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The Ge�105� surface has attracted attention recently, both from interest in the reconstruction itself and
because the facets of three-dimensional hut clusters which form during heteroepitaxy of Ge on Si�001� are
strained Ge�105� surfaces. We present density functional theory �DFT� studies of this surface using local basis
sets as a preparation for O�N� DFT studies of full hut clusters on Si�001�. Two aspects have been addressed.
First, the detailed buckling structure of the dimers forming the surface reconstruction is modeled using DFT
and tight binding; two different structures are found to be close in stability, the second of which may be
important in building hut-cluster facets �as opposed to perfect Ge�105� surfaces�. Second, the accuracy that can
be achieved using local basis sets for DFT calculations is investigated, with O�N� calculations as the target.
Two different basis sets are considered: B splines, also known as blips, and pseudoatomic orbitals; B splines
are shown to reproduce the result of plane-wave calculations extremely accurately. The accuracy of different
modes of calculation �from non-self-consistent ab initio tight binding to full DFT� is investigated, along with
the effect of cutoff radius for O�N� operations. These results all show that accurate, linear-scaling DFT
calculations are possible for this system and give quantitative information about the errors introduced by
different localization criteria.
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I. INTRODUCTION

Vicinal semiconductor surfaces have been the subject of
numerous investigations recently, because of their recon-
structions, step structures, and other nanoscale structure.1

The Ge�105� surface, in particular, is important because of its
major role in the energetics of the self-assembled nanostruc-
tures known as “hut clusters” that are formed when Ge is
epitaxially deposited on the Si�001� surface.2 However, de-
spite this importance, the exact details of the reconstruction
are still under investigation. While there is good experimen-
tal data on the Ge�105� surface, there is little direct evidence
about the structure on hut-cluster facets, and almost nothing
is known about how the facets of hut clusters, and hut clus-
ters themselves, grow. In this paper, we show that there are at
least two related structures for Ge�105� which we expect to
be important during the growth of hut clusters. We also
present details of the localized-orbital investigation we have
used in preparation for linear-scaling density functional
theory �DFT� calculations of full hut clusters.

The Ge/Si�001� system has been extensively studied as a
prototypical example of hetero-epitaxial Stranski-Krastanov
growth.3–5 There is also considerable technological interest
in the system, because of its application in optoelectronic
devices. The lattice parameter of bulk Ge is larger than that
of Si by 4.2%. When Ge atoms are deposited on Si�001�,
growth initially occurs layer by layer, up to a critical thick-
ness of about three monolayers. In this two-dimensional
structure, strain due to the lattice mismatch is relieved by the
formation of regularly spaced rows of dimer vacancies, re-
sulting in the 2�N structure.6–8 It is reported that an M
�N structure can follow this structure under some growth
conditions.9,10 Deposition of further Ge leads to the forma-

tion of the three-dimensional �3D� pyramidlike structures
called hut clusters.2 The four facets of these hut clusters are
well established to be �105� surfaces. Deposition of still
more Ge causes the formation of other 3D structures called
“domes” having steeper facets.11,12 It is recognized that the
stability of hut clusters must be governed by �a� the strain
energy of the material in the clusters and in the underlying
substrate and �b� the surface energy of the facets and to a
lesser extent of the edges where the facets meet each other
and the wetting layer. Since the �105� facets in hut clusters
are themselves strained by comparison with the �105� surface
of unstrained Ge, the energetics of the strained Ge�105� sur-
face is crucial to an understanding of the stability of hut
clusters.

In spite of this importance of Ge�105�, its equilibrium
structure was speculative until recently. Initially, the paired-
dimer �PD� model2,13 for this structure was proposed, as
shown in Fig. 1�a�. In this model, the paired dimers are sepa-
rated by steps of the types called SA and SB. In SA steps,
dimer rows are parallel to the step, whereas in SB, they are
perpendicular. The SB steps can, in general, be either un-
bonded or rebonded. In the paired-dimer model, they are
unbonded. The dangling bonds present in this model are en-
ergetically unfavorable, and to overcome this the rebonded
SB step �RS�, dimer model was proposed,14–16 where one
dimer is added at the SB step. This is illustrated in Fig. 1�b�.
Recently, the structure of Ge/Si�105� was studied by a com-
bination of scanning tunneling microscopy �STM� measure-
ments and DFT calculations by Fujikawa et al.15 They
showed that RS model is more stable than the PD model, and
this is supported by the agreement between STM images
calculated using the RS model and experimental images.15–17

Interestingly and importantly, the DFT calculations showed
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that the RS model of Ges�105� is more stable than the
Ge�001� surface when there is compression in the plane.18–20

An approach that has been used in the past to model the
similar huts that form when InAs is deposited on the GaAs
�001� surface is to treat the material in the cluster and sub-
strate by continuum elasticity theory and to treat only the
energetics of the surface by DFT.21–23 For the stability of
Ge/Si hut clusters, this hybrid approach was recently used
by Shklyaev et al.24 and by Lu and Liu.25 Both works re-
ported that the energy difference between the strained
Ge�105� facets and 2�N surfaces, although its sign is dif-
ferent between them, is very small. Because of this fact, they
pointed out the important role of edge energies �that is, the
energy due to sharp edges between facets�, which are usually
difficult to evaluate in such studies. Presumably, this hybrid
approach, in which continuum and electronic-structure meth-
ods are combined, should become correct in the limit of very
large nanostructures. However, to our knowledge, no infor-
mation is available about the validity of this approach for the
size of hut clusters studied experimentally. Certainly, for the
smaller-scale structures believed to be involved in the nucle-
ation of hut clusters, the validity of hybrid approaches must
be in doubt. It therefore seems very desirable to attempt to
model the entire hut-cluster system by a single modeling
technique, preferably DFT. The ability to do this would make
it possible to assess the errors of hybrid calculations. In fact,
the energetics of Ge/Si huts has already been studied by
Wagner and Gulari using a single atomistic method.26 How-
ever, the accuracy of their empirical interatomic potentials
for the energetics of the strained surfaces, the edges, and the
top of the hut cluster is doubtful. These are the reasons why
we wish to work toward a full DFT treatment of the entire
hut clusters. In this paper, we present a careful investigation
of the Ge�105� reconstruction with local orbital DFT meth-
ods and test the accuracy and validity of linear-scaling DFT
for this system. This technique will be required for the DFT
calculations on full hut clusters which are our final target and
will be presented in a future work.

