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We analyze the electric-field-dependent strong mixing of the two near band-edge ground-state excitons in
asymmetric double quantum wells �ADQWs�. This excitonic mixing is mainly attributed to the Coulomb
interactions between subbands and the valence-subband nonparabolicity. The effect of mixing on the energy
levels and oscillator strengths is obtained by a comparison of results including and excluding the Coulomb
interaction between different subband pairs which appears in the off-diagonal matrix elements of the Hamil-
tonian in the calculation of exciton states. We find that a substantial portion of the oscillator strength of the
e1-hh1 ground-state exciton is due to the e1-hh2 subband pair in a bias range of the anticrossing region
between pairs of valence subbands. Results also show that excluding the excitonic mixing effect results in
significant error in both the energies and the oscillator strengths of the excitons in an ADQW with a thick
barrier �3 nm�. Even in an ADQW with a fairly thin barrier �1.2 nm�, the error in the oscillator strengths can
be substantial, although the errors in the computed energies may be tolerable. Detailed analysis of k�-dependent
Coulomb matrix elements and exciton expansion coefficients reveals that neglecting the off-diagonal elements
in the exciton Hamiltonian diminishes the contribution of the k�-dependent subband envelopes around the
anticrossing in k� space to the corresponding excitons. Further, it is demonstrated that the application of
almost-degenerate perturbation theory to the uncoupled excitons with the intention of accounting for this
mixing effect is to be approached with caution.
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I. INTRODUCTION

The experimental observation of the quantum-confined
Stark effect in single quantum wells �SQWs�1,2 initiated a
vast number of theoretical and experimental investigations of
the electro-optical properties of quantum wells �QWs�.3–10

Extensive band-gap engineering demonstrated that coupled
double QW �CDQW� structures could offer enhanced
electro-optical properties, and thus has been a popular re-
search topic to the present day.11–22 CDQWs exhibit more
complicated bias-dependent optical properties than those of
SQWs, thus requiring a more careful consideration of effects
frequently neglected for SQWs, such as the mixing of exci-
tons originating in different subband pairs. �This should not
be confused with the spatial extension of subband envelope
wave functions from well to well in CDQWs that occurs
regardless of the Coulombic mixing of the subband pairs or
valence subband mixing.� The mixing of excitons is pro-
nounced when the energy difference between the two adja-
cent excitons is smaller than the typical exciton binding en-
ergy, which occurs not only in fairly broad SQWs with weak
confinements but also in CDQWs. Valence-band mixing
�VBM� affects both the energy levels and the oscillator
strengths of excitons through the nonparabolic energy �E�
dispersions of the valence subbands and wave-vector
�k��-dependent overlap integrals between the electron and
hole envelope functions, leading to increased accuracy of the
theoretical estimates. A convenient way of including the k�

dependences and exciton mixing is via the momentum-space
approach.8–10

Early theoretical studies on DQWs, however, did not take
full account of VBM, although they included the mixing of

excitons in various ways. Bauer and Ando7 included only the
nonparabolic E-k� dispersions of single particles, i.e., elec-
trons or holes, in their calculation, where the excitonic mix-
ing was explicitly included through the off-diagonal matrix
elements of the effective-mass Hamiltonian. Lee et al.12 cal-
culated excitonic spectra of ADQWs in electric fields with-
out including the mixing of excitons and VBM and obtained
the fundamental optical properties. Fox et al.14 included the
mixing between ground-state excitons in symmetric coupled
quantum wells, where the mixing effects appeared in the
exciton wave functions as the modifications of the unmixed
single-particle subband wave functions. They also pointed
out that the anticrossing bias field of the two ground-state
excitons shifts from that of the corresponding band-to-band
transitions due to the exchange of the exciton binding ener-
gies. Kamizato and Matsuura13 applied almost-degenerate
perturbation theory to the unmixed ground-state excitons to
account for the mixing in DQWs. Dignam and Sipe16 ana-
lyzed in detail the four exciton states e1-hh1, e1-hh2,
e2-hh1, and e2-hh2 �en �hhm� refers to the quantized n
�m�th conduction �valence� subband� in symmetric and
asymmetric CQWs in a static electric field by employing the
variational method and showed that inter- and intrawell tran-
sitions strongly mix the radial components of exciton states,
which agreed with the results of Kamizato and Matsuura. In
DQWs with thin coupling barriers, however, the unmixed
exciton model was found to yield good agreement with the
experimental results.17 These studies in essence did not re-
quire a deeply rigorous treatment of VBM effects because
most of the involved excitonic anticrossings were between
electron subbands, i.e., between e1-hh1 and e2-hh1, where
VBM does not play an important role.
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Numerous studies have demonstrated that incorporating
an asymmetric coupled DQW can yield better performance
of QW Stark electro-optic modulators18–20 and can lead, fur-
ther, to the development of new functional devices21,22 for
practical applications. In ADQWs, utilizing the heavy-hole
subband anticrossing �e1-hh1 and e1-hh2�, however, can be
advantageous: The effective mass of the heavy hole is in
general much greater than that of electrons in type-I QWs,
which leads to stronger confinement and thus requires thin-
ner barrier thickness for the same degree of anticrossing ef-
fect. This, in turn, can increase the overall absorption effi-
ciency per unit thickness of the device. In addition, the bias
field required for the anticrossing of the excitons near the
band edge is much smaller than that of electron anticross-
ings, which potentially reduces the operating bias of the de-
vice. However, a complete theoretical analysis of these ef-
fects has hitherto not been reported. This is important since
marked discrepancies between theory and experiment may
show up in the oscillator strengths whereas the exciton bind-
ing energies may be computed with adequate accuracy in an
overly simplified model.

