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This paper is devoted to the analysis methodology of grazing-incidence small-angle x-ray scattering from
dense assemblies of islands on a surface. To interpret the experimental data for increasing coverage, �i� the
distorted wave Born approximation �DWBA� formalism has been extended to include the exact profile of
electronic density, i.e., the fuzziness of the interface, and �ii� the scaling of the Voronoï cell size of each particle
with its size has been introduced in the scattering formalism. Multiple scattering effects in the perpendicular
direction, i.e., along the emergence angle, are treated within the DWBA using the full perpendicular profile of
refraction index as a reference state of the perturbation formalism and not simply the bare substrate. Thus, the
average along the surface of the perturbation due to the particles or the holes in between is zero. It is shown
that the concept of island form factor is still valid and includes, in a continuous integral, scattering events from
upward to downward propagating waves �and vice versa� in the graded interface. Contrary to the case of
multiple scattering on the bare substrate, the shape of Yoneda’s peak as well as the location and sharpness of
the perpendicular interference fringes depend on the coverage for monodisperse particles, or more generally, on
the embedding profile of refraction index. In the parallel direction, i.e., along the surface plane, a one dimen-
sional model based on the paracrystal is proposed to include correlations between the size and the spacing of
the particles. In this model, the interplay between coherent and incoherent scattering can lead to a hollow of
scattered intensity between the specular rod and the correlation peak, as experimentally observed. This size-
spacing correlation approximation goes beyond the commonly used approximations of scattering from a dense
collection of particles, i.e., �i� the decoupling approximation characterized by a random disorder and by a too
intense incoherent scattering and �ii� the convenient local monodisperse approximation which relies on a
description of the scattering system as a set of monodisperse domains, which is not physically sound in many
cases. The three approximations are compared on a physically relevant case. In a following experimental paper
�R. Lazzari et al., Phys. Rev. B 76, 125412 �2007��, these models are applied to the analysis of the
Au/TiO2�110� growth mode.
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I. INTRODUCTION

The field of crystalline growth on surfaces has benefited
for four decades from a huge amount of theoretical and ex-
perimental work. Understanding the elementary and prevail-
ing mechanisms involved during the nucleation, growth, and
coalescence of a thin film made of nanoparticles relies on the
study of its morphology at different stages of deposition, in
particular, as function of temperature and evaporation flux.
These morphological observations are interpreted with the
help of suitable theories or numerical simulations.2–4 How-
ever, even if scanning near field microscopies have been a
breakthrough in in situ studies of growth, real space obser-
vations suffer from slowness, sampling limits, and artifacts.
These drawbacks can be overcome with x-ray scattering us-
ing the grazing-incidence geometry. Quite recently, it has
been shown that the grazing-incidence small-angle x-ray
scattering �GISAXS� technique5,6 can be applied to follow
the growth of nanoparticles in situ and in the ultrahigh
vacuum environment. However, obtaining reliable morpho-
logical information on the islands implies a complex data

analysis in reciprocal space because multiple scattering ef-
fects due to the grazing incidence7,8 and interference effects
in dense system of particles have to be taken into account.
The usual available models developed to analyze the data are
based on two approximations: the distorted wave born ap-
proximation �DWBA� with the substrate surface as a refer-
ence state for the wave propagation9 and the local monodis-
perse approximation �LMA�10–14 stating that the island layer
consists of monodisperse domains. These two approxima-
tions fail for dense system of particles as it has been evi-
denced by applying them to many GISAXS data sets.15 The
topic of this work is to develop a model that can improve the
data analysis.

Up to now, the analysis of GISAXS from nanoparticles on
surfaces5,9,15–17 was performed using the DWBA with the
substrate surface as reference state. In particular and at vari-
ance to the Born approximation, for one island on a bare
substrate,9 four scattering events involving the reflection-
refraction of the incident or scattered wave on the bare sub-
strate appear in the scattering cross section. However, upon
increasing the packing of islands on the surface, that is to
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say, the electronic density above the surface, the perturbation
on the incident and scattered wave field propagations be-
comes larger and larger. As the growth proceeds, the particles
can no longer be treated as isolated scatterers.16 The main
signature in the GISAXS patterns5,15,17 is a progressive
rounding and shift of Yoneda’s peak with increasing film
thickness going from a refraction effect of the bare substrate
toward that of the deposited material. It was found that this
phenomenon could be roughly simulated by adjusting the
refractive index of the substrate15 in the theory of scattering
by an isolated particle.9 However, such a trick can lead to
values quite different from tabulated ones18 with a shift of
the location of perpendicular interference fringes of the form
factor. The right way of doing it is to start the perturbation
formalism of DWBA from the exact averaged perpendicular
profile of refraction index; this leads to a translationally in-
variant reference system with a null average of the perturba-
tion along the surface. This extension to graded interface �i�
was already suggested in the literature, in particular, for a
general profile19,20 or for special tractable profiles21 such as
tangent hyperbolicus, and �ii� is in line with DWBA higher
order expansion of the integral equation of scattering22,23

from multilayers19,24–30 or from thin polymer films with
lamellar structures.31 However, such a model has neither
been generalized to the case of islands nor applied to the
analysis of a full set of experimental data.

The scattering from a dense collection of particles differs
significantly from that of isolated particles not only in the
perpendicular direction but also in the parallel one. This
quite general problem of small-angle scattering from concen-
trated systems of particles10,32 is due to the intrinsic lack of
knowledge of all the partial interference functions that come
into play in the buildup of the scattered intensity. A solution
can be found in the theory of liquid state which aims at
determining the thermodynamic equilibrium properties of
liquids.33,34 One of the scarce solutions of scattering from
polydispersed systems was given by Vrij and coworker35–37

on a three dimensional �3D� system of interacting hard
spheres treated in the Percus-Yevick approximations.33 Ap-
plications to data analysis can be found in Refs. 12 and 38.
Gazzillo et al.14 proposed a model, called scaling approxima-
tion �SA�, to bypass the resolution of the integral equation of
liquid theory and to evaluate the scattering from polydis-
persed particles. SA is based on the hypothesis of a confor-
mal pair interaction potential, a conformal mixture, and a
scaling approximation of all the radial distribution functions.
SA reduces the problem to the knowledge of the structure
factor of one pure state. Satisfactory performance was found
with the hard-core potential as compared to Vrij’s results and
with the Lennard-Jones’ one as compared to molecular dy-
namics simulations. However, at variance to mixture of liq-
uids or colloids fluids, the islands grown on surface by ther-
mal evaporation do not interact through a potential. The
growth is often a process far from equilibrium3,4,39 and the
particle radial distribution functions result from a complex
interplay between all the elementary phenomena involved
during nucleation, growth, and coalescence.2

Small-angle scattering experimentalists often prefer to re-
sort to some “cruder” approximations than using complex
theory of liquids. The first one, known as the decoupling

approximation �DA�,10,32,40–42 neglects all these correlation-
s;it leads to a unique interference function and to a broad
incoherent scattering term centered at the origin and arising
from the particle size and shape distributions. The first nu-
merical calculations and successful applications with DA
were performed by Kotlarchyk and Chen42 on neutron scat-
tering from polydisperse colloids in solution. The second
one, the so-called local monodisperse approximation,10–14 as-
sumes an incoherent scattering from monodisperse domains
and gives rise to a very simple cross section as the average
over the domains of the product of the form factor times an
interference function. The LMA underlying hypothesis on
the morphology is not valid for most of the particle systems;
however, some successful results have been obtained for the
analysis of scattering of metallic precipitates in a
matrix.12,38,43 As long as the high wave vector transfer range
is under concern, all the approximations give the same re-
sults as the scattering is dominated by the mean particle form
factor. However, interference effects between the wave scat-
tered by each particle concentrate the intensity in the so-
called correlation peak. Unfortunately, because of signal-to-
noise ratio, the fit of experimental data is often dominated by
this preeminent feature.

