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The growth of gold nanoparticles on TiO2�110� was investigated in situ by grazing incidence x-ray scatter-
ing techniques. The in-plane diffraction showed complex epitaxial relationships with a preferential alignment

of dense gold direction along the bridging oxygen rows of TiO2�110� ��11̄0�Au� �001�TiO2
� with a low lattice

mismatch. Whatever the growth temperature �T=300,600 K�, two nearly equiproportional epitaxial planes,

i.e., �111�Au� �110�TiO2
and �112̄�Au� �110�TiO2

, were observed. The small angle scattering from the nanopar-
ticles was analyzed using a truncated sphere shape with models �R. Lazzari, F. Leroy, and G. Renaud, Phys.
Rev. B 76, 125411 �2007�� that account for �i� multiple scattering effects due to the graded profile of refraction
index in the normal direction and �ii� the correlation between the particle spacing and sizes. At the beginning
of the growth, gold particles are pinned on defects and grow through a diffusion-limited mechanism. However,
coalescence does not occur via a static mechanism. It rather involves surface diffusion of clusters. It proceeds
through a self-similar mechanism, not only on the size distribution but also on the spatial ordering. Particle
locations, which are no longer controlled by the randomness of nucleation centers, become dominated by the
correlation between the particle size and its influence area. A strong link between island height and radius
indicates that particles are close to equilibrium. Indeed, the value derived for contact angle �adhesion energy�
compares well with tabulated data. In addition, the cluster size before the onset of coalescence compares with
that of the gold particles at the maximum of catalytic activity for the oxidation of CO.

DOI: 10.1103/PhysRevB.76.125412 PACS number�s�: 61.10.Dp, 61.10.Kw, 81.15.Aa, 68.55.Ac

I. INTRODUCTION

Recently, catalysts made of gold nanoparticles2 have at-
tracted the interest of numerous scientists because of their
potential applications to many reactions of industrial and en-
vironmental importance. Gold catalysts are extraordinary ac-
tive for the oxidation of CO at room temperature and by far
more active than other noble metals below 400 K. The titania
support is the warhorse of numerous fundamental studies
aimed at understanding the catalytic mechanisms and at elu-
cidating the origin of this surprising reactivity as neither ti-
tania nor bulk gold alone is active. Because the cluster mor-
phology seems a key parameter in the understanding of the
catalytic activity of gold,3 many studies were performed by
using vacuum techniques on planar TiO2�110� substrate �see
Refs. 4 and 5�. The growth of gold on titania was character-
ized by microscopy techniques �scanning tunneling
microscopy,6–16 high resolution scanning electron micros-
copy and transmission electron microscopy17,18� and low-
energy ion scattering.19–21 At low coverage �0.1 ML �mono-
layer��, the gold clusters grow as quasi-two-dimensional
particles of one or two atomic layers high, with diameters
between 1 and 2 nm, which appear to be the most catalyti-
cally active maybe because of their peculiar electronic
properties.6 For higher coverages ��0.2 ML�, they are rap-
idly mixed with hemispherical three-dimensional �3D� par-
ticles with a diameter in the range 2.5–4 nm. The biggest
particles �diameter larger than 4 nm� have a higher contact
angle ��c�122° �.

Pending questions are �i� the role of the crystallographic
orientations of the particles,18 �ii� the interaction between
gold islands during the growth and coalescence, and �iii� the
dominant mechanism �ripening or coalescence� of late stage
growth on surfaces. Indeed, the clusters are believed to
nucleate preferentially at defects, mainly on oxygen vacan-
cies of bridging oxygen rows of TiO2�110� or along step
edges,22–27 but it is argued that the gold clusters are not
pinned on the surface and that the complex formed by gold
atoms and vacancies is a diffusing entity.12,26,27 The present
study aims at giving a general picture of epitaxy, growth, and
coalescence of supported particles of gold on TiO2�110�, as
investigated by in situ grazing incidence in-plane x-ray dif-
fraction �GIXD� and grazing incidence small-angle x-ray
scattering �GISAXS�. Using approaches which are developed
in detail in Ref. 1 and briefly sketched in Sec. II, two impor-
tant effects that were neglected up to that point in the
GISAXS data analysis will be taken into account: �i� the
multiple scattering from the graded interface in the normal
direction and �ii� the link between size and spacing of the
particles in the in-plane direction. The morphological param-
eters of the particles are determined in situ, as well as their
degree of spatial organization that seems intimately linked to
them. After the description of the experimental details �Sec.
II�, the in-plane epitaxy �Sec. III� of the interface is explored
at the first stages of the growth. The analysis of the GISAXS
patterns �Sec. IV� allows us to discuss �Sec. V� several char-
acteristics of the particle growth: �i� the growth laws, i.e., the
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evolution of the mean morphological parameters with evapo-
ration time; �ii� the self-similar behavior of the coalescence
process, i.e., the invariance of the cluster size distributions
and of the fluctuations of particle spacing upon rescaling by
the mean values at different times; and �iii� the particle equi-
librium shape in connection with the interface adhesion en-
ergy and the behavior under annealing.

II. GRAZING INCIDENCE X-RAY SCATTERING:
ANALYSIS MODELS AND EXPERIMENTAL SETUP

The analysis of grazing incidence diffuse scattering from
a collection of nanoparticles gets more and more difficult
upon increasing the surface coverage, i.e., the packing of
islands. Incident and scattered waves are reflected not only
at flat interfaces28,29 but also by the particle layer itself �Fig.
1�. The multiple scattering due to the grazing geometry and
the full refraction index profile were recently modeled1 via
the distorted wave born approximation �DWBA�.30–32 The
concept of particle form factor was generalized by including
the amplitudes and wave vectors of the upward and down-
ward propagating waves along the surface normal. It was
demonstrated that both Yoneda’s peak and the form factor
interference fringes were strongly dependent on the profile of
refraction index. Conversely, in-plane partial interference
functions between particles of different sizes33 are usually
determined either by ignoring correlations �decoupling
approximation34–38 �DA�� or by modeling the scattering par-
ticles as a set of monodisperse domains �local monodisperse
approximation34,39–42 �LMA�� �Fig. 2�. However, the scaling
of the influence area of each supported particle with its size
is a key ingredient of its growth mode43 �Fig. 2� and gives
rise to a clear signature in the scattering pattern.44 The cou-
pling between the particle sizes and spacings was introduced
in a modified one-dimensional �1D� paracrystal37,45–47 model
called size-spacing correlation approximation �SSCA�,1 in
which the distance dn separating two neighboring particles of
sizes Rn−1 and Rn follows a Gaussian law:

p�dn/�Rn−1,Rn�� =
1

�D
�2�

exp�−
�dn − 	dn/�Rn−1,Rn�
�2

2�D
2 � ,

�2.1�

with a central value

	dn/�Rn−1,Rn�
 = D + ��Rn−1 + Rn − 2	R
� , �2.2�

with D being the average distance between neighboring par-
ticles, 	R
 the mean particle radius, � a correlation factor,
and �D the variance of the cumulative disorder within a
paracrystal description of the lattice. The fluctuations of
spacings given by 	�dn−D�2
 contain two contributions:

	�dn − D�2
 = �D
2 + 2�2�R

2 . �2.3�

The parameter �D
2 is intrinsic to the underlying paracrystal,

while 2�2�R
2 is linked to the fluctuations of particle sizes

��R
2 = 	�R− 	R
�2
�. At the limit �=0, the DA is recovered

with a 1D paracrystal interference function:37,47

Sp�q�� =
1 − e−q�

2�D
2

1 + e−q�
2�D

2
− 2e−q�

2�D
2 /2 cos�q�D�

, �2.4�

where q� is the wave vector transfer parallel to the surface.
It is important to discuss the meaning of the above 1D

model and parameters in the often encountered experimental
case of an isotropic two dimensional �2D� collection of par-
ticles. Rn would then be the radius of a particle labeled n, and
Rn−1 would be the average radius of its nearest neighboring
particles. dn should be interpreted as a typical size of the
Voronoi cell around the particle n. dn is chosen to depend
linearly on Rn and on the average neighbor radius. Given this
linear dependency �Eq. �2.2�� as already suggested in the
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FIG. 1. �Color online� The scattering ki→kf from one island
along the perpendicular direction can be treated in DWBA using as
an unperturbed state: �a� the bare substrate or �b� the graded inter-
face and its full profile of refraction index n�z�. In case �a�, the
particle form factor includes the reflection effect of the incident and
scattered on the substrate surface alone as if the particle was iso-
lated. In case �b�, the scattering is from an upward or downward to
an upward or downward propagating waves inside the particle layer.

a) Decoupling Approximation (DA)

b) Local Monodisperse Approximation

c) Size-Spacing Correlation Approximation (SSCA)

Coherent X-ray domains

Without correlation (LMA 0)

With correlation (LMA 1)
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FIG. 2. Schematics of the morphology corresponding to the
various approximations used to calculate x-ray diffuse scattering.
Particles are placed following �a� a full disorder without any corre-
lations �DA�, �b� sets of monodisperse domains over a length scale
larger than the x-ray coherence length �LMA� without correlation
between size and spacing �LMA 0� or with such a correlation �LMA
1�, and �c� a correlation between particle separation and their re-
spective sizes �SSCA�.

LAZZARI et al. PHYSICAL REVIEW B 76, 125412 �2007�

125412-2



literature on theoretical modeling of epitaxial growth through
rate equations,48–54 Eq. �2.1� simply assumes a Gaussian dis-
tribution of Voronoi cell sizes.

The x-ray scattering experiments have been performed on
the SUV �Surface sous Ultra-Vide� station55 at the BM32
bending magnet beamline of the European Synchrotron Ra-
diation Facility �Grenoble, France�. The sample is mounted
vertically on the head of a six-circle diffractometer �“z-axis
type”� which holds the UHV chamber �base pressure of 1
�10−10 mbar� and allows for a precise positioning of the
incoming angle �i and of the outgoing in-plane �2� f� and
out-of-plane �� f� angles that are related to the x-ray wave
vector transfer through44,56

qx = k0�cos�� f�cos�2� f� − cos��i�� ,

qy = k0�cos�� f�sin�2� f�� ,

qz = k0�sin�� f� + sin��i�� ,

k0 = 2�/� . �2.5�

The x-ray energy was set at E=18 keV ��
=0.068 88 nm� �i� to avoid absorption and fluorescence by
the substrate and the film and �ii� to have a good compromise
on the accessible range of reciprocal space in small and wide
angle scattering. The incidence was fixed at the critical angle
of TiO2 for total external reflection at the corresponding en-
ergy ��c=0.131° � to minimize bulk signal. The x-ray beam
was sagittally focused on the sample with a horizontal H

=0.4 mm and vertical V=0.3 mm sizes �full width at half
maximum �FWHM��, corresponding to divergences of 	H
=1 mrad and 	V=0.13 mrad, respectively.

A standard scintillator NaI detector was used for GIXD
measurements. The vertical acceptance defined by slits was
set to �0.2° for the in-plane scans. A point of the reciprocal
space is defined by its coordinates �h ,k ,�� in the �a* ,b* ,c*�
basis first two components of which are linked to the surface
unit cell �a ,b� of TiO2�110� and the third is along the surface
normal c. These components are related to the quadratic bulk
unit cell of TiO2 �A ,B ,C� through a=A−B, b=C, c=A
+B, with a=c=�2A=0.6508 nm and b=C=0.2966 nm.
Thus, b is parallel to the bridging oxygen rows of the surface
��001�TiO2

bulk direction�. With this convention, the reflec-
tion condition of the space group P42/mnn of TiO2 reads
h+k− l=2n, while the b centering of the �a ,b ,c� unit cell
adds the h+ l=2n reflection condition. In-plane �=0.05 ��i

=� f =�c� measurements were performed to determine the
crystalline orientation of the gold islands during growth.

High quality GISAXS measurements require a back-
ground as reduced as possible. Slits that define the x-ray
beam were associated with guard slits with slightly larger
apertures to remove the diffuse scattering. The x-ray beam
enters and exits the chamber through 0.5 mm beryllium win-
dows; the unwanted small-angle scattering induced by the
windows was suppressed inside the vacuum chamber by �i� a
dedicated motorized slit just after the entrance windows and
�ii� a tungsten beam stop just before the exit window. A
complementary beam stop located just after the exit window
allowed a complete removal of the transmitted and reflected
beams the intensities of which are of several orders of mag-
nitude larger than the diffuse scattering. The absorption and
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FIG. 3. �Color online� In-plane reciprocal scans as function of the amount of gold deposited at room temperature on the TiO2�110�
surface. Scattered intensity versus reciprocal space coordinates in reciprocal lattice units �a� along the �h00� surface direction ��11̄0�TiO2

bulk
direction� and �b� along the �0k0� surface direction ��001�TiO2

bulk direction�. Displayed are the scans for 0 �black�, 0.2 �blue�, 0.8 �green�,
1.6 �yellow�, and 4.8 �red� nm equivalent thicknesses. The gold peaks are labeled with corresponding equivalent planes. Notice the CTR
�Crystal Truncation Rod� of TiO2 at �n ,0 ,0�, n=1,3 ,5.
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scattering by air were avoided by setting an evacuated pipe
along the beam path. The GISAXS signal was collected on a
Peltier cooled 16-bit 1-Mpixel charge-coupled device camera
�Princeton, Instruments, pixel size of 56.25 
m� located
0.68 m downstream the sample. Images were corrected from
�i� dark counts, �ii� flat field, �iii� camera distortion, and �iv�
bare substrate scattering.