In this paper, we study theoretically the effect of strong
mixing of e1-hh1 and e1-hh2 s-like excitons on the energy
levels and oscillator strengths of excitons within the anti-
crossing bias range while including the VBM rigorously
within a momentum-space approach.8–10 The effect of mix-
ing is appreciated in two ADQW structures having different
degrees of coupling between the two wells through the cou-
pling barrier �CB, thickness �1.2 and 3 nm� by including
and excluding the off-diagonal Coulomb matrix elements
�between the two different subband pairs� in the effective-
mass Hamiltonian for excitons. The validity of the results
obtained from these models is discussed in terms of the
oscillator-strength sum rule �f-sum rule�. We find that the
f-sum rule breaks down in models that ignore exciton mix-
ing, the reason for which is sought by analyzing the
k�-dependent Coulomb matrix element and the corresponding
expansion coefficients of the exciton wave function. Further,
we show that applying almost-degenerate perturbation theory
to the two unmixed ground-state excitons obtained from the
two-subband model which includes VBM should be carried
out with caution in analyzing the electric-field-dependent op-
tical properties of ADQWs, a technique that has often been
employed to account for the mixing of excitons.

II. THEORY

In this section, we review briefly the key equations that
are employed for the analysis of the excitons and the corre-
sponding oscillator strengths, which encompass the funda-
mental equations for the calculation of excitons, mixing of
excitons, and the application of almost-degenerate perturba-
tion.

A. Fundamentals of the exciton calculation

Within the framework of effective-mass theory, the exci-
ton envelope function in a quasi-two-dimensional structure is
expressed as a linear combination of the associated electron
and hole eigenstates,

��,env = �
n,m

�
k�,q�

Fnm
� �k�,q��ei�k�·�e+q�·�h�fn�ze,k���

�

gm
� �zh,q�� ,

�1�

where n �m� is subband index of the electron �hole�, � is the
index that labels the exciton states, k� �q�� is the in-plane
wave vector of the electron �hole�, �e�h� is the in-plane coor-
dinate of the electron �hole�, fn �gm

� � is the envelope function
along the growth direction ze�h� of the electron �hole with the
spin component �= ±1/2 or ±3/2�, and Fnm

� �k� ,q�� is the
expansion coefficients that represent the contribution of the
subband pairs to the exciton state at the wave vectors. The
electron �hole� envelopes are calculated variationally by
treating them as quasibound in an effective confinement
region.12 The envelope function ��,env is an eigenfunction of
the Hamiltonian

Hex =
pe

2

2me
+ Ve�ze� + HLK + Vh�zh� −

e2

��re − rh�
, �2�

where pe is the electron momentum operator, me is the elec-
tron effective mass �parabolic energy dispersion is assumed�,
Ve�h� is the band-edge profile of the conduction �valence�
band, HLK is the 4�4 Luttinger-Kohn Hamiltonian for the
hole, and the last term is the Coulomb interaction between
the electron and the hole that is located at re and rh, respec-
tively.