Revenant et al.15 have applied the DA and LMA approxi-
mations to GISAXS measurements on Pd/MgO�001�. It was
concluded that the DA overestimates the signal close to the
specular rod, while the LMA satisfactorily reproduces the
correlation peak using an ad hoc interference function. It was
highlighted, using transmission electron microscopy plane
views, that the sizes of neighboring particles are not corre-
lated �at variance to the LMA hypothesis�, while a strong
correlation between the diameter of the island and the dis-
tance to its first neighbor shows up. It was suggested that this
“hard-core-type” effect yields a decrease of the scattered in-
tensity close to the specular rod �contrary to DA� when cal-
culating the expected scattering from real space images.
Even though the general formulation of such a problem of
correlation between scatterers can be found in standard text
books of crystallography,40,44 a practical application to small-
angle scattering from 3D particles is desirable. For that pur-
pose, a one dimensional �1D� model45 of correlated 3D par-
ticles is proposed in order to reproduce GISAXS data.

This paper is organized as follows. Section II A focuses
on the calculation of the scattering cross section from a
graded interface made of islands within the framework of the
DWBA. The concept of particle form factor is generalized;
the dramatic influence of particle density �or more generally
the embedding gradient of index of refraction� on Yoneda’s
peak shape and on the location and degree of sharpness of
the out-of-plane scattering lobes is illustrated. Owing to the
decoupling between the parallel and perpendicular direc-
tions, Sec. III deals only with the problem of correlation
between the size of the scatterers and their spacing along the
substrate plane. A one dimensional formalism of scattering
by 3D particle derived from the paracrystal theory41,46–48 is
proposed. The application to the experimental case of
GISAXS from Au islands on TiO2�110� will be described in
a forthcoming paper �Ref. 1�.
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II. X-RAY SCATTERING FROM ISLANDS AT GRAZING
INCIDENCE: THEORETICAL BACKGROUND

A. Distorted wave Born approximation scattering cross section
from a graded interface

The scattering cross section from a collection of islands
on a substrate is calculated within the formalism of the dis-
torted wave Born approximation.7,8,25,49 On a fundamental
point of view, DWBA cross sections can be obtained from
the reciprocity theorem as illustrated in Refs. 50 and 51. This
semidynamical treatment allows the separation of the scatter-
ing process itself, which is treated within the kinematic ap-
proximation, from the intense specular reflectivity of the sur-
face observed close to the angle of total external reflection.
The DWBA is thus a perturbation formalism applied to a
wave field that includes the dynamical effect of reflection-
refraction at interfaces; the unperturbed state is generally
taken as the Fresnel wave field, which is analytical for flat
interfaces. For an isolated island, taking as a reference the
flat substrate, Rauscher et al.9 have shown that the cross
section involves an interference between four scattering pro-
cesses that include, or not, reflections on the substrate of the
incident or scattered wave. In the obtained scattering pattern,
Yoneda’s peak comes from the interplay between the four
events and the Fresnel reflection coefficients.

However, for a densely packed collection of particles,
once scattered, a wave may be �i� rescattered, in particular, in
the specular direction, and �ii� attenuated within the layer,
like the incident wave. This is all the more true when the
path of the wave inside the island layer is large, i.e., for an
emergence angle close to the critical angle. Moreover, before
scattering, the incident wave feels a mirage effect in the gra-
dient of refractive index that modifies its amplitude. For dis-
ordered systems where no special spatial frequency �i.e., dif-
fraction direction by periodic roughness� in the substrate
plane shows up, secondary scattering with parallel wave vec-
tor transfer has a negligible cross section even under grazing
angles. Thus, the incident and scattered waves see only the

perpendicular density profile averaged over the surface if the
projected coherence length of the beam is larger than the
characteristic spatial frequency of the roughness. Generally
speaking, a perturbation formalism is all the more valid
when the perturbation is small; in other words, the unper-
turbed state should be as close as possible to the real state.
As a consequence, the DWBA is expected to be improved
compared to flat interfaces as a reference state if the starting
point of wave fields includes the dynamical effect of reflec-
tion induced by the full perpendicular profile of density. By
doing so, the roughness perturbation induced by the islands
is null on average in the direction perpendicular to the sub-
strate. Even though the emphasis is put on islands, the con-
cepts developed in the following are also valid for other
kinds of surface roughnesses.

The DWBA method starts from the Helmholtz propaga-
tion equation for the electric field amplitude ��r�; the latter
is reduced to a scalar one as the polarization effects can be
safely ignored at small angles:21

��2 + k0
2n2�r����r� = 0, �2.1�

where k0=2� /� is the vacuum wave vector modulus. The
local index of refraction n2�r�,

n2�r� = n0
2�z� + �ni

2 − 1��
j

S j�r� − r�,j,z� , �2.2�

includes the index of refraction of the substrate and vacuum,

n0�z� = � 1 if z � 0

ns = 1 − �s − i�s if z � 0,
� �2.3�

and that ni=1−�i− i�i of the layer of islands of shapes S j�r�
�S j�r�=0 or 1 outside or inside the island, respectively� lo-
cated at r�,j on the substrate surface. To include in the per-
turbation formalism the perpendicular average index of re-
fraction ñ0�z�, n2�r� is rewritten as

n2�r� = ñ0
2�z� + �n2�r�,z� , �2.4�

where

ñ0
2�z� =	

1 if z � t

ñl
2�z� = 1 + ��ni

2 − 1�/S�

S
�

j

S j�r� − r�,j,z�dr� if 0 � z � t

ns
2 if z � 0,

� �2.5�

t being the thickness of the island layer and S the sample
surface with S→�. The perturbation is thus brought for each
z level by the departure from ñl

2�z� induced by the matter,
i.e., the islands or the holes in between:

�n2�r�,z� = �ni
2 − ñl

2�z���
j

S j�r� − r�,j,z�

+ �1 − ñl
2�z��Shole�r�,z� . �2.6�

The shape factor for the vacuum between islands is nothing
else but the inverse fingerprint of the islands Shole�r� ,z�

=	�z�−	�z− t�−� jS j�r� −r�,j ,z�, 	�z� being the step func-
tion �	�z�=0 for z�0 and 	�z�=1 for z�0�. Thus,

�n2�r�,z� = �n1
2�r�,z� + �n2

2�z� = �ni
2 − 1��

j

S j�r� − r�,j,z�

+ �1 − ñl
2�z���
�z� − 
�z − t�� . �2.7�

As no parallel dependence appears in ñ0�z�, the Fresnel wave
field solution without perturbation for a unit incident wave in
vacuum k= �k� ,kz,0� is made of upward and downward
propagating waves:
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�0�r,k�

= eik�·r�	 Ã0
+eikz,0z + e−ikz,0z for z � t

Ã1
+�z�eikz,1�z�z + Ã1

−�z�e−ikz,1�z�z for 0 � z � t

Ã2
−e−ikz,2z for z � 0.