The UVH chamber is equipped with an ion gun, a reflec-
tion high-energy electron diffraction setup, and an Auger
electron spectrometer. High purity gold was evaporated from
a cell held at T=1500 K. The evaporation rate �0.1 nm/min�
was calibrated by both ex situ reflectivity on a silicon sample
and a in situ quartz microbalance. The TiO2�110� cylindrical
�diameter 14 mm, thickness 1.5 mm� crystals were supplied
chemomechanically polished with the lowest roughness �Ra

=0.5 nm� and a miscut smaller than 0.1°. Three notches at
120° allowed us to clamp them with tantalum pieces on the
molybdenum sample holder while leaving the surface free
for x-ray grazing incidence. Samples could be annealed by
electron bombardment of the molybdenum holder; the tem-
perature was estimated by pyrometry. Before insertion in the
chamber, crystals were annealed in air at T=1200 K to im-
prove the crystallinity and to reduce the mosaic spread. A
typical value of the rocking FWHM of the 
002�-bulk Bragg
reflection was ���020�=0.08°. The surface was prepared in
situ by several cycles of Ar+ bombardment �1 keV, 10 
A�

at 300 K followed by annealing at 1250 K and cooling down
under oxygen partial pressure �pO2

=5�10−5 mbar�.4 The
main criterion for surface quality was to get the largest inte-
grated intensity and the smallest width for the in-plane anti-
Bragg reflections at equal distance between two Bragg peaks
across the crystal truncation rod. The typical FWHM of
0.03°–0.1° of the �110� surface peak corresponded to a ter-
race width L��2� /q�

�110����110� of 150–500 nm.

III. COMPLEX EPITAXIAL ORIENTATION OF THE
Au/TiO2„110… INTERFACE

All studies of the epitaxial relationship at the
Au/TiO2�110� interface agree with the existence of the

�111�Au� �110�TiO2
orientation.18,19,57 A �112̄�Au� �110�TiO2

orientation was obtained for samples obtained either by
evaporation on hot substrates18 or gold clusters obtained by
high-energy ion implantation followed by annealing.58 The
present work focuses on the occurrence of these epitaxies at
the first stages of the growth �particle radius R
3 nm�.

In-plane ��0.05 �i.e., �i=� f =�c� scans were performed
during the cumulative growth of gold islands at 300 and
600 K and for thin films deposited at 300 K followed by a
flash annealing �2 min� at T=850 K. The two radial scans
�h ,0 ,0.05� and �0,k ,0.05� of Fig. 3 give an overview of the
observed behavior for all the growth conditions. A schematic
representation of the �=0.05 reciprocal space �Fig. 4� where
the deposit peaks were indexed in the reciprocal lattice of fcc
gold �aAu=0.407 82 nm� summarizes all measurements.
When scanning in the �h ,0 ,0.05� direction, two main peaks
show up, at h=2.76 for an equivalent thickness t�0.2 nm
and at h=4.53 for t�0.8 nm. In the perpendicular direction,
the main features that arise for t�0.2 nm are located at k
=1.26 and k=2.05.

The �h=0, k=2.05� peak indicates that the dense rows

of gold �11̄0�Au are aligned with the bridging oxygen row
of TiO2, i.e., �001�TiO2

, a direction along which the lattice
mismatch is only 2.6%. A hint about the epitaxial planes
is given by the out-of-plane scan �h=0, k=2.05,�� of
Fig. 5�b�. A typical �111�Au� �110�TiO2

stacking with faults
or twin islands is observed and confirmed by an azimu-
thal � scan �Fig. 5�a�� with a threefold symmetry.
This corresponds to a �111�Au� �110�TiO2

epitaxy with

�11̄0�Au� �001�TiO2
and �112̄�Au� �11̄0�TiO2

epitaxies. How-

ever, the appearance of a �112̄�Au reflection �although bulk
forbidden� at �h=0, k=2.05, �=3.94� and of a �111�Au reflec-
tion at �h=2.76, k=0, �=0.05� and �222�Au reflection at �h
=5.53, k=0, �=0.05� point to an additional epitaxy with

�112̄�Au� �110�TiO2
epitaxial plane and �11̄0�Au� �001�TiO2

and

�111�Au� �11̄0�TiO2
directions. As already shown by Cosandey

et al.18 �see Fig. 10 of this reference�, the two epitaxies share

the common �11̄0�Au� �001�TiO2
direction; the low lattice mis-

match along this direction or an enhanced surface diffusion
along the bridging oxygen rows could explain the stabiliza-

tion of the high surface energy �112̄�Au. A similar epitaxial
behavior with the alignment of the closed packed of the
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�=0° direction is �001�TiO2
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metal �11̄0� along the bridging oxygen row of TiO2 has al-
ready been noticed for others fcc metals.4 Twin in-plane ep-
itaxial orientations rotated by 180°, i.e., �111�Au� �110�TiO2

with �1̄10�Au� �001�TiO2
and �112̄�Au� �110�TiO2

with

�1̄10�Au� �001�TiO2
, are also found upon a 360° rocking scan.

At variance with the electron backscattering diffraction
experiments,18 which were performed on thicker films, the

ratio of the �112̄�Au� �110�TiO2
and �111�Au� �110�TiO2

epi-
taxies is 1:1 whatever the growth temperature is. This
ratio is estimated by comparing the integrated intensities
of the �=60° and 120° peaks that belong only to the
�111�Au� �110�TiO2

orientation and the �=0° that belongs
to both orientations �Fig. 5�; indeed, the structure factor
F�22̄0�

Au
along this scan is constant. Another result is the

complexity of the epitaxial relationships. A 30°-rotated

�111�Au� �110�TiO2
orientation with �11̄0�Au� �11̄0�TiO2

is also
observed in the azimuthal scan �Fig. 5�a��. For t�1.6 nm,
the two peaks �h=3.2, k=0� and �h=0, k=1.45�, i.e., indexed
as 
200�Au, correspond to a further epitaxy �001�Au� �110�TiO2
with �001�Au� �001�TiO2

as confirmed by � scans �not shown�.
The �h=0, k=1.26� peak that corresponds to 
111�Au reflec-
tion could not be assigned safely. At higher coverage, the
crystallography of the interface becomes more and more
complex as highlighted by the appearance of other high in-
dex reflections.