The equation for the expansion coefficients is obtained by
multiplying the Schrödinger equation Hex��,env=E���,env
with the electron and hole envelope functions on the left
followed by an integration in real space. In doing so, we
assume that the light interacts with excitons at rest �i.e., the
photon momentum is negligible� so that Fnm

� �k� ,q��=��k�

+q��Gnm
� �k�� and apply the axial approximation to the hole

state so that gm
� �zh ,k��=gm

� �zh ,k��e−i��. We also express the
expansion coefficient Gnm

� �k�� in terms of its magnitude and
phase as Gnm

l� �k��eil� �axial approximation decouples the ex-
citons that have different l values8�. The resulting equation
for Gnm

� �k�� becomes independent of the angle �,

�En
e�k�� − Em

h �k���Gnm
l� �k�� + �

n�,m�
�
k��

Vnm,n�m�
l �k�,k���Gn�m�

l� �k���

= El�Gnm
l� �k�� , �3�

except for the Coulomb interaction Vnm,n�m�
l ,

Vnm,n�m�
l �k�,k��,��� =

− e2

�q
	 	 dzedzhfn�

* �ze�fn�ze�

��
�

gm�
� *�k��,zh�gm

� �k�,zh�e−q�ze−zh�ei�l−����,

�4�

where q=
k�
2+k��

2−2k�k�� cos ��, �� is the angle between k�

and k��, En
e�k��−Em

h �k�� is the joint energy dispersion of the
nth electron and mth hole subbands, and El� is the eigenen-
ergy of the l�th state. The singularity arising along k� =k�� in
Eq. �4� can be eliminated by screening induced by the intrin-
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sic carriers.23 The envelope function for the exciton now be-
comes

��,env
l = �

n,m
�
k�

Gnm
l� �k��fn�ze��

�

ei�l−����−	/2�gm
� �zh,k��Jl−��k�
� ,

�5�

where Jl−� is the �l−��th order Bessel function and 
 and �
are the magnitude and angle of the relative position vector
��e−�h� of the exciton. In Eq. �5�, the lth exciton state is the
sum of four spinor components of the valence subbands and
�l−�� in the exponential term is the orbital angular momen-
tum of the component �. In the limit of the two-band model
�one conduction- and one valence-subband state� and by as-
suming that the valence subbands do not mix strongly, we
can safely define the two-dimensional orbital angular mo-
mentum quantum number of the lth exciton state as ml= l
−�m �analogous to the H atom: ml=0, ±1, ±2, . . . for s-, p-,
d-like,… states, respectively� because the state is dominated
by one of the four contributing components �m. For instance,
the e1-hh1 exciton in an unbiased fairly narrow SQW is
dominated by �m= ±3/2 �for spin up and down� and l=�m
and l=�m±1 for s-like �ml=0� states and p-like �ml= ±1�
states, respectively.24 The variational approach is a conve-
nient tool for solving Eq. �3�, which is carried out by expand-
ing Gnm

l� �k�� in a truncated set of Gaussian basis functions that
minimizes the eigenenergy.8 The oscillator strength is evalu-
ated as

f l� =
2

m0El�
��

�

�Uc�� · p�U� �
n,m,k�

Gnm
l� �k��Inm

� �k��ei�l−����2
,

�6�

where �Uc�� ·p�U� is the bulk optical matrix between con-
duction band �Uc and valence band �U� that depends on the
polarization of the light � and Inm

� �k�� is the k�-dependent
overlap integral between conduction- and valence-subband
envelope functions in the confined dimension. It is noted that
even though the lth exciton state in Eq. �5� is composed of
the four spinor components, only the single component that
makes l−�=0 in the exponential term contributes to the os-
cillator strength in Eq. �6�.

B. Mixing of excitons originating in different subband pairs

We are focused on the mixing of the e1-hh1 and e1-hh2
excitons, where the major spinor component ��m= ±3/2� of
the mixed exciton states remains the same as that of unmixed
excitons obtained from the two-subband model, which re-
tains ml as a good quantum number even after the mixing.
However, this is not always true for the mixing of heavy- and
light-hole excitons; orbital angular momentum is not a good
quantum number because the mixed state is not dominated
by only one component.