�
�2.8�

The perpendicular components of the wave vector transfer
are kz,0�z�=−�k0

2−k�
2 in vacuum, kz,1�z�=−�ñl

2�z�k0
2−k�

2 in-
side the layer, and kz,2�z�=−�ns

2k0
2−k�

2 inside the substrate. In

the graded island interface, the amplitudes Ã1
±�z� vary con-

tinuously; knowing the profile of index of refraction, they
can be computed through differential equations or through a
matrix formalism �see Sec. II B�.

The far field expansion of the retarded Green’s function52

associated with the unperturbed Helmholtz propagation
equation �Eq. �2.1�� reads

G�r,r�,k0
2�  − k0

2e−ik0r

4�r
�0�r�,− k f� . �2.9�

By expanding to first order in perturbation the integral solu-
tion of the scattering equation for an incoming plane wave
ki, the total solution ��r� reads

��r� � �0�r,ki� + �sc�r,ki,k f�

= �0�r,ki� + k0
2e−ik0r

4�r

 dr��0�r�,− k f��n2�r��

��0�r�,ki� �2.10�

As the incident beam coherence is limited �angular and
wavelength spreads� and the detector acceptance is finite, the
measurable intensity is given by an incoherent sum of the
intensities stemming for the coherently illuminated domains
Acoh, i.e., ����r��2�S. Moreover, it is assumed that Acoh is
sufficiently large so that the system presents the same statis-
tical properties over each domain Acoh. This spatial average
denoted �¯�A is equivalent to a configuration average
����r��2� over many realizations of the random ergodic pro-
cess, that is, the surface morphology.50 As �sc�r� is a fluc-
tuating quantity,

����r��2� = ��0�r,ki� + ��sc�r,ki,k f���2 + ���sc�r,ki,k f��2�

− ���sc�r,ki,k f���2. �2.11�

The choice of the graded interface as the unperturbed state
yields ��sc�r ,ki ,k f����n2�r� ,z��=0. Thus, following Ref.
7, the specular scattering cross section per sample surface
unit �or the so-called coherent scattering or reflectivity� is
given by

� d�

d
�

coh
= Sk0

2 sin2�� f��A0
+�kiz,0��2��q�� , �2.12�

where q� =k f� −ki� is the in-vacuum wave vector transfer par-
allel to the surface. An experimental broadening of the
specularly reflected beam �kfz,0=−kiz,0, q� =0� due to finite
beam coherence �beam divergence, detector acceptance,

sample macroscopic curvature� is, of course, expected. The
collision theory52 gives the incoherent differential scattering
cross section as

� d�

d
�

incoh
=

r2

S
���sc�r,ki,k f��2� . �2.13�

As �n2�r� �Eq. �2.7�� consists of two terms among which
�n2

2�z� does not vary along the surface, the same reasoning as
in Eq. �2.11� yields

���sc�r,ki,k f��2� = ��sc��n2
2�z�� + ��sc��n1

2�z,r�����2

+ ���sc��n1
2�z,r����2� − ���sc��n1

2�z,r�����2.

�2.14�

Upon inserting the definition �Eq. �2.5�� of the gradient of
dielectric constant in the previous equation, it appears that
�sc��n2

2�z��+ ��sc��n1
2�z ,r�����n2

2�z�+ ��n1
2�z ,r���=0.

Moreover, the last term of Eq. �2.14� that involves the diffuse
scattering on the average profile of refraction index contrib-
utes only close to q� �0; its q� width is driven by the beam
and sample coherence length. As only GISAXS measure-
ments are under concern, it will be omitted in the following.
After having noticed that the perturbation potential �n1

2�z ,r��
of Eq. �2.5� acts only for 0�z� t, the introduction of the
Fresnel wave field expression of Eq. �2.8� into Eqs.
�2.10�–�2.13� leads to the following result for the incoherent
scattering cross section �not too close to q� =0� from a plane
wave ki into a plane wave k f per surface unit:

� d�

d
�

incoh
�

�Sk0
4�ni

2 − 1�2

16�2 ���q�,kiz,kfz��

with ��q�,kiz,kfz� =
1

N��j

F j�q�,kiz,kfz�eiq�·r�,j�2
, �2.15�

where �S is the density of particles and N the total number of
scatterers. The separation between the parallel and perpen-
dicular scattering directions allows us to introduce the
DWBA effective form factor of one island:

F j�q�,kiz,kfz� =
 dr�eir�·q� 
 dzS j�r�,z�

��Ã1
−�kiz,1�z��Ã1

−�− kfz,1�z��ei�+kfz,1�z�−kiz,1�z��z

+ Ã1
+�kiz,1�z��Ã1

−�− kfz,1�z��ei�+kfz,1�z�+kiz,1�z��z

+ Ã1
−�kiz,1�z��Ã1

+�− kfz,1�z��ei�−kfz,1�z�−kiz,1�z��z

+ Ã1
+�kiz,1,�z��Ã1

+�− kfz,1�z��ei�−kfz,1�z�+kiz,1�z��z� .

�2.16�

The introduced particle form factor is neither a simple Fou-
rier transform of its shape �as found in the Born approxima-
tion� nor a sum of four scattering terms including only the
reflection of the incident or scattered waves on the substrate
as it was found in Ref. 9 by taking the flat substrate as the
unperturbed state. Instead, F j�q� ,kiz ,kfz� includes scattering
from upward �downward� to upward �downward� propagat-
ing waves inside the graded interface. Obviously, for isolated
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particles, ñ0�z��n0�z�, kz,0�kz,1, and Ã1
+� Ã0

+, Ã1
−= Ã0

−=RF

�RF is the Fresnel reflectivity of the substrate�: Eq. �10� of
Ref. 9 is recovered.