The development of DFT methods designed to work effi-
ciently for very large systems has made rapid progress in the
past few years. In particular, DFT techniques in which the
computer effort and memory scale linearly with the number
of atoms are now well established.27–31 This linear-scaling

capability, also called O�N�, is essential for modeling sys-
tems containing many thousands of atoms, because the
steeper scaling of conventional electronic-structure tech-
niques makes it difficult to apply them to systems of more
than �1000 atoms. An important feature of our own CON-

QUEST linear-scaling DFT code31–33 is that it can be operated
at different levels of precision.34 For rapid calculations, it
employs atomiclike basis sets and can be run with or without
electronic self-consistency. If greater accuracy is required, it
can employ B spline basis sets,35 which allow convergence
to the basis-set limit in a way that closely resembles plane-
wave techniques. Demonstrations of the practical linear-
scaling capability of CONQUEST for systems of many thou-
sands of atoms running on parallel computers were reported
several years ago.36,37 Exploratory CONQUEST calculations on
Ge/Si hut clusters have already been reported,38 but these
were designed only to test the feasibility of determining the
electronic ground state of very large systems �we examined
systems of up to 23 000 atoms�. To have confidence in such
calculations, it is clear that we must demonstrate their reli-
ability both for strained bulk Si and Ge and for the energetics
and equilibrium structure of the Ge�105� surface. This is one
of the main aims of the present paper.

The rest of the paper is organized as follows. In the next
section, we summarize the theoretical techniques, with the
main emphasis on the O�N� methods used on CONQUEST. In
Sec. III, we then present our re-examination of the relaxed
structures and energetics of the strained Ge�105� surface us-
ing a combination of tight-binding and plane-wave tech-
niques. We shall point out there that the Ge�105� structures
relevant to hut clusters may not be only those of lowest
energy. We then �Sec. IV� report the work undertaken to test
the validity of the localized-orbital and linear-scaling DFT
methods. This work consists of several different parts: First,
we examine unstrained and strained bulk Ge at the various
levels of precision offered by CONQUEST, going from non-
self-consistent DFT tight binding to full DFT at the basis-set
limit. We then study strained Ge�105� using the same range
of techniques. The final tests concern convergence with re-
spect to the spatial cutoffs controlling O�N� operation. The
paper concludes �Sec. V� by discussing what the present
work tells us about the prospects for accurate DFT calcula-
tions on large hut clusters using linear-scaling DFT tech-
niques.

II. CALCULATION METHODS

The standard way of calculating relaxed surface structures
and energies is by the plane-wave pseudopotential technique,
and we use this in some of the present work. It is compre-
hensively outlined in books and reviews39,40 and needs no
description here. We base our DFT-pseudopotential calcula-
tions on the local density approximation �LDA� using the
standard Ceperley-Alder exchange-correlation functional.
We choose to use LDA, rather than the generalized gradient
approximation �GGA�, because of evidence that surface for-
mation energies are significantly more accurate with LDA
than with GGA.41 We use Troullier-Martins norm-conserving
pseudopotentials.42 The plane-wave pseudopotentials were

FIG. 1. �Color online� Structure of �a� PD model and �b� RS
model of Ge�105� surface. Indices of the atoms of the dimers are
also shown in the figures. Atoms C and D do not exist in a PD
model.
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done using the STATE code.43

The LDA calculations of Ge�105� surfaces used a slab
geometry, though the number of layers in the slab was varied
to ensure convergence of surface energy with slab depth. For
all these calculations, the same simulation cell size was used,
with a vacuum gap which was always at least 12.8 Å. The
Brillouin zone was sampled using a 2�3�1 mesh, and all
calculations used a plane-wave cutoff energy of 16 Ry.

In addition to DFT, we have also made us of empirical
tight-binding �TB� calculations, for two reasons. The first
reason is that the cost of using CONQUEST for large complex
systems is much reduced if an initial relaxed structure is first
obtained with empirical TB. To do this in a controlled way, it
is essential to know something about the accuracy of the TB
model. The second reason is that TB gives a rapid way of
exploring candidate structures, and we use it in this way for
studying the Ge�105� surface. TB modeling has been re-
viewed extensively elsewhere.44 The Si-Si parameters45 and
Ge-Ge and Ge-Si parameters46 used here were fitted to the
cohesive energies and bulk moduli, with the Si-Si parameters
also fitted to the Si�001� surface. These parameters have been
used previously for studies of both Si�001� and Ge/Si�001�
and should be at least qualitatively reliable. The density ma-
trix had a cutoff of three hops applied �where a hop is
equivalent to a nearest-neighbor distance interaction�.