Besides the main �111�Au� �110�TiO2
epitaxy ��

=0° ,60° ,120° peaks of Fig. 5�, islands rotated by ��
=4.9° and ��=12.7° are evidenced �Fig. 5�. Although the

�=12.7° direction is aligned with the �11̄2�TiO2
direction, the

other does not correspond to any simple surface direction. As
already seen for Pt/MgO�001�,59 a suggestion is that defined

rotations of islands minimize the interfacial energy or, in
other words, that the various epitaxies might correspond to
intermediate minima in energy of the Au/TiO2�110� system.
To conclude, note that for the 3.2 nm thick film �Fig. 5�, a
Lorentzian decomposition yields a FWHM between ��
=2° –6° corresponding to a coherent domain size d�

=2� /q�
�2.0500����2.0500� of 1.5–3 nm in agreement with the

GISAXS estimate �see below�.

IV. DIFFUSE SCATTERING SIGNATURE OF
CORRELATIONS IN DENSE SYSTEMS OF PARTICLES:

GRAZING INCIDENCE SMALL-ANGLE X-RAY
SCATTERING FROM GOLD CLUSTERS ON TiO2„110…

A. Analysis strategy of grazing incidence small-angle x-ray
scattering data and results

GISAXS patterns have been recorded both during the
growth of Au/TiO2�110� nanoparticles at 300 K and after a
flash annealing of such films between each deposit step �Fig.
6�. They are characteristic of the Volmer-Weber three-
dimensional growth mode expected from the poorly adhesive
noble metal-oxide systems.60 During the growth, the two
lobes of diffuse scattering located on each side of the beam
stop, the so-called correlation peaks, progressively shrink to-
ward the origin of the reciprocal space since their separation,
size, and height are inversely proportional to the average
distance between clusters 	D
, cluster size 	R
, and height
	H
, respectively, as all these distances increase in accor-
dance with a growth and coalescence process.

Intensity cross sections along the parallel 2� f �qy and
perpendicular � f �qz directions are displayed in Fig. 7. As
expected for vacuum measurements, the background is close
to zero �less than ten counts for an acquisition time ranging
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FIG. 5. �Color online� �a� � scan or azimuthal scan at a constant wave vector transfer q=43.5 nm−1 corresponding to a 
220� gold
interplanar distance of d
220�=0.144 nm. The film is grown at T=600 K �the thickness is given on the figure�, while for the 3.2 nm last scan,
a further annealing up to T=790 K was performed. The starting point �=0° is �0, 2.05, 0.05� in reciprocal space units while �=90°
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thick deposit grown at T=600 K. The reflections have been labeled in the fcc gold lattice.
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from 400 to 25 s�.61 The enhancement of intensity for � f
=�c in the perpendicular direction is usually referred to as
Yoneda’s peak.62 The origin of reciprocal space is located �i�
along 2� f, in the middle of the two lobes owing to the ob-

served sample isotropy upon azimuthal rotation �Fig. 8�, and
�ii� along � f, by setting the Yoneda’s peak at the substrate �c
value at the early beginning of the growth, as given by the
transmission function T�� f� inside TiO2 �dotted line in Fig.
7�. At that stage, gold clusters produce so little roughness
that T�� f� should reproduce the experimental profile;63 the
only discrepancy with the 0.05 nm curve is a wider FWHM
�factor of 2� that gives an upper bound of 0.05° for the
instrument-induced broadening along � f. This corresponds to
the horizontal convergence of the incident beam. Upon in-
creasing coverage, �i� interference fringes appear in the per-
pendicular direction �0.6 nm� up to show three bounces �Fig.
6� and �ii� the Yoneda’s peak becomes round and shifts from
the critical angle �c of TiO2 �0.1311°� to a value close to �c
of gold �0.2528°� �inset of Fig. 7�. Shift and rounding cannot
be accounted for by the standard DWBA the refraction effect
of which only comes from the substrate.1 In the parallel di-
rection, the in-plane correlation peaks are clearly separated
from the specular rod. As previously suggested,44 the analy-
sis of such a profile is not tractable within the DA34–38 as
neglecting all correlations leads to a too intense incoherent
diffuse scattering for size distributed island collections. The
LMA34,39–42 would better fit the result, but it assumes scat-
tering by independent monodisperse domains, an unphysical
hypothesis in the present context. In an attempt to overcome
these difficulties, the analysis of the data has been performed
through the DWBA on the graded interface and the SSCA
model.1

GISAXS patterns were nearly independent of azimuthal
rotation �Fig. 8�. Thus, the analysis was limited to data col-

lected with the x-ray beam aligned along the �11̄0�TiO2
direc-

tion. The sensitivity to the particle shape is found in the high-
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FIG. 6. �Color online� GISAXS patterns acquired in situ during
the 3D growth of a gold film on a TiO2�110� substrate kept at room

temperature. The beam was aligned along the �11̄0�TiO2
direction.

The horizontal 2� f �respectively, vertical � f� axis scales to first
order with the wave vector transfer q� =qy �respectively, q�=qz� and
extends up to 3° �respectively, 3.5°�. The color scale is logarithmic
and the equivalent deposited thickness is given on each figure.
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FIG. 7. �Color online� Intensity cross sections of the GISAXS patterns shown in Fig. 6. The cuts are made �a� along the 2� f direction at
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q wave vector transfer range. The “Porod’s plot” of the 8 nm
film �Fig. 9� demonstrates a power law behavior in the high-
q range, I�q���q�

n and I�q���q�
m . If considering only shapes

with the z-revolution axis, the found exponents n=4.02 and
m=3.63 are consistent with a truncated sphere profile �n=4,
m=2 for a hemisphere; n=4, m=4 for a sphere; and n=3,
m=2 for a cylinder44�. Though it is not such a clear cut at the
beginning of the growth, analyses were consistently per-
formed with truncated spheres over the entire study. For the
sake of simplicity, the radius R and height H distribution has
been taken as a joint-normal law with a correlation coeffi-
cient � between R and H:

p�R,H� = p�R�p�H/R�

=
1

2��R�H
�1 − �2

exp�−
�R − 	R
�2

2�R
2 �

�exp�−
�H − �	H
 + �

�H

�R
�R − 	R
���2

2�H
2 �1 − �2�

� .