Because p-like states have negligible oscillator strengths
�unless they mix strongly to the s-like light-hole excitons and
ml is not well-defined anymore6�, we consider the mixing of
only s-like �l=3/2� states of e1-hh1 and e1-hh2 excitons in
Eq. �3�, which yields the 2�2 Hamiltonian matrix to be
diagonalized,

Hl = �T11 + V11,11
l V11,12

l

�V11,12
l �* T12 + V12,12

l � , �7�

where Tnm is the kinetic energy of the nth electron and mth
hole �to calculate p-like states, one only need change l to
1 /2�. Neglecting exciton mixing is simply to set V11,12

l =0.
Applying the variational approach to the diagonal element
Hl

11 �Hl
22� with an appropriate set of Gaussian basis func-

tions and solving the matrix eigenvalue equation yields the
energy E11�2�

l�,UC and expansion coefficient G11�2�
l�,UC�k�� of the un-

coupled s-like ground- and excited-state excitons up to the
number of the basis set. The degree of accuracy, however,
decreases rapidly as the quantum number � of the excited
state increases. When exciton mixing is considered, V11,12

l is
no longer zero but must be computed, and the corresponding
matrix eigenvalue equation yields the energy El�,C and the
expansion coefficients

Gl�,C�k�� = C11G11
l�,C�k�� + C12G12

l�,C�k�� �8�

of the coupled excitons, where C11�2�G11�2�
l�,C �k�� is interpreted

as the amplitude of the contribution of the e1-hh1�2� sub-
band pair to the coupled state Gl�,C�k��. Note that G11�2�

l�,C �k�� is

different from the uncoupled exciton state G11�2�
l�,UC�k��.

C. Almost-degenerate perturbation theory

The mixed excitons can be calculated alternatively by ap-
plying almost-degenerate perturbation theory to the un-
coupled states, which gives a convenient way to understand
the physics of exciton mixing. The uncoupled states of the
e1-hh1 and e1-hh2 excitons are evaluated as described
above. The Coulomb interaction V11,12

l is then treated as a
perturbation to the uncoupled states. The corresponding ma-
trix to be diagonalized is

� E11
l�,UC V11,12

l

�V11,12
l �* E12

l�,UC� , �9�

where the Coulomb matrix element V11,12
l is evaluated by

using the obtained uncoupled states:

V11,12
l��� = �

k�k��

G12
l��,UC *�k���V11,12

l �k�,k��,���G11
l�,UC�k�� .

�10�

The corresponding mixed state is obtained as

GADP
l� �k�� = �

��

�Cl�,11G11
l��,UC�k�� + Cl�,12G12

l��,UC�k��� ,

�11�

where the coefficients Cl�,11�2� are the components of the
eigenvectors obtained from the diagonalization, which are
the portions of the contribution of the uncoupled states to the
mixed ones. Note that Eqs. �8� and �11� are not the same.

III. RESULTS AND DISCUSSION

We first analyze two ADQWs having different degrees of
coupling in the anticrossing bias range and show that the
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f-sum rule breaks down dramatically if exciton mixing is
neglected. This is followed by a detailed investigation of the
excitonic-mixing effect on the oscillator strengths and energy
levels. We also discuss that the almost-degenerate perturba-
tion theory can be misleading if carelessly applied.

A. Effect of exciton mixing in strongly and weakly coupled
ADQWs

The effects of e1-hh1 and e1-hh2 exciton mixing in an
anticrossing bias range are investigated in two ADQW
samples, ADQW-30 and ADQW-12, which consist of 3 and
1.2 nm thick Al0.25Ga0.75As coupling barriers, respectively,
and two GaAs wells �widths �6.5 and �3.5 nm�. The mole
fraction of the confining walls is the same as that of the
coupling barrier. The material parameters are adopted from
Ref. 8.

The mixing is strong in ADQW-30 because the energy
difference between the ground states of the e1-hh1 and
e1-hh2 excitons becomes much smaller than the exciton
binding energy in this sample, as shown in Fig. 1�a�. The
energy differences between the band-to-band transitions
�dotted� and the coupled lowest two excitons �solid� can be
interpreted as the exciton ground-state binding energies. As
stated in Ref. 14, the band-to-band transition energies �en-
ergy difference between the electron and the hole subbands
at k� =0� anticross at much lower bias ��25 kV/cm� than
those of the coupled excitons do ��31 kV/cm�, both very
sharply over very narrow bias ranges due to the thick cou-
pling barrier. The binding energies, however, are exchanged
gradually from �25 to �31 kV/cm. This implies that se-
vere mixing of excitons as well as VBM between the hh1
and hh2 subbands occur in this bias range. In Fig. 1�a�, the
uncoupled exciton energies �dashed�, however, do not even
anticross, showing the change of the binding energy at the
anticrossing bias of the band-to-band transitions due to the
neglect of the mixing effect, which is incorrect.

