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Motivated by recent inelastic neutron scattering experiments on La-based cuprates and based on the fermi-
ology theories, we study the spin susceptibility for La-based �e.g., La2−xSrxCuO4� and Y-based �e.g.,
YBa2Cu3Oy� cuprates, respectively. The spin excitation in YBa2Cu3Oy is dominated by a sharp resonance peak
at the frequency 40 meV in the superconducting state. Below and above the resonance frequency, the incom-
mensurate �IC� peaks develop and the intensity of the peaks decreases dramatically. In the normal state, the
resonant excitation does not occur and the IC peaks are merged into commensurate ones. The spin excitation
of La2−xSrxCuO4 is significantly different from that of Y-based ones, namely, the resonance peak does not exist
due to the decreasing of the superconducting gap and the presence of the possible spin-stripe order. The spectra
are only enhanced at the expected resonance frequency �about 18 meV� while they are still incommensurate.
On the other hand, another frequency scale is also revealed, namely, the spectra are commensurate and show
local maximum at the frequency of 55 meV. We elaborate all the results based on the Fermi surface topology
and the d-wave superconductivity and suggest that the spin-stripe order is also important in determining the
spin excitation of La-based cuprates. A coherent picture for the spin excitations is presented for Y-based and
La-based cuprates.
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I. INTRODUCTION

Spin excitations in high-Tc superconductors have been in-
tensively studied by the inelastic neutron scattering �INS�
experiments in the past decade. Most of the INS experiments
are performed on YBa2Cu3Oy �YBCO� and La2−xSrxCuO4
�LSCO� samples. One of the most important results revealed
by the experiments in YBCO is the resonant spin
excitation,1–6 which is centered at the momentum �� ,�� and
the intensity decreases dramatically as the momentum devi-
ates from �� ,��. As the frequencies are below and above the
resonance frequency, the spin excitations are incommensu-
rate �IC� and the peaks disperse toward the momentum
�� ,�� as the frequencies are close to the resonance
frequency.7–9 Above the superconducting transition tempera-
ture �Tc� or possibly above the pseudogap temperature, the
resonant excitation disappears and the spectra are commen-
surate at all the frequencies.8–10 Besides YBCO, the reso-
nance peak is also observed in Bi2Sr2CaCu2O8+x,

11,12

Tl2Ba2CuO6+x,
13 and electron-doped samples

Pr0.88LaCe0.12CuO4−x,
14 with the resonance frequencies scal-

ing approximately with Tc in different systems12,14 as well as
in the same system with different doping densities.3–5

Recent experiments revealed that the dispersion of the IC
peaks in La-based ones is similar to that of the Y-based ones,
namely, the spin excitation is commensurate at the frequency
�c�50 meV, where a downward dispersion and an upward
dispersion are seen below and above �c, respectively.15,16 On
the other hand, the spin excitation of La-based ones is sig-
nificantly different from that of Y-based ones. Firstly, the
peak approaches to �� ,�� only when the frequency is close
to �c and the dispersion is weakly dependent on the fre-
quency at low frequencies.15,16 Secondly, the IC spin excita-
tion is observed even when the temperature is well above
Tc.

17–20 More importantly, the spin resonance peak, which is

expected to occur at the frequency around 18 meV �scaled
with Tc� in optimal doped LSCO, has not been observed
experimentally. The intensity of the commensurate peak at
the frequency �c is not strongest compared to the IC ones,
which is also different from that of the spin resonance peak
in Y-based systems. As the temperature crosses Tc, the inten-
sity is not enhanced suddenly either.15,16 Thus, the commen-
surate spin excitation is also significantly different from the
resonant excitation. In addition, very recently, the experiment
on LSCO sample revealed two frequency scales in the super-
conducting state,21 i.e., at low frequencies, the intensity of
the IC peak increases as the frequency increases and reaches
the maximum value at the frequency around 18 meV, while
the spin excitation exhibits a broad hump with the commen-
surate spin excitation occurring at 50 meV and the intensity
reaches the local maximum value at this frequency. Interest-
ingly, the low frequency scale is just the expected resonance
frequency in LSCO, which also suggests that there should be
a coherent picture for the spin excitations of YBCO and
LSCO.