B. Numerical implementation

Let us focus on the calculation of the particle form factor
F�q� ,kiz ,kfz� �Eq. �2.16�� embedded in a graded interface
�see Fig. 1�. Once assumed the island size and shape distri-
butions and the particle in-plane density, the profile of index
of refraction can easily be evaluated through Eq. �2.5� as
well as the perpendicular component of the incident kiz,1 and
scattered kfz,1 wave vectors. On a practical point of view,
a matrix formalism of Abelès’ type50 was used to compute

the amplitudes of the upward Ã1
+�−kz,1�z�� and downward

Ã1
−�−kz,1�z�� propagating waves. The graded interface is

sliced in N layers, j=1, . . . ,N in the downward direction,
starting at the vacuum/layer interface z= t=z1 and ending at
the substrate/layer interface z=0=zN. The transition matrix
from A1,j

± to layer A1,j+1
± �Ref. 50� includes the propagation

inside the layer and the beam reflection-refraction at inter-
faces:

�A1,j
+

A1,j
− � = � pj,j+1ei�kz,1,j+1−kz,1,j�zj+1 mj,j+1e−i�kz,1,j+1+kz,1,j�zj+1

mj,j+1ei�kz,1,j+1+kz,1,j�zj+1 pj,j+1e−i�kz,1,j+1−kz,1,j�zj+1
�

��A1,j+1
+

A1,j+1
− � , �2.17�

where

pj,j+1 =
kz,1,j + kz,1,j+1

2kz,1,j
, mj,j+1 =

kz,1,j − kz,1,j+1

2kz,1,j
. �2.18�

The upward propagating wave inside the substrate does not
exist and the amplitudes are normalized to a unit incident
wave. Thus, the integral over the z variable in Eq. �2.16� is
reduced to a discrete sum of the four Fourier transforms for
each slice of island. The slicing of the graded interface is
chosen linear in index of refraction, thus, in general, nonlin-
ear in the slice thicknesses. The number of slices is of course
increased until numerical convergence, whereas the slice
Fourier transform is calculated with a desired accuracy
through a suitable integration algorithm.

C. Illustrative examples of form factors

The chosen form factor examples correspond to the ex-
perimental case of GISAXS from gold islands on TiO2.1 In a
GISAXS experiment,6 the scattered intensity is collected as
function of the in-plane scattering angle 2� f and the out-of-
plane one � f at a constant incident angle �i. Forgetting the
curvature of the Ewald sphere, the latter is related to the
parallel q� =2���cos�� f�sin�2� f�� and perpendicular q�

=2� /��sin�� f�+sin��i�� wave vector transfers. The chosen
wavelength is �=0.068 88 nm �E=18 keV� and the corre-
sponding indices of refraction are �i=9.73�10−6, �i=1.06
�10−6 and �s=2.62�10−6, �s=3.02�10−8, while the criti-
cal angle of total external reflection of the substrate is �c
=0.131°. Two different monodisperse shapes have been
used: �i� a cylinder of radius R=1 nm and of height H
=1 nm and �ii� a full sphere of radius R=1 nm.

1. Coverage effect

Figures 2 and 3 illustrate the result of an increasing pack-
ing of islands on the cylinder and sphere form factors, re-
spectively, at various incident angles �i. The coverage, de-
fined as 	=�S�R2 ��S being the particle density�, is varied
from 0 to 50%. 	=0 should be understood as the case of an
isolated island on a substrate; the corresponding profile of
refraction index is a sharp Heaviside function between
vacuum and substrate values. Thus, the form factor is com-
puted starting from the Fresnel wave field of the flat sub-
strate according to Ref. 9. The embedding gradient of index
corresponds to a constant value for a cylinder or to a pa-
rabola for a full sphere �see the inset of Fig. 4, the top value
having to be rescaled by the actual coverage�. As a matter of
comparison, the particle Fourier transform, i.e., the Born
term, has been included in figures.

At variance to the form factor of Ref. 9 �	=0�, Figs. 2
and 3 show that Yoneda’s peak shape and intensity markedly
depend on the coverage: its shape gets asymmetric and de-
creases in intensity upon increasing the coverage, whatever
the particle is. This effect is essentially due to the coverage
dependent absorption of the evanescent waves. At high cov-
erage, Yoneda’s peak is replaced by a broad bump, especially
when �i��c.

Figures 2 and 3 also show that the sharpness and location
of the fringes of scattering �the so-called Kiessig fringes in
reflectivity� vary strongly with coverage all the more when
the angles are grazing. However, as expected, the simple
Born approximation is recovered for �i ,� f ��c. For the cyl-
inder case, at a coverage of 	=�s /�i=0.27, i.e., �layer=�s
�see 	=0.3 on Fig. 2�, the island layer behaves like the
substrate in terms of refraction. Thus, if the absorption is

ignored, kz,1=kz,2, Ã1
+�z�=0, Ã1

−�z�= Ã2
−�z�, and

F�q�,kiz,kfz� = Ã2
−�kiz,2�Ã2

−�− kfz,2�

�
 dr�eir�·�q�+kfz,2−kiz,2�S�r�dr . �2.19�

F�q� ,kiz ,kfz� appears as the form factor of a particle buried
under the substrate surface, and its value is nothing else but
the Fourier transform of the particle shape without any blur-
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FIG. 1. �Color online� Schematic drawing of the island layer.
ñ0�z� is obtained upon averaging the refraction index �islands and
vacuum holes in between� in each slice. In each slice, the upward

Ã+�z� and downward Ã−�z� propagating waves are computed recur-
sively. The form factor F�q� ,kiz ,kfz� �see Eq. �2.16�� including the
wave field propagation inside the layer is used as an input in the
size-spacing correlation approximation formula �Eq. �3.14��.
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ring of its interference fringes by the graded interface and the
jump of index of refraction at the layer/substrate interface.
However, for this peculiar case without any contrast between
the layer and the substrate, the whole diffuse scattering �Eq.
�2.14�� should vanish at q� =0 and the intensity should be
concentrated in the specular beam �Eq. �2.12��.

2. Effect of the gradient of refraction index

The same conclusions can be drawn upon embedding a
particle in different profiles of refraction index. Figure 4 il-
lustrates such a behavior for a cylinder in various constant or
parabolic profiles �see the inset of Fig. 4�. The case of
DWBA starting from the flat substrate surface9 corresponds
to the curve with �layer=0 �downward triangles�. The inten-
sities calculated for the various profiles may vary by as much
as 1 order of magnitude. Moreover, the fringes can be made
sharper by modulating the profile, as shown in Fig. 4�b� for
the parabolic profile �squares�.