Since localized-orbital and linear-scaling DFT methods
are less well known, we give a brief summary here; for an
overview of linear-scaling methods, Ref. 27 is useful, while
Refs. 31 and 38 give details of the CONQUEST code. In the
CONQUEST approach, the Kohn-Sham density matrix ��r ,r��
is represented as

��r,r�� = �
i�,j�

�i��r�Ki�,j�� j��r�� . �1�

Here, the so-called support functions �i��r� �sometimes re-
ferred to as “localized orbitals” in related linear-scaling
methods� are functions that are nonzero only inside “support
regions” centered on the atoms, where i labels the atom and
� runs over the support functions on a given atom; the coef-
ficients Ki�,j� are the matrix elements of the density matrix in
the �generally nonorthogonal� “basis” of support functions.
In the CONQUEST code, the support regions are spheres of
cutoff radius Rreg centered on the atoms. In general, the func-
tions �i��r� can be varied and are themselves expressed in
terms of basis functions. The present version of CONQUEST

allows these basis functions to be either pseudoatomic orbit-
als or B splines �“blip” functions35�. For a given cutoff Rreg,
the ground state is sought by minimizing the DFT total en-
ergy with respect to the density matrix ��r ,r��, subject to the
conditions that �a� � is weakly idempotent �its eigenvalues all
lie between 0 and 1� and �b� � gives the correct number of
electrons. With ��r ,r�� expressed as in Eq. �1�, this means
that the �i��r� are optimized by variation of the coefficients
of their expression in terms of basis functions, and the Ki�,j�
are varied, subject to the two conditions just mentioned, until
the minimum energy is found. Whatever freedom is allowed
to the �i��r�, their confinement to the support regions is a
constraint, so that an upper bound to the ground-state energy,

rather than the ground-state energy itself, is obtained. This
constraint can be progressively relaxed by letting Rreg→�.

In practice, there are two distinct ways of obtaining the
ground state. One way is, for fixed �i��r� and electron den-
sity, to replace variation of the Ki�,j� by the equivalent di-
agonalization of the Kohn-Sham Hamiltonian. Variation of
the electron density to achieve self-consistency and variation
of the �i��r� are performed in outer loops. This does not
yield linear-scaling behavior, since diagonalization is an
O�N3� operation. Nevertheless, this mode of operation will
still be rapid for systems of up to a few hundred atoms. To
achieve complete linear scaling, a cutoff must be imposed on
the density matrix Ki�,j�. The procedure used for this in CON-

QUEST is that of Li-Nunes-Vanderbilt �LNV�,47 in which K is
expressed in terms of an “auxiliary density matrix” Li�,j� by
the matrix relation

K = 3LSL − 2LSLSL , �2�

with Si�,j�	
�i� �� j�� the overlap matrix of support func-
tions. A spatial cutoff RL is then imposed on the L matrix:
Li�,j�=0 for �Ri−R j��RL, where Ri are the atomic positions.
The reason why this procedure automatically yields weak
idempotency is described in the original papers.

With either diagonalization or LNV linear scaling, the
ground-state search is organized as three nested loops: �1�
calculate the ground-state density matrix with fixed electron
density and support functions, �2� vary the electron density
to achieve self-consistency with fixed support functions, and
�3� vary the support functions to achieve minimum energy.

This means that calculations can be done at different lev-
els of precision. If only loop �1� is performed, we obtain
non-self-consistent ab initio tight binding �hereafter, NSC-
AITB�, which is similar to empirical TB, except that now the
matrix elements of the Hamiltonian and the other parts of the
total energy are calculated from the given pseudopotentials
and exchange-correlation energy, instead of being empiri-
cally parametrized. If only the first two loops are performed,
we obtain self-consistent ab initio tight binding �SC-AITB�.
When all three loops are used, we obtain the self-consistent
ground state in the basis used to represent the support func-
tions. The blip basis set provides a flexibility equivalent to
that of plane waves, so that if we allow Rreg→� and, in
O�N� operation, also RL→�, we recover the ground state
that would be given by a plane-wave code. We will refer to
calculations done with a large Rreg and an accurate blip basis
set as “full DFT.”

In the following, plane-wave results for the energetics of
Ge�105� provided by the STATE code are reported in the next
section. CONQUEST calculations performed both by diagonal-
ization and in O�N� mode are reported in Sec. IV.

III. RELAXED STRUCTURES OF STRAINED Ge(105)

In this section, we investigate the stability of the strained
Ge�105� surface, where the lattice parameters along the x and
y ��100� and �010�� directions are set to the one of bulk
silicon, aSi. We noted in Sec. I that the rebonded-step �RS�
structure of Ge�105� surface is believed to be more stable
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than the paired-dimer �PD� one. However, even within the
RS model, there is another degree of freedom: how to ar-
range the buckling of the dimers. We recall that on the
Si�001� and Ge�001� surfaces, the dimers making up the sur-
face reconstruction are buckled in a Jahn-Teller distortion; a
similar mechanism might be expected to apply here. As there
are at least three independent dimers in the RS structure of
Ge�105� �AB, CD, and EF atoms in Fig. 1�b� �Ref. 48��, it is
likely that there would be several local minima with respect
to the arrangement of the dimer bucklings. To our knowl-
edge, however, only one structure has been reported in pre-
vious work. It is not clear whether this one is the ground
state or only one of the local minima.49 It is important to
explore these structures for at least two reasons: first, the
facets of Ge hut clusters on Si�001� will have a strain which
may vary with position �high strain at the base of the hut and
low strain near the top� and it may be that different strains
affect the stabilities differently and, second, the different lo-
cal minima may be important during growth of new layers of
Ge�105� both on hut-cluster faces and on native Ge�105�
surfaces.

In the Ge�105� RS model in Fig. 1�b�, A, C, D, and F
atoms are threefold coordinated atoms. Among these four
atoms, we expect that two will become upper atoms �denoted
as U� having sp3-like bonds, and the other two atoms will
become lower atoms �denoted as L� having sp2 type bonds.
As a result, there are six cases to arrange the bucklings of the
dimers in the RS model, which are classified into the follow-
ing three types: �i� zigzag structure, atoms A and D are both
U or both L, while atoms C and F both L or both U; �ii�
parallel structure, atoms A and C are both U or both L and
atoms D and F are both L or both U; and �iii� flat structure,
atoms A and F are both U or both L and atoms C and D are
both L or both U.