�4.1�

The data have been fitted with the ISGISAXS software56,64

using a �2 criterion, with error bars proportional to the
square root of the intensity, as checked from the fluctuations
of data points along each cross section.

At each coverage, two cross sections �averaged over a
window of five pixels to keep the resolution on the Yoneda’s
peak� were fitted: �i� along � f �qz at the correlation peak and

�ii� along 2� f �qy at an exit angle � f equal to three times that
of the Yoneda’s peak �� f =3�c�. To avoid distortions in fitting
the sharp Yoneda’s peak, the fit was only performed on data
points � f �3�c. The total �2 and the total reliance factor RB
�Ref. 56� always lie below 4 and 0.12, respectively, at any
coverage. The SSCA and DWBA models1 showed an overall
good agreement with measured data over four decades of
intensity dynamics �Fig. 10�. The shape of the correlation
peak, the decrease in intensity near the specular rod, and the
high-q� range were well reproduced. The agreement was also
good in the perpendicular direction �Fig. 10�b��, except per-
haps fringes at the highest coverage. A likely explanation is
the oversimplified description of the particle shape and size
distribution. If fitted, the incident angle �i was found close to
that determined from sample-beam alignment. The good
modeling of the Yoneda’s peak �even though not explicitly
included in the fitting process� gives confidence in the theo-
retical treatment of DWBA on the graded interface �see Fig.
17�.

The central radius 	R
, central height 	H
, distance be-
tween islands D are shown in Fig. 11. The size distribution
parameters �R, �H, and � and the SSCA parameters �D and �
are given in Figs. 12 and 13. The errors bars stemmed from
the curvature of the �2 at the minimum. The estimate of the
particle spacing Dp=2� /qy

p obtained from the position of the
correlation peak qy

p illustrates the imperious need of a full
data analysis since, in a clear effect of interplay between
particle form factor and partial interference functions,1,44,56

Dp is on average 40% higher than the SSCA D value �Fig.
11�.

A peculiar attention has been paid to the 1.6 nm film by
analyzing the image �Fig. 14� and a series of cross sections
�Figs. 15 and 16�. A good agreement between experimental
and simulated images �Fig. 14� is achieved except near the
specular rod. The simulated lobe �Fig. 15�d�� displays a dif-
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fuse tail due to �i� the interplay between the size-spacing
coupling and �ii� the strong correlation between the island
radius and height as demonstrated by the plot of their joint-
normal probability �see Fig. 16�. The discrepancy with the
experimental image could result from the beam stop shadow-
ing.

B. Comparison with other approximations

Unsuccessful attempts were made to fit data with the DA,
the LMA with a common interference function in each do-
main �LMA 0�, or the DWBA using the flat surface as a
reference. Figure 17 exemplifies the discrepancies between
the various models for the 1.6 nm thick film. To compare
SSCA to DA or LMA 0, the same total spatial disorder
�D

2 �LMA0,DA�=�D
2 �SSCA�+2�2�R

2 was used in the for-
mula �Eq. �2.4�� of the total interference function. As shown
in Ref. 1, DA, LMA 0, and SSCA only differ along the
correlation peak. Contrary to DWBA on the graded
interface,1 the DWBA applied only to the substrate gives rise
to a too sharp Yoneda’s peak and to a poorer description of
the perpendicular interference fringes.

As correlations seems mandatory to reproduce the scatter-
ing line shape, the 1.6 nm curve was fitted with LMA includ-
ing a correlation between the spacing and the size of the
particles in each monodisperse domain.40 As a matter of
comparison, two types of interference functions were used:
�i� the 1D paracrystal �Eq. �2.4�� with a linear correlation
�Eq. �2.2�� �called LMA 1� and �ii� the 2D interference func-
tion of hard disks65,66 with a hard core radius in each domain
that scales with the physical radius Rn,HC=CRn �called LMA
HC�. Therefore, for the latter, the actual coverage � is related
to the hard core coverage �HC used in the interference func-
tion through �HC=C2�. Even though not analytical,66 the pair
correlation function of interacting 2D hard disks at thermo-

dynamic equilibrium is given satisfactorily by the virial ex-
pansion of Ref. 65. The �2 and RB agreement criteria to
evaluate the quality of the fit of the data along the 2� f direc-
tion �Fig. 18�a�� are clearly better with the SSCA ��2=2.4,
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cal dotted line� between growth and coalescence is characterized by
the power law fits of 	R
� t0.31±0.1, t0.54±0.07 and D� t0.15±0.2,
t0.51±0.05 �continuous lines�. In passing, note that this corresponds to
the onset of decrease of catalytic activity toward the oxidation of
CO of Au clusters on TiO2�110� �Ref. 6�.
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FIG. 10. �Color online� Fits �continuous line� of the GISAXS intensity cross sections �circles� all along the growth. The equivalent
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RB=4.6%� than with the LMA 1 ��2=14.9, RB=11.9%� and
with the LMA HC ��2=9.4, RB=8.8%�. In passing, similar
good agreements as well as height parameters are obtained
along � f whatever the approximation. The first conclusion
that can be drawn from the parameter values �Table I� is that
all approximations agree within the error bars on the most
important parameters �	R
 ,�R ,D�. Note that the mean size
	R
 and size distribution width �R are driven by the shape of
the scattering curve above the correlation peak. It seems that
the data fit is strongly sensitive to the account of correlations
�SSCA, LMA 1, and LMA HC�. However, the three approxi-

mations differ on the spacing parameters and the physical
relevance of the morphology used �see Fig. 2�. As already
shown in Ref. 1, LMA 1 seems to overestimate the role
of static disorder �D /D, while SSCA and LMA HC find
Voronoï’s cell nearly proportional to the particle size; indeed,
�D /D=0.05 is negligible for SSCA while the packing of par-
ticles in LMA HC is very high ��HC=0.62� leading to highly
ordered monodisperse domains. While the total scattering
curve seems to be the same for all the approximations, the
discrepancies show up more clearly on the total interference
function40,42 �Fig. 18�b��. As in previous works,67–70 a 1D
model of scattering �SSCA� from 3D particles was applied to
the analysis of scattering from 2D collection of particles.
Even if it is difficult to estimate the consequences of such an
approximation, the comparison with other hypothesis based
on an interference function in 2D shows that the morphology
seems accurately obtained within the error bars; the main
physics of scattering �i.e., the account of size-spacing corre-
lations in a realistic way� as well as that of the growth mode
�see below� seem to be caught. An extension of SSCA to 2D
is foreseen in the framework of the 2D ideal paracrystal with
disoriented size-limited domains.

