỹ11 + �S�N+1� + iI�L�N+1�
−1 Ỹ21�−1�Ỹ12 + �S�N+1�

+ iI�L�N+1�
−1 Ỹ22��Y21�iI − S�1�� + Y22L�1��

��Y11�iI − S�1�� + Y12L�1��−1. �39�

Once the displacement and traction vectors are known at
the interface x3=zn, the displacement and traction vectors at
any position within layer k �2�k�N� of the layered system
can be conveniently determined as


 u

− it
� = Ek�x3 − zk−1� � Ek−1�hk−1� � ¯ � E3�h3�

� E2�h2� � 
Y11 Y12

Y21 Y22
�−1
 u

− it
�

zn
−

= Ek�x3 − zk−1� � Ek�− hk� � Ek+1�− hk+1�

� En−1�− hn−1� � En�− hn�
 u

− it
�

zn
−

for 2 � k � n and zk−1 � x3 � zk, �40�


 u

− it
� = Ek�x3 − zk−1� � Ek−1�hk−1� � ¯ � En+2�hn+2�

� En+1�hn+1�
 u

− it
�

zn
+

for n + 1 � k � N

and zk−1 � x3 � zk. �41�

Similarly, the displacement and traction vectors at any
position within the bottom semi-infinite anisotropic medium
are given by


 u

− it
� = 2i
Ā�1�

B̄�1�
��eip̄��1�x3
B̄�1�

T �Y11�iI − S�1��

+ Y12L�1��−1u�zn
−�, x3 � 0, �42�

and the displacement and traction vectors at any position
within the top semi-infinite anisotropic medium are given by


 u

− it
� = 2i
A�N+1�

B�N+1�
��eip��N+1��x3−H�
B�N+1�

T �S�N+1� + iI�−1

��Ỹ11 Ỹ12 �
 u

− it
�

zn
+
, x3 � H . �43�

Once the displacement and traction vectors are known,
the distributions of the in-plane stresses �11, �22, and �12 can
be determined through Eq. �22�.

For G=0, the corresponding displacements are constant
within each layer. In addition, the constant displacements are
common for each layer due to the fact that �k

�G=0�=0 and
therefore, can be chosen arbitrarily. For example, they can be
chosen to maintain �0,0 ,zn� as a fixed point. Finally, we can
add together the results for different values of zero and non-
zero values of G.

VII. MAIN FEATURES OF THE METHODOLOGY

The main features of the methodology presented in this
work are as follows.

�i� One needs only to invert several 3�3 matrices to ar-
rive at the displacement and traction vectors at any position
within the anisotropic multilayered crystal �see Eqs.
�38�–�43��. Thus, it is very suitable to address a crystal com-
posed of an arbitrarily large number of layers. Due to the
time saved, then it becomes feasible, by summing enough
terms of the double Fourier series, to calculate the stress field
close to the interface where the array of misfit dislocations is
located. It is a great advance compared to the existing
method, which is rather formidable and time consuming as it
requires inverting a 6N�6N matrix for a multilayered struc-
ture with N interfaces. The earlier approach is particularly
difficult when the value of N is very large �say, a hundred
layers�.

�ii� When letting k2=0 �or k1=0�, the derived solution can
also be used to investigate the periodic problem in the x1 �or
x2� direction. One example is a multilayered system contain-
ing an array of periodic misfit dislocations with Burgers vec-

tor b̂= �b̂1 , b̂2 , b̂3� along the planar interface x3=zn.9 In this
case, the 3D problem is reduced to a 2D one in which the
solutions are independent of the x2 �or the x1� coordinate.