Theoretically, there have been two possible explanations
for the spin excitations observed in the INS experiments.
One is based on the fermiology theories,22–40 namely, the
resonance peak is a collective spin excitation mode, and the
IC excitation is caused by the nested Fermi surface. This
scenario is rather popular in describing spin excitations of
YBCO materials. For La-based samples, it was proposed that
the disappearance of the resonance is due to the different
shape of the Fermi surface, namely, the Fermi surface is
suggested to be centered at �0, 0� rather than �� ,�� for La-
based cases, which is caused by the decrease of the nearest
neighbor hoping constant t�.22–25 However, recent angle re-
solved photoemission spectroscopy �ARPES� experiments
have shown that the Fermi surface of LSCO looks similar
to that of Y-based ones, i.e., it is also centered at �� ,��,
and the nearest neighbor hoping constant t� in LSCO
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samples is about 0.25–0.3 t, which does not cause a qualita-
tive change of the shape of the Fermi surface.41–43 To be
consistent with the ARPES experiments, a picture based on a
distorted Fermi surface, i.e., the Fermi surface expands along
the kx axis and shrinks along the ky axis, is proposed to
explain some of the characteristics of the magnetic excitation
of LSCO.44 Based on this scenario and the random phase
approximation �RPA�, the spin resonance is possibly very
weak, depending on the choice of the RPA factor. On the
other hand, the quasiresonance peak at �� ,�� still exists
even if the RPA renormalized factor r �Ref. 44� is much
smaller than Y-based ones. So, particularly for La-based
samples, an explanation that suggests the presence of the
dynamic stripes with a kind of 4-lattice-constant charge order
and 8-lattice-constant spin order to be the origin of the IC
peaks has attracted much interest.45–53 This picture offers a
natural explanation for the observation of a charge order sig-
nal whose wave vector is just twice of the IC magnetic wave
vector.54–56

The IC spin fluctuations associated with a stripe phase are
expected to be one dimensional, i.e., the IC peaks appear
either at the �q ,�� or �� ,q� direction, while most INS ex-
periments are, in fact, performed on twinned samples; thus,
along a given a or b direction, the domains with lattice spac-
ing a or b exist in equal proportion. So, all asymmetries
between the a and b directions will be covered up. The a-b
anisotropic IC spin excitation was first reported by Mook et
al. in partly detwinned YBa2Cu3O6.6 and was seen as a
strong support for the stripe phase picture,57 while later INS
experiments on fully untwinned YBCO samples revealed that
the IC peaks are actually two dimensional although a clear
a-b anisotropy exists.58 Thus, an alternative explanation for
the a-b anisotropy in YBCO samples is based on the nested

Fermi surface scenario, i.e., by taking into account the role
of the CuO chain or distorted Fermi surface.33–37 The a-b
anisotropic IC spin excitation was also reported in La-based
systems recently. This anisotropic feature is remarkably dif-
ferent from that of the YBCO and is actually one dimen-
sional, so it supports strongly the presence of the spin-stripe
order in this system.59

In this paper, motivated by the above observations on La-
based samples, we study the spin excitation of Y-based and
La-based cuprates based on the fermiology theories. We at-
tempt to understand the features of the spin excitation in
LSCO by comparing the similarities and differences of mag-
netic excitations between YBCO and LSCO. Apart from the
topology of the Fermi surface, the spin-stripe order seems to
play an important role in the spin excitation of La-based
cuprates. Thus, for La-based cases, we phenomenologically
take into account a possible 1 /8-lattice spin order by using
an IC wave vector in the vertex of the RPA factor �analogous
method being used by Morr and Pines in Ref. 27�. Since this
picture can also explain the spin dynamics of the bilayer
samples40 and the electron-doped ones,32 we here give a co-
herent picture of the spin dynamics of the high-Tc supercon-
ductors.

The paper is organized as follows. In Sec. II, we introduce
the model and work out the formalism. In Sec. III, we
present numerical results of the spin susceptibility for La-
based and Y-based cases, respectively. In Sec. IV, we inter-
pret the results. Finally, we give a brief summary in Sec. V.