V. SELF-SIMILAR ORDERING DURING THE GROWTH
OF Au/TiO2„110…

Two regimes can be distinguished in the evolution of 	R
,
	H
 / 	R
, and D upon increasing coverage, with a change in
behavior at 0.6–0.8 nm �Fig. 11�. Below this value, the spac-
ing between particles D� t0.15±0.2 is nearly constant with re-
spect to the average thickness t. Then, it obeys a power law
D� t0.51±0.05. The radius switches from 	R
� t0.31±0.1 to 	R

� t0.54±0.07. The particles get more rounded as 	H
 / 	R
 goes
from 1.5 to 1.7. The two regimes can be assigned to �i�
growth at constant density below 0.6–0.8 nm and �ii� coa-
lescence between compact particles 	H
 / 	R
�1.7 with a
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nearly constant surface coverage close to 40% but below the
jamming limit of 55%–60%.43,71–73 The nucleation stage
could not be characterized because of the smallness of the
nuclei12,17 that gives rises to low and very diffuse scattering.

Complementary studies of the Au/TiO2�110� system in
terms of probed length scales have been performed with
in situ scanning tunneling microscopy6,7,10,11,13–15 �STM�
and ex situ high resolution scanning electron microscopy
�HRSEM�.5,17 Below 1 nm, a very good agreement is found
between GISAXS and STM �Fig. 6 of Ref. 7� in terms of
particle diameter, if assuming a tip convolution of 2 nm. This
hypothesis is supported �i� by the comparison of the cali-
brated thickness with the estimate from STM,7 �ii� by the
difference by a factor of 2 between STM and XPS
coverages,11 and �iii� by the high sensitivity of the STM ap-
parent radius to gap voltage.10 Moreover, the width of the
distribution of radius ��R / 	R
�0.210,11� and the maximum of
the cluster density �5�1012 of Ref. 7� measured by STM
agree with the present findings �Fig. 12�. STM observations
also point to a decrease in the cluster density around
0.4–0.6 nm.7 However, above 1.5 nm thickness, the present
data differ from the HRSEM results that show a wormlike
coalescence structure with size and density different by a
factor ranging from 5 to 10. The discrepancy could be ex-
plained by a different density of defects.

A. Growth laws: Is the coalescence a dynamic process?

The growth process is interrupted during GISAXS acqui-
sitions. Before comparing with theoretical models, it should
be determined whether the film might evolve during mea-

surements at 300 K upon coarsening. Notably, no appre-
ciable change in size or shape of Au clusters was seen by
STM below T�800 K.7,11 Low-energy ion scattering19 at T
=775 K showed a coarsening of gold clusters with a time
constant of 25 min. Assuming an activation energy Em
=3.4eV/atom �Ref. 21� of the Arnhenius dependence of this
time constant, the characteristic time at 300 K appears to be
well above the measurement time, which discards coarsening
at that temperature, in particular, through Ostwald ripening.

During the first stage at constant particle density, the
power law 	R
� t0.31±0.1 corresponds to that expected �	R

� t1/3� for particles growing by a diffusion-limited mecha-
nism �and not an attachment limited one� with a negligible
direct impingement on the particle and a nearly full
condensation.74,75 A similar result comes from the analytical
solution of the growth of a droplet by attachment of diffusing
monomers with a constant flux at infinity.76 The found expo-
nent is closer to that expected from the rate equations of
growth77,78 for a nucleation on defects �	R
� t1/3� than a ho-
mogeneous nucleation behavior �	R
� t2/9� in the case of
complete condensation. Indeed, on one hand, the sticking
coefficient is found close to 1 and, on the other hand, strong
re-evaporation would lead to 	R
� t whatever the defect con-
centration is. The corresponding density of particles 1 /D2

�1013 cm−2 is a typical concentration of defects �vacancies
and step edges� on TiO2�110� surface obtained by ion bom-
bardment and annealing procedure.4 Nucleation and growth
on defects are not a surprise on TiO2�110� in the light of the
literature.7,8,10,12,16,25–27,79

The regime observed at higher coverage likely corre-
sponds to coalescence and not to Ostwald ripening �see re-
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mark above�, i.e., the growth of bigger particles at the ex-
pense of the smaller ones through evaporation of atoms
driven by the chemical potential difference. Upon arrival of
new material on the surface �nonconserved mass system�,
static and dynamic coalescence mechanisms can occur.43,80

During static coalescence, neighboring islands merge into a
larger particle occupying the center of mass of the two pri-
mary particles. If the reshaping time is negligible as com-
pared to the rate of impinging atoms, analytical models, scal-
ing descriptions, and numerical simulations75,81–83 agree on a
	R
� t1 power law behavior. Power laws relative to the spac-
ing between clusters are more scattered: D� t1 �Refs. 72, 75,
and 81�, D� t0.135 �Refs. 84 and 85� for homogeneous nucle-
ation, and D� t0.5 �Ref. 85� for heterogeneous nucleation.
Even if the scattering of points in coverage did not allow to

check honestly the Vincent’s equation of static coalescence
which connects the density to the coverage,81,86,87 the dis-
crepancy with the present exponents rules out the static
mechanism. This is supported by a high temperature STM
ripening study in which very few clear-cut binary coales-
cence events were observed.11

The dynamic approach of coalescence involves the dif-
fusion of clusters through �i� displacements of edge atoms
or evaporation-recondensation mechanisms that move the
center of mass of the particle88–91 for epitaxial clusters
or through �ii� a collective motion of the cluster as a
whole92–95 for not well matched particles. Theoretical works
of dynamic coalescence of 3D particles on a 2D substrate are
scarce.43 For a mass conserved system, a logarithmic correc-
tion was found for the exponents of the power laws 	R
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FIG. 15. �Color online� Cross sections along the parallel direction 2� f �qy as shown in Fig. 14. Circles are experimental values, and the
continuous line corresponds to the simulation.

TABLE I. Morphological parameters corresponding to the fits displayed in Fig. 18 �see text for defini-
tions�. � is the actual coverage, while �HC is that used in the 2D hard correlation function.