III. SCATTERING BY A DENSE SYSTEM OF
CORRELATED PARTICLES

Because of the finite coherence length of the x-ray beam
parallel to the surface and the finite detector angular accep-

tance, a measurement on a macroscopic scale S will be only
sensitive to the configuration average ���q� ,kiz ,kfz�� �Eq.
�2.15�� over the coherently illuminated domains Acoh. This
relies on an ergodicity hypothesis. Furthermore, the coher-
ence domain Acoh is supposed to be large enough so that each
subsurface of size Acoh in S presents the same statistical prop-
erties. For spatially homogeneous systems, this average
can be decomposed into a coherent and an incoherent
�0�q� ,kiz ,kfz� diffuse scattering10,32,40,41 as

���q�,kiz,kfz�� = N��F�q� = 0,kiz,kfz��2���q��

+ �0�q�,kiz,kfz� + �
�,�

p���p���

�F��q�,kiz,kfz�F�
*�q�,kiz,kfz�S���q�� , �3.1�

�0�q�,kiz,kfz� = ��F�q�,kiz,kfz��2� − ��F�q�,kiz,kfz���2, �3.2�

S���q�� = 1 + �S

S

�g���r�� − 1�eiq�·r�dr� , �3.3�

where p��� is the probability density of having a particle of
kind � �which is defined by its shape and geometrical param-
eters� and of form factor F��q� ,kiz ,kfz�. The average over
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FIG. 2. �Color online� Modulus squared of a cylinder form factor �F(q� =0,kiz=−k0 sin��i� ,kfz=k0 sin�� f�)�2 �see Eq. �2.16�� for increas-
ing coverage 	 at various incident angles �i. The dashed curve corresponds to the classical Born term, while 	=0 is the DWBA form factor
of an isolated island �Ref. 9�. The form factor has been normalized by the particle volume. The numerical parameters have been given in Sec.
II C.
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such a distribution is denoted by �¯�. S���q��, known as the
partial interference function, is the Fourier transform of the
reduced partial particle pair correlation g���r��. �S being the
surface density of particles, �Sp���g���r��dr� is the number
of particle of kind � at vector r� from a central particle of
kind �. In the field of diffraction by crystals, the crystallo-
graphic counterpart of �0�q� ,kiz ,kfz� is, for instance, the in-
coherent scattering cross section due to isotopic effects in
neutron diffraction or the diffuse background due to the un-
correlated motions of atoms �known as the Debye-Waller or
thermal diffuse scattering�. In standard small-angle scatter-

ing, the second term of Eq. �3.1� is called “coherent” because
it involves the interference phenomena between the waves
scattered by various islands.

Even if the size and shape distributions of the islands
can be reduced to a small number of parameters that allow us
to compute the averages of Eq. �3.2�, a practical use of Eq.
�3.1� needs a deep knowledge of the microstructure of the
system. Indeed, all the correlations between the size and
shape of the scatterers are partially hidden in S���q�� �or
g���r���. Thus, approximations are used to overcome this
problem.
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FIG. 3. �Color online� Same as Fig. 2 but the particle shape is a full sphere.

GRAZING-INCIDENCE SMALL-ANGLE X-RAY… PHYSICAL REVIEW B 76, 125411 �2007�

125411-7



A. Classical approximations: Decoupling approximation and
local monodisperse approximation

The first approximation, known as the decoupling
approximation,10,32,40–42 assumes that there is no correlation
between the kinds of neighboring scatterers or between their
kinds and relative positions; in other words, the partial inter-
ference �and thus the pair correlation functions� is indepen-
dent of the particle kinds: g���r��=g�r�� and S�q��=S���q��.
A factorization becomes possible into Eq. �3.1�:

���q�,kiz,kfz�� = �0�q�� + ��F�q�,kiz,kfz���2S�q�� . �3.4�

The DA relies on an hypothesis of full disorder, without any
restriction on cluster overlapping.

The other approximation introduced by Pedersen12 as the
local monodisperse approximation10–14 assumes that the scat-
tering cross section results from an incoherent sum of scat-
tering from monodisperse domains. This means that over the
projected coherence length of the x-ray beam, the particles
are all of the same size and shape. The scattered intensity
thus appears as the average of the product of the particle
form factor times the interference function inside each do-
main:

���q�,kiz,kfz�� = ��F�q�,kiz,kfz��2S�q��� . �3.5�

A more restrictive formulation of this approximation �called
hereafter LMA 0� is obtained by assuming the same spatial
organization �and thus S�q��� in each domain:

���q�,kiz,kfz�� = ��F�q�,kiz,kfz��2�S�q�� . �3.6�

Although very appealing in terms of data analysis, the LMA
relies on an unphysical description of the microstructure for
most of the studied experimental systems.

For disordered systems, the DA and the LMA lead to
the same results at high wave vector transfer where the scat-
tering is sensitive only to the average particle form factor.
However, measurements in such a high q� limit are often
hampered by the decrease of intensity and the residual back-
ground. Furthermore, precious information, among others the
particle density, is available around and below the maximum
of scattered intensity, the so-called correlation peak. In this
q� range, a too intense scattering due to the incoherent term15

�Eq. �3.2�� shows up in the DA, a drawback that seems to be
cured in the LMA. This explains that most data analyses are
performed within the LMA.12,15,38,43,53 Recent experimental
results based on combined GISAXS and transmission elec-
tron microscopy �TEM� measurements15 have evidenced, for
a nucleation-growth-coalescence scenario of metal islands on
oxide support, the scattering signature of spatial correlations
between islands. As shown by TEM, the sizes of nearest
neighboring islands are not correlated to the central particle
size. However, the larger the central particle size, the farther
its nearest neighbors. This hard-core-type effect results from
a scaling of the Voronoï cell with the particle lateral size54–56

and induces a strong decrease of intensity below the correla-
tion peak. Leroy et al.45 have introduced a one dimensional
model in the framework of the paracrystal41,46–48 to account
for such correlations. Such models have been applied to the

scattering from terraces on surfaces.57–59 The following sec-
tion is intended to generalize such a model to 3D particles
along a chain and to compare it with the DA and the LMA.

B. Scattering by a one dimensional chain of correlated
particles

1. General formalism of the size-spacing coupling
approximation

The formalism of this section is restricted to the Born
approximation �i.e., simple Fourier transform� but it is
straightforwardly generalized to the previously developed
DWBA upon introducing the appropriate form factor, as the
parallel and z directions behave independently in the calcu-
lation of F�q� ,kiz ,kfz�. Let us call r� �or x� the direction along
the chain, whereas the r� or z �y and z� directions are per-
pendicular to the particle alignment �see Fig. 1�. The auto-
correlation function Z+�r� ,r�� for r� �0 is calculated step by
step along the chain from the knowledge of �i� the joint
density probability p��0 , . . . ,�n� of having a �0 , . . . ,�n se-
quence of particles of kind �i along the chain and �ii� the
conditional density probability of having an algebraic dis-
tance dn between the particles n−1 and n, knowing the se-
quence �0 , . . . ,�n i.e., Pn�dn / ��0 , . . . ,�n��:

Z+�r�,r�� = z0�r�,r�� + z+�r�,r�� , �3.7�

z0�r�,r�� =
 p��0��S0�− x,− z,�0� � S0�x,z,�0�

� ��x���r�,r��d�0, �3.8�

z+�r�,r�� =
 
 p��0,�1��S0�− x,− z,�0� � S1�x,z,�1�

� P1�x/��0,�1����r�,r��d�0d�1

+
 
 
 p��0,�1,�2��S0�− x,− z,�0�

� S2�x,z,�2� � P1�x/��0,�1��

� P2�x/��0,�1,�2����r�,r��d�0d�1d�2 + ¯ .