In this work, we have optimized the atomic positions and
calculated the total energies for the six cases, first by using
semiempirical TB calculations. Then, starting from the opti-
mized atomic positions obtained by the semiempirical TB
method, we have employed structure optimization using the
plane-wave LDA method. As a result of the calculations, we
have obtained six different locally or globally stable struc-
tures.

In order to model these �105� surfaces, we use a repeated
slab model having the two equivalent surfaces in both ends.
Surface unit cells are �� −5

2
�aSi 0 � 1

2
�copt� and �0 �Si 0�. Here,

copt is the optimized lattice parameter along the z direction of
the strained bulk Ge, whose lattice parameters along x and y
are set to be aSi �for more details, see Sec. IV B�. In this
section, we show the results for the slab with ten layers of
Ge�105�, which can be thought of as equivalent to eight
Ge�001� monolayers with additional Ge atoms to make the
vicinal surfaces. We have checked that the energy change by
increasing the thickness of the slab is only a few meV per
surface dimer.

The calculated energies by semiempirical TB and plane-
wave LDA methods are shown in Table I; in each case, the
energies are presented as an energy per surface dimer, rela-
tive to the most stable case. We can see that the relative
stabilities of the zigzag and parallel structures by plane-wave
calculations are qualitatively reproduced by the semiempir-
ical TB calculations. The maximum forces calculated by
plane-wave LDA calculations for the initial atomic positions,
which were optimized by the TB calculations, are about
0.6 eV/Å, which is small enough not to change the structure
drastically. In the zigzag structures, the direction of the buck-
lings alternates along the dimer rows everywhere. For the
zigzag-A structure, the tilt angle from the xy plane of the
dimers CD, AB, and FE are 19.3°, 9.6°, and 9.6°, respec-
tively. In the parallel structures, a dimer at the step edge �C
and D atoms� also shows a buckling, but its direction is the
same as that of the neighbor dimer and the degree of buck-
lings is smaller than that of zigzag structures. The tilt angle
of the dimers CD, AB, and FE are 18.6°, 8.6°, and 8.0°,
respectively, in parallel-A structure. This may explain why
the parallel structures are less stable than the zigzag struc-
tures.

On the other hand, the heights of the two atoms of the
dimer at the step edge are almost the same in the flat struc-
tures. From Table I, we can see that the present semiempir-
ical TB calculations fail to reproduce the stability of the flat
structures and the energy difference of the two flat structures,
even qualitatively. Although its energy in the TB method is
very high, the flat-A structure is the most stable in the plane-
wave LDA calculations. This structure is the same as the one
reported previously, and it has a feature that the changes of
the heights at the step edges are small because the atoms �C
and D� forming the dimer at the step edge are both lower
atoms. As these two atoms are both upper atoms in the flat-B
structure, the gap of the heights at the step edge is much
larger in the flat-B structure. Therefore, the structures of

TABLE I. Total energy of the six models of the strained Ge�105� surface calculated by semi-empirical TB
and plane-wave LDA calculations. All energies are relative to the zigzag-A structure.

Model

Buckling
TB

�meV/dimer�
LDA

�meV/dimer� NameA C D F

Zigzag A U L U L 0 0 Type I

Zigzag B L U L U 2 35

Parallel A U U L L 68 80

Parallel B L L U U 112 133

Flat A U L L U 201 −61 Type II

Flat B L U U L 211 245
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these two “flat” models are completely different and it is
reasonable that LDA results show large energy difference
between the stability of the two flat structures. �On the other
hand, as we expect, the energy difference of the two zigzag
structures and that of the two parallel structures are not
large.� Although the TB calculations are not reliable for the
energetics of the flat structures, the optimized structure by
the method seems to be close to those by plane-wave LDA
calculations. The maximum forces on an atom calculated us-
ing LDA for the optimized structures from the TB calcula-
tions are 1.26 and 0.52 eV/Å for the flat-A and flat-B struc-
tures, respectively. While these forces are sufficiently large
to require further relaxation, they are not so large that they
will result in a different local minimum structure after struc-
tural relaxation. This fact is important for our future large-
scale DFT calculations on the Ge/Si�001� hut clusters, as it
means that we will be able to obtain stable Ge �105� facets
and avoid local minima problems by starting from TB re-
laxed structures.

Among the six structures, we consider two structures as
important candidates for the facet structures of Ge/Si�001�
hut clusters: the most stable, the flat-A structure, and the
second most stable, the zigzag-A structure. Hereafter, we re-
fer to the zigzag-A structure as type I and flat-A structure as
type II structures, respectively.

There are two reasons why we consider the type I struc-
ture to be important. First, the energy difference between
type I and the most stable structure �type II� is small. From
the LDA calculations of the various structures of the Ge�001�
surface reported in Ref. 50, we can see that the energy gain
to make the buckled �asymmetric� dimer and the one by
forming a zigzag structure are 294 and 87 meV/dimer, re-
spectively. These values are much larger than the energy dif-
ference between the type I and II structures. Considering that
the flip-flop motion of the dimers in the Ge�001� surface
occurs at room temperature, it may be possible that the sta-
bility of types I and II would change if we introduce entropic
effects. Furthermore, these structures may well be important
for growth of Ge�105� facets: When one or a few Ge ada-
toms are put on the surfaces, the order of the stability of the
surfaces may change.

Second, the type I structure may well be important for the
structure of hut-cluster faces near the edges. The buckling of
the type I �zigzag-A� structure can be determined locally for
each dimer pair, while three dimers are required to obtain the
buckling of the type II structure; in this sense, the type II
structure is nonlocal and cannot accommodate irregular sites,
such as impurities or edges of the faces. As the area of the
facets of Ge/Si�001� hut clusters is finite and not large
enough to treat them as infinite surfaces, we cannot neglect
the effect of the end of the facets. Thus, we think that type I
surface may be more stable as the facets of the Ge/Si�001�
hut clusters, especially for the small ones. The structural
model of zigzag B is also stable in energy. However, the
structural feature of this model is almost the same as that of
zigzag A and it is enough to study the type I structure only.