	R

�nm� �R / 	R


D
�nm� �D /D � � �HC,C

SSCA 2±0.3 0.23±0.07 6.1±0.4 0.05±0.1 2.9±0.7 0.38±0.4

LMA 1 2.1±0.3 0.25±0.07 6.0±0.5 0.23±0.05 1.8±0.3 0.38±0.4

LMA HC 2±0.2 0.31±0.08 6.6±1.6 0.28±0.3 0.62±0.05, 1.5±0.15
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��t / ln�t��1/3�1−�� and D��t / ln�t��1/2�1−�� within simulations
in which the Brownian particle diffusion coefficient scales
with the volume of the particles, DF�R3� �Ref. 82�. Fitting
our data leads to �R=0.63±0.18 for the radius and �D
=0.20±0.14 for the distance. The positive values of � imply
an enhanced diffusion of the biggest clusters. This runs
counter the usual expectations for 2D epitaxial islands,89–91,96

in particular, for the metal-metal systems.97 However, sur-
prisingly high mobilities of particles containing thousands of
atoms have already been observed �i� experimentally for
clusters preformed in gas phase and deposited on
substrate98,99 or for Au evaporated on amorphous alumina83

and �ii� theoretically with some molecular dynamics simula-
tions of not well matched 3D particles92–95,100 for which slip
diffusion and Levy’s flights have been predicted. Indeed, as
in those cases, the Au/TiO2�110� interface was found to be
poorly matched with a low adhesion energy �see Sec. III and
Sec. V C�. Moreover, it is argued that complexes formed by
vacancies and gold clusters are the diffusing entities on
TiO2�110� above a critical size.12 The dynamic model of
Steyer et al.76 introduces a random motion of clusters with a
size-dependent diffusion coefficient in a nonconserved mass
framework. At low surface coverage, a bimodal size distri-
bution was found, in which the small particles grow by a

diffusion-limited mechanism 	Rsmall
� t0.33 while the large
particles follow 	R
� t0.48 and D� t0.25, in close agreement
with the present measurement for the radius �	R
� t0.54� but
not for the interparticle distance �D� t0.51�. Although the
present data escape the static coalescence model, the existing
dynamical approaches fail to fully account for them, maybe
because depinning from traps and diffusion of clusters is
only efficient above a critical size.83,101

B. Self-similar behavior and spatial ordering during
coalescence

The self-similar behavior of the coalescence is clearly il-
lustrated by rescaling the scattering curves �Fig. 19� with the
intensity and position of the correlation peak.102 Above t
�0.6 nm, the scaled scattering follows a master curve along
the parallel and the perpendicular directions. In other words,
the overall morphology of the particle collection is the same
at different evaporation times within a length scale factor.
This conclusion is supported by the full data analysis once
the quantities are rescaled by the mean values: cluster size
distribution widths �Fig. 12� and components of spatial dis-
order �Fig. 13�.
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The transition from growth to coalescence is also seen by
plotting the two components of the variance of the particle
spacing: 	�dn−D�2
 /D2=�D

2 /D2+2�2�R
2 /D2 �Fig. 13�a��. The

first term, �D /D, is linked to the intrinsic spacing disorder of
the SSCA paracrystal. In terms of growth, this is the random-
ness of the spatial distribution of the particles due to hetero-
geneous nucleation centers. The second term, �2��R /D, is
the component of the spatial disorder which arises from the
correlations between the size and the influence area �depleted
zone� of the particles.

During growth and coalescence, the dynamic disorder
�2��R /D dominates over the static disorder �D /D that falls
down below a negligible value for increasing coverage �Fig.
13�. A consistent explanation is that the growth-coalescence
mechanism does not keep too much in memory the initial
spatial disorder of nucleation centers and, furthermore, in-
duces a spatial ordering of the particles as �2��R /D de-
creases from �70% down to 40%. Since, during the coales-
cence stage, the distance between clusters is proportional to
their radius �D�	R
0.9±0.1�, ��3.3 and �D /D�0 are nearly
constant �Fig. 13�b��, the Voronoï cell of each particle scales
with its radius.103 This provides an additional argument to
discard the static mechanism, since the static coalescence of
growing particles would keep the static spatial disorder due
to the randomness of nucleation centers. This instead favors
a dynamic process involving diffusing species captured by
particles with a cross section proportional to Voronoï cell
diameter. Such proportionality is a key ingredient in the stan-
dard model of rate equations of growth77 to go beyond the
mean field results; indeed, using capture numbers that de-
pend on the island sizes allows to implicitly include the lack-
ing physics, i.e., the island correlation.48–54 Comparing ki-
netic Monte Carlo simulations of coalescence of 2D islands
with models of mean field kinetic theory of growth, Liu et

al.104 concluded that the correlation between the locations of
islands strongly affects the coalescence rate as compared to
randomly located particles.

The normalized location disorder �2��R /D �Fig. 13� as
well as the relative radius and height distributions �R / 	R

��H / 	H
 �Fig. 12� are nearly constant during the coales-
cence. This indicates that both the cluster size distribution
and the cluster spatial distribution behave in a self-similar
way. Scaling arguments over the size distribution are often
encountered in processes of static coalescence,80 dynamic
coalescence in non-mass-conserved system, and also for pure
Ostwald ripening or for coarsening during phase
separation.43,102 Through Monte Carlo simulations of growth
and static coalescence, Mulheran and Blackman48 argued
that the proportionality between the island Voronoï cell size
and the particle radius is at the heart of the observed scaling
behavior. However, to our knowledge, this self-similar be-
havior on the position of particles was scarcely highlighted.
Carlow and Zinke-Allmang105–107 experimentally showed
that Sn/Si�111� clusters at low coverage �10%� evolve upon
Ostwald ripening toward a spatial and size ordered state
where the islands are self-organized into a scale invariant
configuration. This was thereafter theoretically explained by
Tarr and Mulheran108 as the result of the reabsorption �or
pedophagous� effect where island releasing monomers reab-
sorb their own offspring. In their simulation, the spatial or-
dering appears as a ubiquitous phenomenon of ripening that
is not sensitive to atomistic detail of monomer release or to
the starting configuration. However, for Au clusters on
TiO2�110�, such a spatial ordering phenomenon is herein ob-
served upon coalescence in non-mass-conserved system in-
stead of during ripening.

An other clue about self-similar behavior appears in the
evolution of the correlation parameter � �Fig. 13�b��. During
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the growth, the scale factor � is close to �0�q�=0�
�3D /2	R
 that leads to the minimum of scattered intensity
at the vicinity of the specular rod.1 As explained in the Ap-
pendix, this characterizes a mechanism of growth and coa-
lescence with a share out of matter proportional to the size of
each particle. The rule seems to be better fulfilled during the
coalescence than during the growth stage during which the
capture areas of the islands still feel the randomness of the
nucleation centers.