The corresponding oscillator strengths of the uncoupled
and coupled states are shown in Figs. 1�b� and 1�c�. The
transfer of oscillator strength from the e1-hh1 to the e1-hh2
ground-state excitons occurs around �25 and �31 kV/cm
in the uncoupled and coupled cases, respectively. Moreover,
the sum of the oscillator strengths of the two uncoupled
states �dashed curves in Fig. 1�b�� is not uniform in the an-
ticrossing bias range, while this is not so in the coupled case.
�The reason for the breakdown of the f-sum rule in the un-
coupled case will be discussed later in this section.� The
minimum of the sum of the oscillator strengths in the un-
coupled case at 25.3 kV/cm is only 45% of the summed
value outside the anticrossing range as shown in Fig. 1�b�.

Figure 1�d� shows that the oscillator strength f1s,C of the
coupled ground state has a major contribution from the
e1-hh1 �dotted with marks� subband pair until the bias
reaches �25 kV/cm following which the e1-hh2 �dotted�
subband pair contribute the majority, which maintains f1s,C

uniform until the bias reaches just below �31 kV/cm �f11
1s,C

and f12
1s,C are obtained from Eq. �6� by taking the modulus

square of nm=11 and nm=12 separately instead of summing
up in advance, which is not physically measurable; this is

FIG. 1. �Color online� Energy levels and oscillator strengths of
excitons in ADQW-30 as a function of the bias field strength. The
inset in �a� is the band-edge diagram along the growth direction. �a�
Energy levels �solid: coupled excitons E�s,C, dashed: uncoupled
ground-state excitons E11�2�

1s,UC, and dotted: band-to-band transitions
E11�2�

d ; e1-hh1 excitons have dots on the curves�. Oscillator
strengths of �b� uncoupled ground states f11�2�

1s,UC and �c� coupled
ground- and excited-state excitons f�s,C �solid� and their sums
�dashed�. Oscillator strengths of the coupled �d� ground- and �e�
first excited-state excitons �solid� and the contributions from e1-hh1
�dotted with marks, f11

�s,C� and e1-hh2 �dotted, f12
�s,C� subband pairs.
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adopted only to show the portion of the contribution of each
subband pair to the coupled states�. Figure 1�e� shows that
the oscillator strength of the e1-hh2 ground-state exciton
may be slightly overestimated when only f12

2s,C is accounted
for �the sum of the contributions from the two subband pairs
�e1-hh1 and e1-hh2� in the modulus square of Eq. �6� is
smaller than that of only the e1-hh2 subband pair�.

The mixing effect is expected to be weak in ADQW-12
because the minimum difference of the band-to-band transi-
tion energies in the anticrossing bias range is �7 meV,
which is almost the same as the binding energies of the un-
coupled ground-state excitons at the same bias �33 kV/cm,
as shown in Fig. 2�a�. The energy differences before �dashed�
and after �solid� the inclusion of coupling are less than
1 meV in both e1-hh1 and e1-hh2 ground-state excitons.
The minimum of the sum of the oscillator strengths in the
uncoupled case, however, is only 66% of the expected value
�Fig. 2�b��, which is substantial, while the f-sum rule is con-
served in the coupled case as shown in Fig. 2�c�. This shows
that weak coupling in terms of the energy level can still have
a substantial effect on the oscillator strength. In Fig. 2�c�, the
oscillator strength of the first excited state is transferred to
the higher excited states sequentially as the bias increases,
which is due to the coupling of the uncoupled e1-hh1 excited
states and the e1-hh2 ground state.

B. Analysis in k¸ space

The mixing of excitons is attributed to the Coulomb in-
teraction of the excitons, which appears in the off-diagonal
element in Eq. �7�. In the following, we discuss the effect of
this term on the exciton envelope functions and the corre-
sponding oscillator strengths. We pick a bias field of
�26 kV/cm in an ADQW-30 that exhibits strong excitonic
mixing.