II. MODEL AND FORMALISM

We start with a BCS bare spin susceptibility in a one-layer
superconducting system,

�0�q,�� =
1

N
�
k
�1

2
�1 +

�k�k+q + �k�k+q

EkEk+q
� f�Ek+q� − f�Ek�

� − �Ek+q − Ek� + i�
+

1

4
�1 −

�k�k+q + �k�k+q

EkEk+q
� 1 − f�Ek+q� − f�Ek�
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+
1

4
�1 −

�k�k+q + �k�k+q

EkEk+q
� f�Ek+q� + f�Ek� − 1

� − �Ek+q + Ek� + i�
� , �1�

where f�Ek� is the Fermi distribution function and Ek= ��k
2

+�k
2�1/2, with �k and �k the electron band dispersion and

superconducting gap function, respectively.
For different materials, different maximum gaps ��0� are

chosen, i.e., at the optimal doping, the superconducting gap
magnitude ��max� of the different systems at the zero tem-
perature limit scales linearly with Tc,

60–62 expressed by
2�max=5.5Tc. The bare normal state spin susceptibility is
obtained by setting T=Tc and �k	0. The band dispersion is
used by fitting qualitatively the Fermi surface as measured
by ARPES,63 written as �k=�ti�i, with t0−5=130.5,
−595.1, 163.6, −51.9, −111.7, 51 �meV�, and �0−5=1,
�cos kx+cos ky� /2, cos kx cos ky, �cos 2kx+cos 2ky� /2,
�cos kx cos 2ky +cos 2kx cos ky� /2, cos 2kx cos 2ky. The su-

perconducting gap function is taken as d-wave symmetry
with �k=�0�cos kx−cos ky� /2 and �0 being obtained by the
corresponding Tc.

Taking into account the electron-electron interaction, the
renormalized spin susceptibility is given by a RPA form,

��q,�� =
�0�q,��

1 − UQ�q��0�q,��
, �2�

with UQ�q� the spin-spin response function and expressed by

UQ�q� = U
cos�qx + Qx� + cos�qy + Qy��/2, �3�

where U is fixed at 210 meV in the following calculations.
The wave vector Q represents the effect of the spin order.
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For t-J-type model and probably suitable for most families of
cuprates, Q=Q= �� ,��, thus UQ=−U�cos qx+cos qy� /2,
which tends to suppress the incommensurability since it is
largest at the commensurate wave vector �� ,��. On the
other hand, for the La-based samples, we use Q=Q1
= ��±2� /8 ,�� by taking into account the possible
1 /8-lattice spin order �� depends on whether qx is greater
than � to ensure that the spectra are symmetric along the line
qx=��, so that UQ is largest at the IC wave vector Q1.

III. RESULTS

A. Evolution of the spin resonance for different systems

The renormalized spin susceptibility as a function of the
frequency for different Tc in the superconducting state with
Q= �� ,�� is plotted in Fig. 1. As is seen, the resonance
frequency �r decreases as Tc decreases. Moreover, as seen in
the inset of Fig. 1, �r is, in fact, proportional to Tc, i.e., �r
�5Tc, qualitatively consistent with the experimental
results.14 As reported by earlier experiments4,5,12 and theoret-
ical calculations,38–40 this linear relation also holds as the
doping level decreases from the optimal doping. Thus, in
cuprates, the relation for the resonance frequency �r and Tc
is, in fact, independent of the systems or doping densities.
On the other hand, we can see clearly in Fig. 1 that the
intensity of the resonance peak decreases as Tc decreases.
Note that for the samples with Tc=40 K, only quasireso-
nance occurs with a much weaker intensity. Therefore, the
resonance signals are not so clear for LSCO as for YBCO
even if the stripe order and the band difference are neglected.
As we will see below, the resonance in LSCO is suppressed
further by the 1/8-lattice spin order and becomes incommen-
surate at the expected resonance or quasiresonance fre-
quency.