�iii� The solution of the eigenvalue problem �Eq. �11�� for
the �N−1� thin layers can be circumvented due to the fact
that the transfer matrix can be expressed in terms of the
matrix exponential �Eq. �25��. As a result, each thin layer can
be made of either anisotropic material or the mathematically
degenerated isotropic material. In general, the eigenvalue
problem �Eq. �11�� has to be solved for the two semi-infinite
media since there is no such a concept of transfer matrix for

WANG, PAN, AND ALBRECHT PHYSICAL REVIEW B 76, 134112 �2007�

134112-6



a semi-infinite medium. On the other hand, if the explicit
expressions of the generalized Barnett-Lothe tensors S, H,
and L are known for the involved material like the isotropic
case �see Eq. �21��, then even the solution of the eigenvalue
problem �Eq. �11�� for the two semi-infinite media is unnec-
essary if one is interested in the elastic fields in the welded
�N−1� thin layers. In this special case, the elastic fields in the
thin layers are completely determined by the transfer matri-

ces Yij, Ỹij �i , j=1,2� and the generalized Barnett-Lothe ten-
sors S�1�, L�1�, S�N+1�, L�N+1� �see Eqs. �38�–�41��.

�iv� Should there be any thick layer in the layered system,
the corresponding transfer matrix can be normalized using
the method proposed by Pan.17 Furthermore, to accelerate the
convergence of the Fourier series for observation points
close to the dislocation segment, the explicit solution to the
corresponding homogeneous space can be utilized so that the
singular and slow convergent part can be analytically
treated.21

VIII. APPLICATION

To verify the correctness and to show the power of the
method, we first consider a multilayered structure with N
=5, formed by four thin alternating GaAs and Si layers sand-
wiched between two semi-infinite media GaAs and Si. This
problem was discussed by Bonnet9 when the six alternating
media were assumed to be isotropic. The thickness of each
layer is 2 nm and, as a result, the five interfaces are located
at x3=0 ,2 ,4 ,6 ,8 nm. We consider the problem of a single
array of periodic edge misfit dislocations with Burgers vector

b̂= �b̂1 , b̂2 , b̂3�= �0.3838 nm,0 ,0� located along the central
interface x3=4 nm. The result is a sawtooth change of misfit
displacement �uk=uk

�n+1�−uk
�n� �n=3� along the interface,

which can be expanded into Fourier series.9 The period � of
the misfit dislocations is 9.7 nm. In addition, the misfit dis-
locations are infinitely long in the x2 direction. As a result,
the problem is 2D in which the solutions are independent of
the x2 coordinate. Furthermore, we take k1=2�m /� with m
being a nonzero integer and k2=0 in our formulation. We
calculate the in-plane stress component �11 and the traction
component �33 along the x3 axis �x1=0�. First, as in Ref. 9,
we assume that both GaAs and Si are isotropic with elastic
constants 	GaAs=46.01 GPa, 
GaAs=0.24, 	Si=66.11 GPa,

Si=0.23. The distributions of �11 and �33 along the x3 axis
when each medium is isotropic are illustrated as dashed lines
in Figs. 2 and 3, and the values of �11 on the two sides of the
interfaces x3=0 ,2 ,6 ,8 nm are given in the second row of
Table I. It is observed that the present method based on the
Stroh formalism and transfer matrix produces exactly the
same the results as in Bonnet.9 Consequently, the correctness
of the method is verified.

It is well known that both GaAs and Si are elastically
anisotropic �cubic� with elastic constants c11=118 GPa, c12
=53.5 GPa, c44=59.4 GPa for GaAs and c11=165.7 GPa,
c12=63.9 GPa, c44=79.6 GPa for Si.9,13,14 Therefore, it
would be interesting to study the influence of material aniso-
tropy on the misfit dislocation-induced field. The distribu-
tions of �11 and �33 along the x3 axis when each medium is

anisotropic �cubic� are illustrated as solid lines in Figs. 2 and
3 and the values of �11 on the two sides of the interfaces
x3=0, 2, 6, and 8 nm are further listed in the third row of
Table I for comparison with the corresponding isotropic case.
Clearly, both �11 and �33 based on the true anisotropic �cu-
bic� material model are significantly different from the cor-
responding results when each medium is simplified to be
isotropic. As such, the effect of semiconductor anisotropy on

FIG. 2. �Color online� Distribution of the in-plane stress �11

along the x3 axis �x1=0� for a �N=5� multilayered structure formed
by alternating GaAs and Si. The misfit dislocation array lies at the
interface x3=4 nm and is infinitely long in the x2 direction. The
dark solid lines are the results when GaAs and Si are taken to be
cubic and the pink dashed lines are the corresponding results when
GaAs and Si are assumed to be isotropic.