The valence subband dispersion is plotted in Fig. 3�a�,
where the hh1 and hh2 subbands are seen to anticross at
�0.15 nm−1 �vertical dotted line�. Figure 3�b� shows the
Coulomb matrix elements as functions of k� that are obtained
from Eq. �4� by taking the integral along �� and putting k��
=0, which shows the approximate trend of the k�-dependent
Coulomb interaction �in the calculation, the full two-
dimensional �k� ,k���-dependence should be considered�. The
diagonal elements �V11,11 ,V12,12� have their largest values
near k� =0 and decrease gradually until the two subbands
anticross following which they decrease more rapidly and
fall to zero. Thus the resulting k�-dependent G11

1s,UC for the
uncoupled ground-state exciton originating in the e1-hh1
subband pair, for example, has very little contribution after
the anticrossing k� value, as shown in Fig. 3�c�. This leads to
the negligible oscillator strength integrand GI11

1s,UC in the cor-
responding k� range �solid line in Fig. 3�d��, where GInm

l�

represents the integrand Gnm
l� �k��Inm

� �k�� in Eq. �6�. On the
other hand, the off-diagonal element V11,12 that represents the
Coulomb interaction between the e1-hh1 and e1-hh2 sub-
band pairs begins to increase from zero at k� =0 and reaches
its maximum at the value of k� near the anticrossing, which
exceeds V11,11 in this sample at the given bias field. This
means that the Coulomb coupling of the e1-hh2 to the

FIG. 2. �Color online� Energy levels and oscillator strengths of
excitons in ADQW-12 as a function of the bias field strength. �a�
Energy levels of excitons �solids from the lowest to highest: from
ground to fourth coupled excitons E�s,C, lower dashed: E11

1s,UC, up-
per dashed: E12

1s,UC�. Oscillator strengths of �b� uncoupled ground-
state excitons f11�2�

1s,UC �solid� and their sum �dashed� and �c� coupled
excitons f�s,C up to fourth excited states �solid� and their sum
�dashed: total sum and dotted: sum except f1s,C, which shows the
sequential transfer of oscillator strength to higher state�. �d� and �e�
are the same as those of Fig. 1.
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e1-hh1 subband pair is larger than the Coulomb interaction
between the e1 and hh1 subbands. As a result of the cou-
pling, the lowest exciton expansion coefficients G1s,C is ex-
pressed as a mixture of the basis G11

1s,C and G12
1s,C whose

k�-dependent profiles significantly differ from the uncoupled
expansion coefficients Gnm

1s,UC. The basis G11�2�
1s,C for the

coupled state in Fig. 3�e� retains substantial values even after
the anticrossing k� while Gnm

1s,UC in Fig. 3�c� does not. Con-
sequently, the overall value of GI1s,C of the ground state for
the coupled case in Fig. 3�f� that is obtained by adding GI11

1s,C

and GI12
1s,C has a significantly larger contribution than the

sum of the uncoupled ones �GI11
1s,UC and GI12

1s,UC in Fig. 3�c��
after the anticrossing k� value. By following the same proce-
dure, the coupled first excited state G2s,C that corresponds to
the uncoupled e1-hh2 ground-state exciton is found to have
negligible oscillator strength as shown in Fig. 3�h�.

In summary, neglecting the Coulomb coupling between
different subband pairs in a sample that exhibits strong VBM

results in diminishing the contribution of the k�-dependent
subband pairs after the anticrossing k� value, which leads in
turn to the underestimation of the oscillator strength, break-
ing the f-sum rule.

C. Almost-degenerate perturbation theory

Almost-degenerate perturbation theory was applied to the
uncoupled states of ADQW-30 to account for the mixing of
excitons. In this case, the mixed states are expressed as a
linear combination of the uncoupled states as in Eq. �11�.
Employing the two uncoupled ground states G11

1s,UC and
G12

1s,UC only as a basis set for the purpose of obtaining the
coupled ground and first excited states, however, did not
yield accurate energy levels or oscillator strengths, as shown
in Figs. 4�a� and 4�b�; the sum of the oscillator strengths is
exactly the same as that of the uncoupled ground states due
to the unitarity of the transformation to diagonalize the per-