B. Numerical results of spin susceptibility for La2−xSrxCuO4

Now, let us look into the spin susceptibility of LSCO with
Tc=40 K and Q=Q1. The imaginary parts of the spin sus-
ceptibilities at the wave vector Q= �� ,�� and IC wave vec-
tor Q�= �0.85� ,�� in the normal and superconducting states
are plotted in Fig. 2. As seen, the spectra show a peak-dip-

hump structure with two local maxima at about 18 and
55 meV in the superconducting state. The spin excitation at
the frequency of 55 meV may be commensurate because the
intensity decreases as the momentum shifts from Q to Q�.
The peak intensity at this frequency is slightly weaker than
that of the IC one at 18 meV. This two component feature is
well consistent with a very recent experiment.21 In the nor-
mal state, the intensity at the frequency 18 meV decreases,
and only one maximum at the frequency 50 meV exists,
while many features are still similar to that of the supercon-
ducting state, namely, the spin excitation is incommensurate
at low and high frequencies and the incommensurability is
very small at the frequency of 50 meV.

The intensity plots of the imaginary parts of the spin sus-
ceptibilities as functions of the momentum and frequency in
the superconducting and normal states are plotted in Figs.
3�a�–3�d�. At low frequencies, the spin excitation is along the
diagonal direction. A clear spin gap exists along the parallel
direction 
Fig. 3�a��. When the frequency increases, the spin
excitation along parallel direction is available and dominates
over that along the diagonal direction for the frequency
above 10 meV. As the frequency reaches about 18 meV, the

FIG. 1. The imaginary part of the spin susceptibility as a func-
tion of the frequency in the superconducting state, with Tc varying
from 40 to 100 K. The inset is the resonance frequency vs Tc.

FIG. 2. �Color online� The imaginary part of the spin suscepti-
bility as a function of the frequency at the commensurate momen-
tum Q and IC momentum Q� in the superconducting and normal
states, respectively.

FIG. 3. The intensity plots for the imaginary parts of the spin
susceptibilities as functions of the momentum and frequency in the

�a� and �b�� superconducting and 
�c� and �d�� normal states,
respectively.
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IC spin excitation reaches the maximum intensity. Then, the
intensity decreases as the frequency increases. Note that the
incommensurability depends weakly on the frequency when
the frequency is less than 40 meV. As the frequency in-
creases further, the intensity of the peak increases again and
the peak position approaches to �� ,�� quickly. At the fre-
quency of 55 meV, the spin excitation is commensurate and
the intensity reaches the local maximum. As the frequency is
above 55 meV, the IC peaks reappear and are dispersing
with an upward curvature. The dispersion does not change
much and also has an hourglass shape in the normal state, as
seen in Figs. 3�c� and 3�d�. Meanwhile, the spin gap is absent
in the normal state. These results agree well with experimen-
tal results in La-based ones.15–20

We turn to address a possible anisotropy caused by the
spin order. The intensity plot of the imaginary part of the
spin susceptibility as a function of the momentum is shown
in Fig. 4. The one-dimensional IC peaks along qx direction
are clearly seen, and the spin excitation is commensurate
along the qy direction. The direction of the IC excitation is
determined by the wave vector Q. Such one-dimensional
spin excitation in La-based cuprates is reported recently,59

which supports strongly the presence of the stripe order and
suggests that it should play an important role in determining
the spin excitation spectra.

C. Numerical results of spin susceptibility for YBa2Cu3Oy

For the case of YBCO samples with Tc=90 K and Q
=Q, the imaginary parts of the spin susceptibilities Im � as a
function of the frequency in the superconducting and normal
states are plotted in Fig. 5. In the superconducting state, Im �
is dominated by a sharp resonance at the frequency 40 meV.
In the normal state, the intensity decreases dramatically,
while it still has a broad peak at the frequency of 30 meV.
This result is significantly different from that of La-based
ones. Besides, there is only one frequency scale in the super-
conducting state in YBCO, i.e., the resonance frequency. Be-
low and above the resonance frequency, the intensity de-
creases dramatically.