The optimized structures of the type I and II surfaces are
shown in Fig. 2, and their structural parameters are listed in
Table II. To ensure that these results are not an artifact of the
functional chosen, we have also calculated the stabilities us-

ing GGA. The energy difference between the two structures
is almost the same �51 meV/dimer�; however, the absolute
values of the surface energies are rather different.

IV. LOCALIZED-ORBITAL DENSITY FUNCTIONAL
THEORY

In this section, we investigate the accuracies of the differ-
ent methods offered by CONQUEST, namely, NSC-AITB, SC-
AITB, and full DFT calculations, for unstrained and strained
Ge �these different levels of calculation are outlined in Sec.
II�. The reliable calculation conditions for the full DFT cal-
culations by CONQUEST are also examined here. As the accu-
racies of the different methods and the calculation condition
for the full DFT calculations by CONQUEST are not related to
the O�N� method, we study them by using a diagonalization
technique. The accuracy and the calculation conditions intro-
duced by the O�N� method are investigated only in Sec.
IV D.

Here, we need to make a comment for the basis set used
for the NSC-AITB and SC-AITB calculations. For these cal-
culations, we first need to define a set of localized orbitals to
express the support functions, and we use a single zeta basis
set of pseudoatomic orbitals �PAOs� in this study because its
calculation cost is low. In the choice of the single zeta basis
set, we have a degree of freedom for the localization of the
PAOs �or energy shift in the context of SIESTA code28�. For
our study on Ge/Si systems, it is important to reproduce the
lattice mismatch between the Ge and Si systems. In addition
to this, there is a problem in LDA or GGA calculations for
the semiconducting bulk Ge that the band structure shows a
metallic behavior if we use a lattice parameter slightly larger
than the experimental one; as well as being unphysical, this
will be particularly bad for O�N� calculations which rely on
the locality of the density matrix. From these reasons, we
have decided to use PAOs, which reproduce the experimental
lattice parameter of bulk Ge and bulk Si by the SC-AITB
method. The accuracy of our NSC-AITB and SC-AITB
methods depends on the present choice of the localized-
orbital basis sets, and we show them for the unstrained or
strained Ge systems in the following sections.

A. Bulk germanium

We start from the simplest system, that is, unstrained bulk
Ge with diamond structure. Figure 3 shows the total energy

FIG. 2. �Color online� Two types of Ge�105� surface structures.
Indices of atoms are same as those in Fig. 1�b�.
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of bulk Ge as a function of the lattice parameter using NSC-
AITB and SC-AITB methods. The experimental lattice pa-
rameter is 5.654 Å, and, as we have already mentioned, the
present basis set is chosen so that the optimized one by the
SC-AITB is close to the experimental value �+0.2% �. From
Fig. 3, we can see that the optimized lattice parameter from
the NSC-AITB method is about 0.4% larger than the experi-
mental value, which is very good agreement.

Next, we perform full DFT calculations of bulk Ge using
CONQUEST. When the support functions are represented by a
basis of B splines �blip functions�, there are two independent
parameters which control the accuracy of the method: the
region radius of the support functions Rreg and the spacing of
the cubic grid on which the blips are defined, known as the
blip-grid spacing b.

We first study the region radius dependence of the total
energy. Figure 4 shows the total energy of bulk Ge with the
experimental lattice parameter as a function of Rreg using the
fixed blip-grid spacing b=0.34 Å. From the figure, we can
see that the error of the total energy of bulk Ge is smaller
than 0.2 eV/atom if we use Rreg larger than 3.8 Å. This is
about 7 mhartree/atom, which is comparable to the toler-
ances used, for instance, when creating ultrasoft pseudopo-
tentials, and should be acceptable. However, it should be
noted that it is unclear how these errors will change when we
calculate different Ge systems.

Next, we examine the total energy dependence on the
blip-grid spacing. Figure 5 shows the total energy of bulk Ge
obtained by using different blip-grid spacings b, with the
fixed region radius Rreg=3.85 Å. Here, the horizontal axis is
expressed by a cutoff energy which is defined35 as Ecut

=	2� 

b

�2 /2me. The total energy as a function of the lattice
parameter, with several blip-grid spacings, is illustrated in
Fig. 6. From these figures, as we have expected, we can see
the convergence property with respect to blip-grid spacing is
similar to the one in the usual plane wave calculations with
respect to cutoff energies. If we use coarse blip grids, which
corresponds to using small cutoff energies in plane-wave cal-
culations, the optimized cell length is larger than the con-
verged value. We can see that the converged optimized cell
length �−1.0% of the experimental cell length� is close to
other LDA calculations.51,52 From Figs. 5 and 6, we can con-
clude that b=0.34 Å is reliable enough for the blip-grid
spacing. The errors in the total energy using this value as a
blip-grid spacing is less than 0.13 eV/atom �or about
4 mhartree/atom�. We expect that the errors in relative ener-
gies will be much smaller than this, because the above error
in total energy mainly comes from the core region, and will
be the same in different environments. We note that typical
plane-wave calculations rarely, if ever, use fully converged
energies, instead of relying on converged energy differences.

B. Strained bulk germanium by non-self-consistent ab initio
tight-binding, self-consistent ab initio tight-binding,

and full density functional theory methods

We are ultimately interested in the Ge/Si�001� system.
For the Ge layers or hut clusters on Si�001�, the Ge-Ge in-

TABLE II. Structural parameters of the two strained Ge�105� surfaces, whose structures are optimized by plane-wave LDA calculations.
For the indices of atoms, see Fig. 1�b�.