�3.9�

� is the convolution product in space and, as previously,
S�x ,z ,�� is the shape function of the particle of kind �.
Indeed, the probability of having a given distance d between
the origin and the nth particle is the integral of the product of
all the probabilities of the intermediate distances between
particles before the nth; the constraint that the sum of such
distances is d shows that the required probability is the fold-
ing product of all the intermediate distance probabilities. Af-
ter having introduced Pn�q� / ��0 , . . . ,�n�� as the Fourier
transform along the chain of P�dn / ��0 , . . . ,�n��, the BA scat-
tered intensity per particle is obtained by simple Fourier
transform of the total autocorrelation function Z�r� ,r��
=z0�r� ,r��+z+�r� ,r��+z−�r� ,r��, with z−�r� ,r��=z+�−r� ,
−r��:
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���q�,q��� = z̃0�q����q�� +
 p��0��F0��0,q�,q���2d�0

+ 2 Re�
 
 p��0,�1�F0
*�q�,q�,�0�F1�q�,q�,�1�P1�q�/��0,�1��d�0d�1

+
 
 
 p��0,�1,�2�F0
*�q�,q�,�0�F2�q�,q�,�2�P1�q�/��0,�1��P2�q�/��0,�1,�2��d�0d�1d�2 + ¯ � .

�3.10�

A divergence proportional to the size of the system appears
at the origin �q�→0� where all the particles scatter exactly in
phase. It is proportional to V�� ,q��, the q� =0 limit of the
form factor which reduces to the volume of the particle at
q�=0. For convenience, the term “volume” will be used
hereafter for this limit.

To go further on, a complete lack of correlation between
the sizes of neighboring particles will be assumed,
p��0 , . . . ,�n�= p��0� . . . p��n�, but, to account for an exclu-
sion volume effect, the distance between two neighbors is
supposed to depend linearly on their respective sizes R���i�
along the chain direction. This size-spacing correlation ap-
proximation �SSCA� is included into Pn�dn / ��0 , . . . ,�n��
through



−�

+�

dnPn�dn/��0, . . . ,�n��ddn = D + ���R���n−1� + �R���n�� ,

�3.11�

with �R���i�=R���i�− �R�����. D and �R����� are, respec-
tively, the average distance along the chain between particles
irrespective of their sizes and the parallel average radius.
This gives in reciprocal space

Pn�q�/��0, . . . ,�n�� = ��q��eiq�Dei�q���R���n−1�+�R���n��,

�3.12�

where � is the size-spacing coupling parameter. ��0 cor-
responds to an increase of the average distance between
nearest neighbors as function of their sizes. It is worth
noticing that in the �=0 limit, Eq. �3.12� gives the statistic
of the classical paracrystal in reciprocal space ��q��eiq�D.41

The introduction of these two approximations in Eq. �3.10�
yields

���q��,q�� = z̃0�q����q�� + ��F�q�,q����2 + 2 Re��
n=1

+�

�n�q�,q��� ,

�n�q�,q�� = �n�q��exp�inq�D� 
 ¯
 p��0� ¯ p��n�F*�q�,q�,�0�F�q�,q�,�n�

�exp�i�q���R���0� + 2�
k=1

n−1

�R���k� + �R���n���d�0 ¯ d�n. �3.13�

This writing along a geometric series allows us to carry out the summation in Eq. �3.13�:

���q�,q��� = z̃0�q����q�� + ��F�q�,q����2 + 2 Re�F̃��q�,q��F*̃
��q�,q��

��q��
p̃2��q���1 − ��q���

� , �3.14�

��q�� = p̃2��q����q��eiq�D. �3.15�

The characteristic function of the particle kind distribution
evaluated along the parallel size distribution was introduced
in the previous equation:

p̃��q�� =
 p���ei�q��R����d� . �3.16�

F̃��q�� is defined as

F̃��q�,q�� =
 p���F�q�,q�,��ei�q��R����d� . �3.17�

It is a generalization of the particle form factor averaged over
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the size-shape distribution. Notice that in Eq. �3.14� the com-
plex conjugate is applied to the particle form factor before
the averaging over � �Eq. �3.17��.

The total interference function S�q�� follows from Eq.
�3.14� upon replacement of the particle shape by a Dirac
peak i.e., the particle form factor F�q� ,q� ,��, by 1:

S�q�� = 1 + 2 Re� p̃�
2�q����q��

p̃2��q���1 − ��q���
� . �3.18�

If �=0, F̃��q� ,q��= �F�q� ,q� ,��� and p̃2��q��=1. Thus, Eq.
�3.14� reduces to the DA with an interference function given
by the Hosemann 1D paracrystal:41

���q�,q��� = z̃0�q����q�� + ��F�q�,q�,���2� − ��F�q�,q����2

+ ��F�q�,q�,����2Sp�q�� ,

Sp�q�� =
1 − �2�q��

1 + �2�q�� − 2��q��cos�q�D�
. �3.19�

2. Behavior at (q¸=0, q�Å0)

The details of the calculation at q� =0 of Eq. �3.14� are
given in Appendix A as function of the particle volume
V�� ,q��:

���q�,q��� � �V��,q��2� − �V��,q���2

+
�D

2 + 4�2�R�

2

D2 �V��,q���2

−
4�

D
�V��,q����V��,q���R����� ,

�3.20�

where �D and �R�
are the second moment of the distance

distribution P�dn� of the paracrystal and of the size-shape
distribution p���, respectively. Of course, the singular term
z̃0�q����q� ,q�� is excluded on purpose. As shown in Refs.
10, 40, and 41, this limit is related to the fluctuations of the
electronic density in the probed volume. However, a cou-
pling term 4�

D �V�� ,q����V�� ,q���R����� reduces the simple
variance sum of either �i� the particle size-shape distributions
��V�� ,q��2�− �V�� ,q���2�, �ii� the intrinsic paracrystalline

disorders
�D

2

D2 �V�� ,q���2, or �iii� that due to the parallel size

distribution
4�2�R�

2

D2 �V�� ,q���2�. This leads to a minimum of
the q� =0 scattered intensity as function of � at

�0�q�� =
1

2

D

�R�

2

�V��,q���R�����
�V��,q���

�3.21�

as �2���q��� /��2=8�R�

2 �V�� ,q���2 /D2�0. Of course, this
conclusion applies if the singular term of Eq. �3.10� is ex-
cluded.

For a 1D particle with V�R�, �0�q��=D /2�R�����. For a
particle of higher dimensionality, �0�q�� depends on the de-
gree of correlation between the parallel direction and the
other ones in the volume expression. However, for V�R�

n, to
first order in �R�

/ �R�����, �0�nD /2�R�����.