The intensity plots for imaginary parts of the spin suscep-
tibilities as functions of the momentum and frequency in the

superconducting and normal states are shown in Figs.
6�a�–6�d�. As seen, the spin susceptibility is peaked at the
momentum �� ,�� at 40 meV in the superconducting state.
Below the resonance frequency, dominant IC peaks at the
momentum ��±	 ,�� and a subdominant structure along the
diagonal lines occur. As the frequency is low enough, the IC
peaks rotate to the diagonal direction due to the spin gap
along the parallel direction. The peaks are dispersing with a
downward curvature. Above the resonance frequency, the IC
peaks reappear and disperse with an upward curvature.
Above the frequency of 70 meV, the IC peaks along the
diagonal direction occur and dominate over those along the
parallel direction. This hourglass dispersion is similar to that
of the LSCO, while the incommensurability depends
strongly on the frequency, different from that of the La-based
cases, mainly due to the different wave vector Q. The maxi-
mum intensity of the spin susceptibility is around the fre-
quency 30–40 meV in the normal state. A pronounced dis-
tinction between the YBCO’s and LSCO’s spectra in the
normal state is the peak dispersion, namely, for YBCO’s
cases, the spin susceptibility is commensurate at all the fre-
quencies considered.

IV. DISCUSSIONS

At this stage, we attempt to elaborate the origin of the
above features based on the topology of the Fermi surface.
The renormalized spin susceptibility 
Eq. �2�� consists of two

FIG. 4. The intensity plot for the imaginary part of the spin
susceptibility as a function of the momentum with the frequency
�=20 meV.

FIG. 5. The same as Fig. 2 at the momentum �� ,�� but with
Tc=90 K and Q=Q.

FIG. 6. The same as Fig. 3 but with Tc=90 K and Q=Q.
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components, i.e., the bare spin susceptibility �0 and the RPA
factor 
1−UQ�0�. The imaginary and real parts of the bare
spin susceptibilities for Tc=90 and 40 K are plotted in Figs.
7�a� and 7�b�, respectively. As seen, the imaginary part of the
bare spin susceptibility Im �0 at the momentum �� ,�� ap-
proaches to zero as the frequency is below the spin gap. At
the edge of the spin gap �about the frequency 2�0�, it has a
steplike rise due to the flatband near �� ,0�. As a result, the
real part of the bare spin susceptibility Re �0 develops a
sharp structure and reaches the maximum at the frequency
�1. For the samples with Tc=90 K, a pole occurs when the
real part of the RPA factor 1−UQ Re �0 equals zero at the
frequency �r �slightly below �1�, as seen in Fig. 7�a�. In fact,
the RPA factor plays a major role and the imaginary part of
the renormalized spin susceptibility equals Re �0 / Im �0 at
the frequency �r. As Im �0 is small due to the spin gap, this
suggests the formation of a spin collective mode, ascribed to
be the spin resonance. The resonance peak is very sharp, so
the peak intensity decreases dramatically as the frequency
increases, as seen in Fig. 5. For the case of Tc=40 K, the
maximum of the real part of the bare spin susceptibility is
much smaller than that of the Tc=90 K’s sample due to the
decrease of the superconducting gap. So, the pole condition
cannot be satisfied even if the stripe order is absent. Further-
more, 1 /UQ�Q� increases as Q becomes Q1, as seen in Fig.
7�b�. Thus, the existence of the spin-stripe order suppresses
further the peak intensity at the expected resonance fre-
quency and the IC peaks are developed at this frequency,
while the peak intensity at the frequency �1 is still enhanced
by the RPA factor. On the other hand, we can see in Fig. 7�b�
that the imaginary part of the bare spin susceptibility has a
maximum intensity at the frequency �2. Because the peak
intensity of the renormalized spin susceptibility at the fre-
quency �1 is not as strong and sharp as that of the resonance

peak in YBCO samples, the higher frequency component
caused by the bare spin susceptibility can still be seen �Figs.
2 and 3�. Thus, the spin excitation of LSCO shows a clear
feature of two-frequency components, with the maximum in-
tensity being at �1 following a broad peak at the frequency
�2. In fact, it is the competition between the bare spin sus-
ceptibility and the RPA factor that determines the feature of
the renormalized spin susceptibility in LSCO. The role of
RPA becomes smaller and smaller as Tc decreases and is
suppressed further by the spin-stripe order. For LBCO
samples, Tc is merely 20 K, so the maximum of the real part
of the spin susceptibility is even smaller. Meanwhile, a
strong stripe order may emerge in this sample;64,65 therefore,
the RPA factor is not important even near the frequency 2�0,
such that the lower frequency compound is suppressed and
only the higher frequency component with the commensurate
spin excitation at the frequency 50 meV is observed.15