Type

Sum of bond angles �deg� Bond length �Å�

A C D F AB BC CD DE EF

I 283.6 355.7 280.5 349.9 2.58 2.40 2.50 2.56 2.51

II 286.0 339.5 346.8 285.0 2.54 2.41 2.44 2.43 2.56

FIG. 3. �Color online� Total energy of bulk Ge as a function of
a cell length calculated by NSC-AITB �closed circles� and SC-
AITB �open circles� methods. The arrows pointing to the curves
show the minimum points, while the arrow pointing to the horizon-
tal axis corresponds to the experimental cell length.

FIG. 4. �Color online� Dependence of the total energy of bulk
Ge on region radius Rreg, calculated by full DFT method using blip
functions.
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tralayer spacing is compressed along the x and y directions
by the silicon lattice parameter. As a result, the interlayer
distance along the z direction should be elongated to mini-
mize the energy with this constraint. In this section, we show
how accurate the different methods are to reproduce this situ-
ation quantitatively.

We have calculated the total energy of the strained bulk
germanium, whose lattice parameters along the x and y di-
rections are fixed as the experimental lattice parameter of
bulk silicon, aSi. Three different methods, NSC-AITB, SC-
AITB, and full DFT, are employed and the total energy is
calculated as a function of c �the lattice parameter along the
z direction�. The resulting energy curves are shown in Fig. 7.
We can see that the optimized length of c �copt� is almost the
same for both NSC-AITB and SC-AITB methods: copt is

1.082aSi for NSC-AITB, while it is 1.081aSi for SC-AITB.
The curvature of the energy around copt is also similar in both
methods. On the other hand, for full DFT calculations using
a blip function basis with Rreg=3.85 Å and b=0.34 Å, we
find that copt is 1.075aSi. We think that this small difference is
mainly due to the optimized cell length of bulk germanium
by a full DFT calculation being slightly smaller than the one
obtained by NSC-AITB or SC-AITB calculations, so that the
degree of the compression is smaller in full DFT calcula-
tions. As we are concerned with comparing different meth-
ods, it is sensible to reduce the number of differences be-
tween calculations, and we therefore use the same value for
the strain in all cases. Apart from this small difference, we
can conclude that SC-AITB or even NSC-AITB calculations
are able to reproduce the energetics of this strained bulk
germanium system to an accuracy of 1%.

C. Optimized structure and surface energy of strained
Ge(105) by non-self-consistent ab initio tight-binding, self-

consistent ab initio tight-binding, and full density
functional theory methods

Next, we study the stability of the strained surface
Ge�105� shown in Sec. III. The purpose of this section is to
clarify the accuracy of the different methods to calculate the
optimized structure, surface energy, and the relative stabili-
ties of the strained Ge�105� surfaces. As in Sec. III, one of
the lengths of the surface unit cell of Ge�105� is

� 5

2aSi�2+ � 1
2copt�2. Strictly speaking, the unit cell of Ge�105�,

which are intended to reproduce the Ge �105� facets grown
on the Si�001� surface, should be calculated with the opti-
mized c length copt calculated in the last section. However,
for all calculations in this work, we use the value found
using SC-AITB, copt=1.081aSi, because the difference of copt

FIG. 5. �Color online� Dependence of the total energy of bulk
Ge on blip-grid spacing, calculated by full DFT method using blip
functions. Blip-grid spacing is transformed to a corresponding cut-
off energy.

FIG. 6. �Color online� Total energy of bulk Ge as a function of
a cell length obtained by full DFT calculations using blip functions,
with different blip-grid spacings. The arrows pointing to the curves
show the minimum points, while the arrow pointing to the horizon-
tal axis corresponds to the experimental cell length.

FIG. 7. �Color online� Total energy of strained bulk Ge as a
function of a interlayer cell length �along the z direction�. Cell
lengths along the x and y directions are compressed to the lattice
parameter of silicon. The curves with filled and open circles show
the results by NSC-AITB and SC-AITB methods, respectively,
while the one with crosses shows the result by full DFT method
using blip functions. The arrows pointing to the curves show the
minimum points for each method.
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by different methods is very small and this will make com-
parisons considerably easier. It is important to note that, even
if we considered Ge�105� on Si�105� and thus used copt
=aSi, the length is 5.099aSi and its difference from the value
in this work, 5.1155aSi, is very small.

The structural parameters of the optimized atomic posi-
tions of the type I Ge�105� surface calculated using different
methods are shown in Table III. For comparison, the result
calculated by a semiempirical TB method and the one by the
plane-wave code STATE43 are also shown in the table. From
the table, we can see first that the agreement between the
result by full DFT with blip functions by CONQUEST and the
one by the plane-wave method is almost perfect. The opti-
mized structures by SC- and NSC-AITB methods also agree
well with the result from the plane-wave method, but the
differences from the plane-wave result, especially those in
the bond lengths, are larger. We also find that the optimized
structures calculated using SC- and NSC-AITB are almost
the same. The semiempirical method can also give good re-
sults, but the differences from the plane-wave result are
larger than those by NSC- or SC-AITB methods. These re-
sults suggest that if we start from the semiempirical method
and switch to NSC- or SC-AITB method and then to full
DFT method, we can increase the accuracy of the optimized
atomic positions step by step. A detailed comparison of the
CPU time required for the different methods, while interest-
ing, is rather difficult to perform: for linear-scaling tech-
niques, the time required depends on the accuracy chosen.
We are working on this problem and will present details in a
future publication; however, as a guide going from empirical
tight binding to NSC-AITB requires about ten times as much
CPU time, while going from NSC-AITB to full DFT again
requires about ten times the CPU time.