3. Finite-size effects

In line with the works about the paracrystal
model,12,41,48,60–62 scattering by a finite-size chain made of N
particles can be accounted for by folding Eq. �3.9� with the
chain shape function. In reciprocal space, the consequence is
a restriction of the summation in Eq. �3.13� to the number of
particles N:

���q�,q��� = ��F�q�,q����2 +
2

N
Re��

n=1

N−1

�N − n��n�q�,q��� ,

�3.22�

where N−n is the number of lattice points common to the
chain and its folding counterpart shifted by n cells. The geo-
metric sum series in Eqs. �3.12�, �3.13�, and �3.22� leads to

���q�,q��� = ��F�q�,q����2

+ 2 Re� 1

p̃2��q��
F̃��q�,q��F*̃

��q�,q��

���1 −
1

N
� ��q��

1 − ��q��

−
2

N

��q��2�1 − ��q��N−1�
�1 − ��q���2 �� . �3.23�

Equation �3.23� includes in a continuous way the �q�

=0,q�� line; the Dirac peak z̃0�q����q�� is broadened with
a width inversely proportional to the size of the chain. It
is usual to account for a broad distribution of chain lengths
by replacing the 1−n /N term in Eq. �3.23� with an exponen-
tial cut-off function e−nD/� which allows us to extend the
summation to infinity. � is interpreted as the coherence
length of the chain. This empirical method58 is a way to
account for the experimentally observed Lorentzian shape of
the central peak. In this case, Eq. �3.14� should be modified
by replacing ��q�� by  fs�q��= p̃2��q� ,q����q��eiq�De−D/�

and z̃0�q����q�� dropped. In this way, using the DWBA for a
graded interface, the specular rod term is included in the
formula but with a broadening that does not account for the
instrumental resolution �i.e., the wavelength and incident
angle distributions, the angular resolution of the detector,
etc.�.

4. Examples and comparison between decoupling approximation,
local monodisperse approximation 0, local monodisperse

approximation, and size spacing correlation approximation

The DA, LMA 0, and 1D SSCA are compared in Figs. 5
and 6 for a cylindrical particle and for a typical GISAXS
experiment, including the specular rod through a correlation
length of �=100D in Fig. 6. The size distribution as well as
the paracrystal spacing probability have been taken as Gauss-
ian:
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p��R�� =
1

�R�
�2�

exp�−
�R�

2

2�R�

2 � ,

Pn„dn/�R���n−1�,R���n��…

=
1

�D
�2�

exp�−
�dn − D − ���R���n−1� + �R���n���2

2�D
2 � .

�3.24�

The first important point is that all the used approximations
�DA, LMA 0, SSCA� are equivalent at large parallel wave
vector transfer q�; “large” means well above the correlation
peak, i.e., the maximum of scattering. In this regime, the loss
of long range order results in a scattering pattern which is
only sensitive to the particle form factor. The differences
between the various approximations �independent of their
physical relevance� show up at and below the correlation
peak. As already highlighted in Refs. 15, 16, and 45, the
intense scattering found at small parallel wave vector transfer
�or small in-plane scattering angle 2� f� in the DA �see Fig. 5
and 6�a�� is cured in the LMA 0 �see Fig. 5�b� and 6�b�� with
a maximum of intensity slightly shifted from the first peak of
the paracrystal interference function Sp�q�� �Eq. �3.19�� be-
cause of the local slope of the form factor.16 The introduction
of partial correlation between the neighboring particle sizes
and their distance yields strong modification of the scattering

curve shape. In particular, the position of the maximum of
intensity �Figs. 5�a� and 5�c�–5�e�� is no more simply related
to the mean particle separation D as expected in the DA or
LMA 0 approximation where the partial interference func-
tions are reduced to a common function. Instead, in the
SSCA, the correlation peak position decreases upon an in-
crease of the coupling parameter �. At �=�0�q�=0�, a mini-
mum of intensity equivalent to that of the LMA 0 is also
found, whereas at higher � values, the correlation peak
merges with the specular rod. The observed broadness of the
correlation peak in the SSCA �as compared to the width of a
simple paracrystal interference function �Eq. �3.19��� is
linked to the different partial interference functions; the as-
sociated partial pair correlation functions yield a distribution
of preferential distances that reproduces in some way the
particle size distribution.45 The �0�q�� value and the associ-
ated scattering curve depend on the dimensionality of the
particle. Indeed, the results for a particle with fixed aspect
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FIG. 5. �Color online� Scattering ���q� ,q�=0� from a 1D infi-
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SSCA�. For the SSCA, �=�0�q�=0� is the special value of the
coupling parameter for which the intensity is minimum at q� =0.
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volume V scales with R�
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rameters of Sec. II C. The size distribution as well as the intrinsic
paracrystal statistics are Gaussian with �R�
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=0.25. The chain correlation length is �=100D with D=3�R��. The
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works are used: �a� decoupling approximation �Eq. �3.4��, �b� local
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highlight the correlation induced tilt of second order scattering
lobes in q�.
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ratio H /R� are completely different from those obtained at
fixed height �see Figs. 5�c�, 5�f�, 6�c�, and 6�d��: the scatter-
ing weight of the particle scales with R�

3 in the first case and
R�

2 in the second. An amazing signature is found in the
GISAXS maps. In the DA, LMA 0, or SSCA at fixed height,
the scattering lobes along q� or � f due to the mean particle
height have axes oriented along the �q� ,q�� directions fol-
lowing exactly the behavior of the Kiessig fringes even along
the specular direction. In SSCA at fixed aspect ratio, the lobe
principal axis is tilted and points toward the origin of the
reciprocal space �see the line on Fig. 6�d��. Indeed, the big-
gest particles, which perpendicular scattering lobes are
closer, are also farthest apart and thus scatter at the smallest
parallel wave vector transfer. The inverse applies for the
smaller ones. Notice that the � f locations of the lobes are
quite different in SSCA at fixed height or fixed aspect ratio,
i.e., fluctuating height. Moreover, the interference fringes on
top of the correlation peak are no more inevitably in phase
with the specular Kiessig fringes after correction of the
Ewald sphere curvature. The link between the tilt angle and
the correlation coefficient is indirect and depends on the
cross correlation between the parallel and perpendicular di-
mensions of the particles. These inclined lobes should not be
misinterpreted as an effect of scattering from faceted
particles.5,15

The effect of correlations can be introduced also in the
LMA by assuming that the interference function of each

monodisperse domain depends on the size of the particles12

�Eq. �3.5��. To assess if LMA with correlations is able to
reproduce SSCA effects in one dimension, it has been chosen
to fit the SSCA scattering curves with the LMA model while
keeping the same framework of Gaussian paracrystal and
size distribution �Eq. �3.24��. Two dependences for the mean
distance in each domain have been chosen: dn=D+2��R�

�LMA 1� as introduced in the SSCA or D=2�R� =2��R��
+2��R� �LMA 2�. Good fits can be obtained as shown in
Fig. 7 for various values of ��SSCA�; the fitted parameters
are gathered in Table I. If fitted �not shown�, the mean radius
��R�

� and the width of the size distribution �� agree to within
less than a few percents with the chosen ones. As already
stated, these parameters are mainly imposed by the high-q�

range. As compared to SSCA, the mean distance D and the
paracrystal disorder are overestimated by 10% –35% and
80%–250%, respectively, while the size-distance coupling
parameter � is underestimated by 40%–80%. Similar trends
�not shown� have been observed upon varying �R�

and �D.
Interestingly, the variance of the particle spacing �dn

2 = ��dn

−D�2� ��dn

2 �SSCA�=�D
2 +2�2�R�

2 or �dn

2 �LMA�=�D
2 +4�2�R�

2 ;
see Appendix B� seems to be kept constant during the fit,
while the relative weights of the components of spacing dis-
order are differently treated in SSCA and LMA; as compared
to SSCA, LMA overestimates the standard paracrystalline
disorder �D

2 and underestimates the contribution of the size
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FIG. 7. �Color online� Best fit of the SSCA scattering curves �points� using LMA �Eq. �3.5�� with correlations between size R� and
spacing dn in each domain: dn=D+2��R� �LMA 1� or dn=2�R� �LMA 2�. The numerical parameters for the SSCA curves are identical to
those of Fig. 5 except the value of �. The fitted parameters are given in Table I.

TABLE I. Parameters corresponding to the fit of the SSCA scattering curves with LMA �see Fig. 7�: mean distance D, paracrystal
disorder �D, size-spacing coupling parameter �, and standard deviation of the spacing �dn

�see Appendix B�. D0=D�SSCA� and �0

=�0�SSCA� are used to normalized the values. If fitted, �R�� and �R�
are equal to within less than 2% to the SSCA value, i.e.,

�R�
/ �R���SSCA�=0.25.

Fig. 7�a� Fig. 7�b� Fig. 7�c�

D /D0 �D /D0 � /�0 �dn
/D0 D /D0 �D /D0 � /�0 �dn

/D0 D /D0 �D /D0 � /�0 �dn
/D0

SSCA 1 0.25 0.5 0.34 1 0.25 1 0.54 1 0.25 2 0.98

LMA 1 1.13 0.46 0.06 0.46 1.16 0.47 0.61 0.6 1.28 0.91 0.65 1.1

LMA 2 1.09 0.44 0.49 0.35 1.26 0.49 0.5 0.58 1.36 0.93 0.5 0.98
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fluctuations �2�R�

2 but reproduces more or less accurately
�dn

2 .

IV. CONCLUSIONS

A different method for the analysis of GISAXS patterns
from islands on surfaces has been proposed. Firstly, the
DWBA perturbation formalism used for grazing incidence
and emergence was applied to the graded interface, account-
ing for the propagation effects inside the island layer. It was
demonstrated that the effective scattering form factor de-
pends on the particle coverage and on the average profile of
refraction index. Secondly, the introduced correlation be-
tween the size and the spacing between particles �SSCA�
leads to a strong interplay between coherent and incoherent
scattering in the direction parallel to the substrate. A special
value of the coupling parameter gives rise to a minimum of
scattered intensity at q� =0 as experimentally observed. The
SSCA is more suitable than the classical DA or LMA in
terms of introduced hypothesis on the morphology. A weak-
ness of the SSCA is its 1D character; however, a generaliza-
tion to two dimensions is foreseen in the framework of the
ideal two-dimensional �2D� paracrystal41,63 as well as the
introduction of higher order correlations �as, for instance,
between the sizes of particles�. In a companion paper �Ref.
1�, the herein developed models are successfully applied to
the GISAXS study of the growth mode of Au nanoparticles
on TiO2�110�.
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APPENDIX A: SMALL WAVE VECTOR LIMIT IN THE
ONE-DIMENSIONAL SIZE-SPACING CORRELATION

APPROXIMATION

An expansion of the Fourier transform �i.e., characteristic
functions� of the size-shape �Eq. �3.16�� and intrinsic
paracrystal statistics ��q�� up to second order in q� gives

p̃2��q�� � 1 − 2�2q�
2�R�

2 ,

��q��eiq�D � 1 + iq�D −
1

2
q�

2�D2 + �D
2 � . �A1�

The previous expansion assumes that the second order mo-
ment of the size-shape and of the paracrystal statistics, �R�

and �D, respectively, do exist, i.e., that the associated distri-
butions are not pathological. This leads to zero order in q� to

��q��eiq�D

1 − p̃2��q����q��eiq�D
�

i

q�D
−

1

2
�1 −

�D
2 + 4�2�R�

2

D2 � .

�A2�

To obtain the small wave vector limit of Eq. �3.14�, it
is thus necessary to expand the generalized particle form

factor F̃��q� ,q�� �Eq. �3.17�� and the mean form factor
��F�q� ,q� ,���2� to first and zero order, respectively:

��F�q�,q�,���2� � �V��,q��2� ,

F̃��q�,q��F*̃
��q�,q�� � �V��,q���2 + i�q��V��,q���R�����

��V��,q��� . �A3�

V�� ,q�� is the value of the form factor of a particle of kind
� at q� =0; it amounts to the volume of the particle at q�

=0. Of course, Eqs. �A3� assume that the mean values over
the size and shape distributions including V�� ,q�� do exist,
i.e., that the moments of order greater than 2 �depending on
the particle dimensionality� are available. By introducing
Eqs. �A2� and �A3�, the limit at the origin, q� =0, of the
scattered intensity �Eq. �3.14�� is given by Eq. �3.20�. It is
straightforward to show that this limit corresponds to an ex-
tremum, i.e., that the next term in the expansion is of second
order.

APPENDIX B: VARIANCE OF THE PARTICLE SPACING

In SSCA, the variance of the spacing between particles is
given by

�dn

2 �SSCA� = ��dn − D�2�

=
 
 p��R���n−1��p��R���n��d�R���n−1�

�d�R���n� 
 ddn�dn − D�2

�Pn„dn/�R���n−1�,R���n��… . �B1�

Using the change of variable

�dn = dn − D − ���R���n−1� + �R���n�� , �B2�

the integration over dn using Eq. �3.11� and the definition of
�D gives

�dn

2 �SSCA� =
 
 p��R���n−1��p��R���n��

���D
2 + �2��R���n−1� + �R���n��2�

�d�R���n−1�d�R���n� . �B3�

As the sizes of two neighbors are not correlated this yields

�dn

2 �SSCA� = �D
2 + 2�2�R�

2 . �B4�

In LMA with a spacing dn=D+2��R���n� in each monodis-
perse domain, the calculation is analogous to the previous
one. However, as the integration is over the domain of size
R���n�, the final result reads

�dn

2 �LMA� = �D
2 + 4�2�R�

2 . �B5�
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