FIG. 3. �Color online� Distribution of the traction component
�33 along the x3 axis �x1=0� for a �N=5� multilayered system
formed by alternating GaAs and Si. The misfit dislocation array lies
at the interface x3=4 nm and is infinitely long in the x2 direction.
The dark solid lines are the results when GaAs and Si are taken to
be cubic and the pink dashed lines are the corresponding results
when GaAs and Si are assumed to be isotropic.
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the misfit dislocation-induced stresses should be taken into
consideration for more accurate modeling of the multilayer
GaAs/Si.

Next, we consider an edge misfit dislocation array with

Burgers vector b̂= �b̂1 , b̂2 , b̂3�= �0.2 nm,0 ,0� and the period
�=6 nm along the heterointerface between the InAs �c11
=83.29 GPa, c12=45.26 GPa, c44=39.59 GPa� thin film of
thickness h=2 nm and GaAs substrate with its cubic material
properties given above. In this case, N=2. We illustrate in
Figs. 4 and 5 the induced horizontal displacement u1 and
vertical displacement u3 along the traction-free surface of the
InAs thin film. The solid lines in Figs. 4 and 5 are the results
when both the InAs thin film and GaAs substrate are taken to
be anisotropic �cubic�, whereas the dashed lines are the cor-
responding results when they are assumed to be isotropic
�with c11=c12+2c44�. Once again, we observe that the isotro-

pic assumption for the thin film and substrate could cause
considerable error in displacement distribution. Therefore,
our model, which includes the traction-free surface, semicon-
ductor anisotropy, and misfit dislocation interaction among
adjacent dislocations, can be combined with experimental
measurements to accurately characterize the misfit
dislocation-induced elastic field in thin-film and superlattice
structures.22

IX. CONCLUSIONS

We have developed an efficient computational method
based on double Fourier series expansion, the Stroh formal-
ism, and transfer matrix method for calculating the elastic
field associated with a semiconductor system composed of
an arbitrary number of thin bonded homogeneous and aniso-
tropic elastic layers, sandwiched between two anisotropic
semi-infinite media. One interface of the multilayered crystal
contains a biperiodic array of misfit dislocations. The formu-
lations presented are strikingly simple in that once the 6
�6 matrix N for each thin elastic layer and the Barnett-
Lothe tensors L and S for the two semi-infinite media are
determined, the displacement and traction vectors �and as a
result the in-plane stresses� can be conveniently obtained.
Numerical results show that the new method is correct and
powerful and that material anisotropy can significantly influ-
ence the misfit dislocation-induced physical quantities.
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FIG. 4. �Color online� Periodic distribution of the horizontal
displacement u1 along the traction-free surface of the InAs thin film
bonded to the GaAs substrate. The misfit dislocation array lies at
the InAs/GaAs interface. The dark solid line is the result when both
the InAs thin film and GaAs substrate are taken to be cubic,
whereas the pink dashed line is the corresponding result when both
InAs and GaAs are assumed to be isotropic.

FIG. 5. �Color online� Periodic distribution of the horizontal
displacement u3 along the traction-free surface of the InAs thin film
bonded to the GaAs substrate. The misfit dislocation array lies at
the InAs/GaAs interface. The dark solid line is the result when both
the InAs thin film and GaAs substrate are taken to be cubic,
whereas the pink dashed line is the corresponding result when both
InAs and GaAs are assumed to be isotropic.

TABLE I. Values of �11 on the two sides of each interface of the
multilayer GaAs/Si/GaAs/Si/GaAs/Si with N=5. The interface
locations are denoted by x3. Two material cases are studied: elasti-
cally isotropic �assumed for demonstration purposes� and elastically
cubic �true�. The values in the parentheses in the second row are the
results of Bonnet �Ref. 9�.

x3 �nm� 0 2 6 8

�isotropic�
�11 �107 Pa�

−19.9/−37.7
�−19.9/−37.7�

51.0/56.5
�50.8/56.5�

23.0/−2.71
�23.0/−2.6�

4.65/16.1
�4.7/16.1�

�cubic�
�11 �107 Pa�

−15.2/−40.8 49.1/70.4 12.2/−24.5 7.37/26.3
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