Next, we move to the surface energy. One standard
method for calculating surface energy is to evaluate the total
energy of slabs of different thicknesses until the change in
energy between successive calculations is a constant; a linear
fit can be made to these energies whose intercept gives the
surface energy. For the NSC-AITB case, we have performed
such a fit and have found that the convergence is such that
only two calculations are required to give the surface energy;
these have slabs of eight or ten �001� monolayers with extra
Ge atoms added to make the vicinal surfaces. The calculated
surface energies of the type I structure obtained by different
methods are shown in Table IV, together with the results by
semiempirical TB and plane-wave LDA methods.

For the full DFT calculations with blip functions by CON-

QUEST, we have found that the surface energy is sensitive to
the region radius Rreg, although the optimized atomic posi-
tions are almost the same. The reduction of the surface en-
ergy by changing Rreg from 3.85 to 4.23 Å is large and is
about 8.7 meV/Å2. We expect that a further increase of the
region radius would result in the reduction of the surface
energy. On the other hand, increasing the cutoff energy in the
plane-wave calculations would increase the surface energy,18

though it should be less than a few meV/Å2. Considering
these aspects and that CONQUEST and STATE use different
pseudopotentials, we can say that the result by full DFT with
blip functions is very close to the one by the plane-wave
code.

Moving from the blip basis to the minimal PAO basis, we
see in Table IV that NSC-AITB appears to agree with full
DFT rather better than SC-AITB. However, this must be due
to a happy cancellation of errors �which DFT, in general,
makes use of�, as full charge self-consistency must give a
more accurate description of a given system in general. This
cancellation appears to be transferable: When considering
the energy difference between the type I and type II struc-
tures, which is 61 meV/dimer from full DFT, NSC-AITB
gives 39 meV/dimer �with the same signs� while SC-AITB
gives 6 meV/dimer �with the opposite signs�. This poor per-
formance of SC-AITB must be related to the minimal basis:
with a more complete basis set, the agreement would im-
prove. We conclude that, due to a fortuitous cancellation of
errors, NSC-AITB with the present basis set is reliable for
strained Ge�105� surfaces and will give surface energies cor-
rect to a few percent, while SC-AITB is not reliable. Our

TABLE III. Structural parameters of the type I strained Ge�105� surface optimized by different methods. For the indices of atoms, see
Fig. 1�b�.

Type

Sum of bond angles �deg� Bond length �Å�

A C D F AB BC CD DE EF

Semiempirical 283.3 350.3 273.3 346.3 2.64 2.49 2.53 2.59 2.54

NSC-AITB 284.6 354.0 277.9 349.4 2.57 2.43 2.53 2.56 2.54

SC-AITB 276.9 355.2 273.7 351.0 2.59 2.44 2.56 2.59 2.55

Full DFT�Rreg=3.85 Å� 281.8 355.7 278.2 349.5 2.59 2.39 2.51 2.57 2.53

Plane wave 283.6 355.7 280.5 349.9 2.58 2.40 2.50 2.56 2.51

TABLE IV. Surface energy of the type I strained Ge�105� sur-
face. The result by a semiempirical TB method and the one by
plane-wave calculations are also listed for comparison.

Method
Surface energy

�meV/Å2�

Semiempirical 74.3

NSC-AITB 76.5

SC-AITB 81.5

Full DFT �blips, Rreg=3.85 Å� 83.5

Full DFT �blips, Rreg=4.23 Å� 74.8

Plane wave 71.0
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calculations of the stabilities of Ge hut clusters on Si�001�
will proceed on this basis.

In the end of this section, we report the strain dependence
of the surface energy of Ge�105� obtained by different meth-
ods. It has been previously reported that the surface energy
of Ge�105� type II surface is greatly reduced by
compression.18,19 On the other hand, the reduction of the
surface energy by strain cannot be reproduced by the empiri-
cal interatomic potential calculations.19 Thus, it is important
to clarify how reliable the NSC-AITB method is to repro-
duce the stability of the surface energy at different compres-
sions. It is also interesting to investigate the change of the
surface energy of type I structure, as this surface has not
been reported. For these purposes, we calculate the surface
energy of type I and II structures using two values as a lattice
parameter along the x and y directions; one is the experimen-
tal lattice parameter of bulk silicon as in the previous �and
present� section, and the other one is the experimental one of
bulk germanium, corresponding to the uncompressed case.

First, we calculate the surface energies by using plane-
wave LDA method. For the type II structure, the reduction of
the surface energy by the compression is 3.9 meV/Å2,
changing from 73.2 to 69.3 meV/Å2. In Ref. 19, the corre-
sponding value is about 6 meV/Å2. However, these values
are often sensitive to the lattice parameter chosen and the
parameters used in calculations, and this level of agreement
is rather good. For the type I structure, we have found that
the change of the surface energy is almost the same,
4.0 meV/Å2, changing from 7.50 to 71.0 meV/Å2. The
present result shows that the relative stability of the two sur-
faces is almost unchanged by the compression.

If we use the NSC-AITB method to calculate the surface
energy, the calculated surface energy changes from
83.5 to 75.6 meV/Å2 for the type II surface, and the reduc-
tion of the surface energy is 7.9 meV/Å2. For the type I
surface, it changes from 8.50 to 76.5 meV/Å2, and the re-
duction is 8.5 meV/Å2. Although we have small quantitative
errors in the NSC-AITB method, it successfully reproduces
two important aspects: �1� large reduction of the surface en-
ergy by compression and �2� the strain dependence of the
surface energy being almost the same for type I and II sur-
faces.