C. Equilibrium shape and adhesion energy

During the coalescence stage, the aspect ratio 	H
 / 	R
 is
nearly constant while the correlation coefficient � between
the particle height and radius is close to 1; this indicates that
clusters are close to equilibrium �Fig. 12�. The fast reshaping
of the clusters with respect to the growth rate and release of
monomers excludes the appearance of wormlike structures.
In addition, gold films deposited at 300 K and then annealed
2 min at 850 K �Fig. 20� hardly show any aspect ratio
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	H
 / 	R
 variation with respect to room temperature deposi-
tion. The annealing induces only a ripening of the nanopar-
ticles with an increase of �20% of the island size, a decrease
of �25% of the island density, and a different behavior of
the spatial location disorder.

The truncated sphere shape and the full size distribution
allow us to calculate a mean contact angle �c and an adhe-
sion energy from the Young-Dupré formula Eadh=�Au�1
+cos �c�, where �Au=1.131 J /m−2 is the surface energy of
gold,60 as a function of the coverage �Fig. 21�. The value of
�c=130° ±5° for the contact angle of large particles is in
good agreement with the value of �c=122° ±5° obtained by
�i� Zhang et al.5,17 combining high resolution scanning elec-
tron microscopy, quartz microbalance measurements, and
transmission electron microscopy and �ii� Chatain et al.109 by
the sessile drop method with molten gold. The discrepancy
with ab initio calculation,24 which suggests an adhesion en-
ergy close to zero, could come from the pinning of the clus-
ters on vacancies or step edges.12,25–27

The present finding of a change in contact angle �adhe-
sion� around a mean size of 	R
�1.3 nm ��500 atoms/
cluster, average thickness of 0.6 nm in Fig. 11� at the onset
of the particle coalescence is compatible with the transition
from “flat” 3D shape to spherical 3D shape around a cover-
age of 0.4–0.6 nm.5,7 The GISAXS measurements are less
sensitive to the 2D or quasi-two-dimensional particles seen
by low-energy ion scattering19 or scanning tunneling
microscopy.7 These quasi-two-dimensional particles are dis-
persed on terraces and appear at the early beginning of the
growth �below 0.2 nm�; their height is between 1 and 3 ML.
However, they are, in fact, mixed with flat 3D clusters that
mainly grow along the step edges,7,12 a fact that may explain
the slight GISAXS anisotropy observed at the beginning of
the growth on the mean spacing between particles in the

�11̄0�TiO2
and �001�TiO2

directions �Fig. 8�. The morphologi-
cal transition from 2D or quasi-two-dimensional to flat 3D
particles was interpreted by a stabilization of flat 3D par-
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ticles, thanks to an accumulation of vacancies on the sub-
strate below the particles.12

It is also of interest to note that the size-sensitive catalytic
oxidation of CO by gold particles supported on titania passes
through a maximum of activity for a cluster radius of
1.5 nm,6 which corresponds to the end of the growth and
onset of the coalescence. Indeed, the growing clusters which
were until that point pinned on defects, as indicated by their
density, begin to coalesce via a dynamic mechanism domi-
nated by diffusion processes.

VI. CONCLUSIONS

The crystallographic structure and morphology of gold
nanoparticles on TiO2�110� surface have been explored in
situ during the growth by using grazing incidence x-ray scat-
tering techniques. Complex epitaxial orientations have been

observed with a pinning of the dense direction �11̄0�Au of
gold along the bridging oxygen row direction �001�TiO2

.
Models including �i� the scaling of the particle spacing on
their size �size spacing correlation approximation� and �ii�
multiple scattering along the graded interface were applied to
the analysis of the diffuse scattering from a dense collection
of gold nanoparticles; they were shown to catch the essential
features of the growth mode, namely, the growth at constant
density limited by surface diffusion followed by a coales-
cence mechanism at constant equilibrium shape with a self-
similar behavior of not only the size distribution but also the
spatial ordering. The above findings suggest that the change
in the catalytic behavior of Au/TiO2�110� at a cluster radius
of 1.5 nm is associated with the onset of the coalescence of

gold particles. Consistently, the coalescence involves a
change in shape from flat 3D to 3D of the particles and the
switch from particles pinned by surface defects to self-
similar growing particles. These findings on the growth and
coalescence mechanisms are in agreement and complemen-
tary to near-field microscopy that focuses on the early stages
of the growth. They demonstrate the sensitivity of the
GISAXS technique to particle layer morphology. The out-
look in terms of future experiments is the monitoring of gas
induced sintering of supported nanoparticles during a cata-
lytic reaction, that is to say bridging the pressure gap and
reaching more realistic conditions of aging studies of cata-
lysts.

ACKNOWLEDGMENTS

The technical assistance of the BM32 beamline team was
invaluable during synchrotron experiments. This work was
partly funded by the French Ministry of Research �program
“ACI-nanotechnologie,” project NanoCat�.

APPENDIX: SIMPLE MODEL FOR THE SIZE-SPACING
COUPLING IN ONE DIMENSION

This appendix aims at demonstrating that the formulation
of the 1D size-spacing coupling1 and the special value of the
coupling parameter �0 can be recovered using simple hy-
pothesis of material conservation.

Let us consider a 1D chain of particles indexed by n. The
central hypothesis is that all the material inside neighboring
particles is proportional to the length dn of the “unit cell.” In
terms of growth, all the atoms falling inside the unit cell are
captured by the neighboring particles. With the assumption
that the volume of each particle is proportional to its in-plane
radius Rn, Vn=�Rn

3 �� is constant110�, one ends up with

dn =
1

2

�

�
�Rn−1

3 + Rn
3� , �A1�

where � is the quantity of matter per unit of length. The
coefficient 1 /2 implies an equal distribution of matter be-
tween the nth and �n−1�th particles. This supposes that the
fluctuations of particle radius and of the distances between
neighboring particles are so small that the situation is not so
far from the regular lattice of monodispersed particles. A first
order expansion in the fluctuations of sizes around the mean
value 	Rn
 gives

dn =
�

�
	Rn
3�1 +

3

2	Rn

��Rn−1 + �Rn�� . �A2�

Noticing that 	dn
= �
� 	Rn
3, Eq. �3.10� of Ref. 1 with �0

=3	dn
 /2	Rn
 is recovered. This value corresponds exactly to
the expansion for low size distribution of the special value �0
that leads to a minimum of scattering at q� =0.
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