These features of the spin excitation in LSCO can be
traced further to the evolution of the Fermi surface. The nor-
mal state Fermi surface and the quasiparticle energy contours
are plotted in Fig. 8. The energy contours are closed and
have a banana shape at low frequencies, with the tips being
just at the normal state Fermi surface. The contribution to
spin susceptibility comes mainly from the node-to-node ex-
citations as the frequencies are close to zero. Thus, the IC
peaks are along the diagonal direction, and a clear spin gap
appears at the parallel direction. As the frequency increases,
the spin excitation along the parallel direction is present.
When the frequency approaches to about 18 meV, the tip of
the energy contour reaches the hot spots �the crossing points
of the Fermi surface with the magnetic Brillouin zone bound-
ary�, as seen in Fig. 8. Thus, the bare spin susceptibility has
a steplike rise at the momentum �� ,��, leading to the qua-
siresonance at this frequency. The superconducting gap plays
a minor role as the frequency increases further, and the en-
ergy contour is not closed and contains two parts, I and II, as
depicted in Fig. 8. The shapes of both parts resemble the
normal state Fermi surface. Part I is just like the underdoped
Fermi surface, while part II resembles the overdoped one. As

FIG. 7. The imaginary and real parts of the bare spin suscepti-
bility as a function of the frequency in the superconducting state at
the momentum �� ,�� for Tc=90 and 40 K, respectively.

FIG. 8. �Color online� The �red� solid line and the �blue� dashed
line are constant energy contours Ek=� /2 with the frequency �
being 18 and 55 meV, respectively. The dotted line is the normal
state Fermi surface.
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we know, the spin excitation tends to be commensurate and
the intensity increases as the doping decreases to near the
half-filled case.30 Therefore, the spin excitation from part I to
part I also tends to be commensurate as the frequency in-
creases, with the intensity being larger than the excitation
part II to part II, leading to the commensurate spin excitation
occurring at the frequency of 55 meV. On the other hand,
spin excitation from part II to part II also contributes to the
spectra, so the peak at this frequency is broader than the
lower frequency IC peak at 18 meV.

V. SUMMARY

Based on the fermiology theories, we have examined the
evolution of the spin susceptibility for different systems near
the optimal doping. The spin excitation is dominated by a
resonance peak in the superconducting state as Tc is high
enough, with the resonance frequency being proportional to
Tc. The peak intensity becomes weaker as Tc is lower and
only quasiresonance occurs as Tc decreases to 40 K. For
LSCO samples, the presence of the spin-stripe order sup-
presses the resonance further, and the IC peaks develop at the
expected resonance frequency �about 18 meV�, with the in-
tensity being still enhanced by the renormalized effect of the
RPA factor. The intensity of the IC peaks decreases as the

frequency increases from 18 meV, then it increases again
and reaches the local maximum at the frequency of 55 meV,
with the spin excitation being commensurate at this fre-
quency. This two-frequency component is originated from
the competition between the RPA factor and the bare spin
susceptibility. The dispersion of the spin excitation behaves
like an hourglass shape in both the superconducting and nor-
mal states. We also note that the spin excitation may be one
dimensional due to the one-dimensional spin-stripe order.
For YBCO samples, the spin excitation is significantly dif-
ferent from that of LSCO, namely, a clear resonance peak
with a large intensity appears at about 40 meV. The higher
frequency tail observed in LSCO is not seen in YBCO. On
the other hand, the dispersion in the superconducting state is
similar to that of LSCO, while it is different in the normal
state, namely, the spin excitation is commensurate in the nor-
mal state for all the frequencies considered. The present re-
sults are consistent with the experiments. We have elaborated
all the results based on the topology of the Fermi surface.
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