Finally, we comment on the results from the semiempir-
ical TB method. As we have reported in Sec. III, this method
cannot reproduce the relative stability of type II structure.
However, we have found that the reduction in surface energy
following compression mentioned above is reproduced by
the method. For type I surface, the surface energy changes
from 79.4 to 75.5 meV/Å2 and the change is 3.9 meV/Å2.
On the other hand, for type II structure, the change is much
smaller than the one by plane-wave LDA method. The reduc-
tion of the surface energy by the compression is only
2.0 meV/Å2. Although we have such errors in the semi-
empirical TB method, we think that the method is much
more accurate than the method by empirical interatomic po-
tentials for the stability of the strained Ge�105� surface.

D. Accuracy and calculation condition in linear-scaling density
functional theory calculations on strained Ge(105)

In this section, we introduce another type of approxima-
tion, which is needed to realize the O�N� method. As ex-

plained in Sec. II, the only parameter which controls the
accuracy of the O�N� method by CONQUEST is the cutoff
radius of the auxiliary density matrix, RL. Our main concern
here is to get the information about the accuracy and reliable
calculation condition for our future study on the Ge/Si�001�
hut-cluster systems.

The localization of the density matrix is closely related to
the energy gap of the system. We need smaller cutoff ranges
of the auxiliary density matrix RL for the systems having
larger energy gap. On the bulk silicon or carbon systems or
on those including a single impurity site, we showed the RL
dependence of the total energy.32,31 In a Ge/Si�001� hut-
cluster system with a wetting layer, as all the Si atoms are
four coordinated, we expect that the local density of states
for the Si substrate has a certain energy gap. On the other
hand, there are many threefold coordinated Ge atoms in the
facets of the hut cluster and the local density of states near
the facets is expected to have a narrower energy gap. Thus,
we expect that the reliable cutoff RL is mainly determined
near the facets of the Ge hut cluster. In this section, we study
the accuracy and the reliable calculation condition of the
strained Ge�105� surfaces. These results will help us to
evaluate appropriate simulation parameters for our future
O�N� study on the Ge/Si�001� hut clusters. As we expect, the
RL dependences of the total energy, forces, or the surface
energy are almost the same between NSC-AITB, SC-AITB,
and full DFT methods, and we use NSC-AITB method in
this work.

We have performed O�N� NSC-AITB calculations on the
type I and II structures of the Ge�105� surfaces shown in Sec.
III. For both systems, we use the atomic positions which are
optimized by a diagonalization method with the force crite-
rion of 0.1 mhartree/bohr �=0.0058 eV/Å� We have opti-
mized the density matrix using different RL and have calcu-
lated the total energy and forces. The surface energy is also
calculated by using the total energy of the two Ge�105� sys-
tems having eight or ten layers. Table V shows the total
energy and the maximum force for the ten-layer system and
the surface energy. For comparison, the results obtained by
diagonalization are also presented.

As we use the optimized atomic positions by the diago-
nalization method, the maximum force should become
smaller if we use larger RL. In addition, if we increase RL, the
total energy should be lower and closer to the value obtained
by diagonalization. The results in Table V clearly show these
behaviors. From the table, we can see that the error in the
total energy for the both surfaces is 0.03 eV/atom if we use
RL=10.8 Å. We can expect error cancellations for the differ-
ence of the energy, and, in fact, the calculated surface energy
is already almost converged if we use RL=10.8 Å. The en-
ergy difference between the type I and II surfaces is also well
converged at RL=10.8 Å, which is 37 meV/dimer, while it is
39 meV/dimer by the diagonalization. The errors in forces
are also small if we use RL larger than 10.8 Å. From these
results, we can conclude that RL=10.8 Å is a reliable cutoff
for the strained Ge�105� surfaces.

V. CONCLUSION

In this paper, we have performed a DFT study on the
strained Ge�105� surface. The surface is observed as a facet
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of Ge 3D islands on Si �001�, and the present study is moti-
vated by the desire to study these nanostructured systems
using DFT methods. This work can be divided into two parts:
�i� modeling of the strained Ge�105� surface and �ii� investi-
gation of the use of localized orbitals for the strained Ge
systems.

In the first part of the present study, using a combination
of tight-binding and pseudopotential and/or plane-wave DFT
calculations, we have considered the effect of buckling of
surface dimers on the stability and form of the reconstructed
Ge�105� surface. We have presented the total energy of six
possible relaxed structures of the strained Ge�105� surface
and have shown that the two lowest energy structures are
important for modeling of Ge �105� facets in the Ge/Si hut
clusters. The energy difference between these two structures
is only 61 meV/dimer. It was also pointed out that it will be
much easier to form irregular sites, such as the edges of the
surfaces, with the second most stable structure rather than the
most stable structure, owing to the locality of its buckling.

In the second part, for unstrained or strained Ge systems,
we have examined and clarified the accuracy of several DFT
methods, such as NSC-AITB, SC-AITB, and full DFT meth-
ods, which we can employ with localized-orbital basis sets. It
has been demonstrated that the DFT calculations with local-
ized orbitals using B-spline basis sets �blip functions� can
reproduce the results by pseudopotential and/or plane-wave
DFT methods very accurately. We have also shown that, ow-
ing to a fortuitous cancellation of errors, the NSC-AITB

method is reliable for calculating the stabilities of different
strained Ge systems, including Ge�105� surface. These facts
are very encouraging for our ongoing study on the
Ge/Si�105� systems. Note that it is straightforward to switch
from the NSC-AITB method to a more accurate method us-
ing our linear-scaling DFT code CONQUEST. The applicability
of linear-scaling DFT methods for this system has also been
studied in this paper. We have found that linear-scaling DFT
results are well converged for a cutoff radius on the auxiliary
density matrix larger than 10.8 Å.

We already showed in our previous work that it is now
possible to do DFT calculations on the systems containing
more than 10 000 atoms.36,38 This ability, coupled with the
results shown in the present paper, makes us confident that
we are now ready to perform DFT calculations on a nano-
structured Ge/Si system, which includes the entire Ge hut
cluster as well as the silicon substrate. Results of this study
will be presented in a future publication.
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