FIG. 3. �Color online� �a� Energy dispersions of four highest valence subbands, �b� one-dimensional diagonal and off-diagonal Coulomb
matrix elements, �c� expansion coefficients of uncoupled ground-state excitons, �d� integrands of oscillator strengths of uncoupled ground-
state excitons in Eq. �6�, �e� components of coupled ground-state excitons in Eq. �8�, �f� the corresponding integrands of oscillator strengths
�dotted and dashed� and their sum �solid�, �g� components of coupled first excited-state exciton in Eq. �8�, and �h� the corresponding
integrands of oscillator strengths �dotted and dashed� and their sum �solid� as a function of the in-plane wave vector in ADQW-30 at the bias
field of �26 kV/cm. The vertical dotted line indicates the wave vector where hh1 and hh2 subbands anticross.
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turbation matrix �see the Appendix�. It is found that incorpo-
rating only the ground states of the uncoupled excitons ob-
tained including VBM as a basis set is insufficient to account
accurately for the strongly mixed exciton states �however,
neglecting the VBM �i.e., constant effective mass� and incor-
porating the uncoupled ground states may yield valid
results13,14�. The same results as those obtained from the full
mixing model were obtained by incorporating up to ten ex-
cited uncoupled states as shown in Fig. 4�e�. The results in
Figs. 4�c� and 4�d�, obtained by using only two ground
states, however, show that in the bias range from �25 to
�31 kV/cm the majority of the oscillator strength in the
lowest exciton state is attributed to the uncoupled upper
ground-state exciton G12

1s,UC as a result of strong mixing be-
tween the two uncoupled ground-state excitons caused by the
Coulomb interaction.

IV. SUMMARY

The mixing effect of excitons originating in different sub-
band pairs in ADQWs was investigated in the range of elec-
tric field where the two highest heavy-hole subbands mix
strongly in their dispersions. In this bias range, neglecting
the Coulomb interaction between the two subband pairs in
the inclusion of the valence band mixing effect introduces
significant error in both the energy levels and the oscillator
strengths of the corresponding excitons when the middle bar-
rier is thick. Even in ADQW-12 where the middle barrier is
relatively thin and the energy difference between the un-
coupled and the coupled excitons is smaller than 1 meV, the
sum of the oscillator strengths was only �66% of the correct
value. This implies that neglecting the mixing of excitons at
the anticrossing in designing optical devices that utilizes
ADQW structures is logically inconsistent and can lead to
invalid estimates of device performances. Detailed wave-
vector-dependent analysis of the Coulomb matrix elements
and the expansion coefficients revealed the reason for the
breakdown of the f-sum rule when the mixing effect was
ignored: neglecting the Coulomb coupling between different
subband pairs results in diminishing the contribution of the
k�-dependent subband pairs after the anticrossing k� value,
which leads to the underestimation of the oscillator strength.
In addition, it was found that applying almost-degenerate
perturbation theory to the uncoupled ground-state excitons
for the purpose of including the mixing effect can also lead
to erroneous results due to the insufficient number of basis
functions.
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APPENDIX

The oscillator strengths of the uncoupled ground-state ex-
citons f11�2�

1s,UC are calculated from Eq. �6� as

f11�2�
1s,UC � �GI11�2�

1s,UC�2, �A1�

and their sum fsum
1s,UC is

fsum
1s,UC = f11

1s,UC + f12
1s,UC � �GI11

1s,UC�2 + �GI12
1s,UC�2. �A2�

The application of the almost-degenerate perturbation theory
to the two uncoupled ground states yields two mixed states

GADP
1s,C = c1G11

1s,UC + c2G12
1s,UC

and

GADP
2s,C = c2G11

1s,UC − c1G12
1s,UC, �A3�

where c1 and c2 are the elements of the eigenvectors that are
obtained by diagonalizing Eq. �9�, which are normalized
�c1

2+c2
2=1�. From Eq. �6�, the corresponding oscillator

strengths are

FIG. 4. �Color online� Bias-dependent energy levels and oscil-
lator strengths of excitons of ADQW-30 that are obtained by apply-
ing the almost-degenerate perturbation �ADP� theory. �a� Energy
levels of excitons obtained by ADP with two bases Eex

�s,ADP that
show notable deviation from E�s,C. Oscillator strengths of coupled
excitons �solid� from ADP with �b� two bases and �e� ten bases and
their sum �dashed�. Oscillator strengths of the coupled �c� ground-
state and �d� first excited-state excitons from ADP with two bases
�solid� and the contributions to it from e1-hh1 �dotted with marks�
and e1-hh2 �dotted� subband pairs.
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f1s,ADP � �c1GI11
1s,UC + c2GI12

1s,UC�2

and

f2s,ADP � �c2GI11
1s,UC − c1GI12

1s,UC�2. �A4�

Adding f1s,ADP and f2s,ADP after taking the modulus square yields the same expression as fsum
1s,UC in Eq. �A2�.
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