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Flying spin qubits: A method for encoding and transporting qubits
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within a dimerized Heisenberg spin-; chain
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We present a method for encoding and transporting qubits within a dimerized Heisenberg spin—% chain.
Logical qubits are localized at the domain walls that separate the two possible dimerized states. The domain
walls can be moved to produce “flying spin qubits.” The topological nature of these states makes them stable
against local perturbations of the exchange profile. Pairs of domain walls can be used to generate Einstein-
Podolsky-Rosen pairs of entangled qubits. We discuss speed limitations within an exactly solvable three-spin
model and describe a possible physical realization using quantum dot arrays.

DOI: 10.1103/PhysRevB.76.094411

I. INTRODUCTION

Spin angular momentum forms the basis for quantum bits
(qubits) in several quantum computing architectures.'”” In
many proposals, logical quantum bits are formed from the
2™_dimensional Hilbert space corresponding to m spins.3-!!
Such encoding schemes are useful for implementing quan-
tum error correction'? as well as for matching specific mate-
rial systems to experimental capabilities. For example, by
using two or more spins, one can define logical qubits for
which universal quantum gating is achieved using only the
Heisenberg exchange interaction.!®!! Exchange-coupled spin
clusters also form energetically stable qubits by virtue of the
ground state doublet that is characteristic of the energy level
spectrum for these systems.'> The Jordan-Wigner spin-
particle mapping in one'* or more'>!® dimensions suggests a
wide range of candidate qubits one might construct from
interacting spins.

The need for “flying qubits,”!” i.e., a mechanism for rap-
idly transporting quantum information, has long been recog-
nized as a weakness of spin-based quantum computing archi-
tectures. Several different methods have been proposed to
implement long-range transport of quantum information.
One method involves coupling spin qubits to an external
“quantum bus,” e.g., an optical cavity mode.* Such an ap-
proach typically introduces an entirely new set of constraints,
and engineering strong optical couplings can be challenging
in practice. Another approach attempts quantum information
transfer along exchange-coupled spin chains.'32! While
theoretically possible, the fidelity of transmission depends
critically on the values of the coupling strengths between the
spins in the chain, making this approach susceptible to er-
rors. Additionally, the use of multiple swap operations be-
tween nearest-neighbor single spins is not optimal for long-
range transport in one-dimensional spin chains because of
the large number of precise gate operations required and the
relatively low error threshold for quantum error
correction.”??? Finally, the quantum teleportation protocol**
of Bennett et al. employs the generation and transport of
Einstein-Podolsky-Rosen (EPR) pairs to teleport qubits to
their needed location.
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Here, we present a qualitatively different approach to the
construction of flying qubits. The method relies on the design
of a spin-based “designer quantum field,” constructed from a
one-dimensional dimerized Heisenberg spin-% chain. Logical
qubits are localized at the domain walls that separate the two
possible dimerized states. Unlike previous encoding
schemes,®~!! logical qubits are not associated with a definite
number of spins; rather, these “defect” states exist even when
the number of spins approaches infinity. Their topological
nature” makes them stable with respect to local perturba-
tions of the exchange profile. By moving the domain walls, it
is possible to produce “flying spin qubits.” Below, we ex-
plore the properties of this class of systems both analytically
for small chains (three spins) and numerically for larger
chains (up to 30 spins). Numerical studies for the larger
chains are carried out using the Lanczos method of
diagonalization.?®

II. DIMERIZED SPIN CHAINS

A one-dimensional system of spin-% objects interacting
via nearest-neighbor Heisenberg exchange is described by
the following effective Hamiltonian:

n

H=2Jk(sk'sk+l)Ezjk(sk'skﬂ)’ (1)
k=1

where S;=(Xy,Y,,Z;) are Pauli operators for the kth spin,
{J;>0} quantify the strength of nearest-neighbor exchange
interactions, and periodic boundary conditions apply if
k+n,.=k. In the absence of external magnetic fields, the total
spin angular momentum operator S2=(=S,;)? as well as the
total z component S,=>Z;, commute with H, so one may
work within subspaces of definite S, and/or S2.

To illustrate the properties of the dimerized Heisenberg
spin systems investigated here, we initially consider an open,
symmetric chain having an odd number of spins n,. and a
single kink in the center [Fig. 1(a)]. The dimerization of the
chain is described by a parameter a, such that {/,,= n.~2d
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FIG. 1. (Color online) Dimerized Heisenberg spin-% chains. (a)
Schematic of an open Heisenberg-coupled spin chain (n.=13) with
a single defect at the center. (b) Plot of spin density for the S,
=1/2 ground state as a function of the dimer coupling parameter a
for the case n.=29.

=al; Jyg1=Jy 2an1=J, d=1,2,...,(n,—1)/4} and O0<a<1.
Because the system contains an odd number of spins, the
minimum total spin angular momentum (corresponding to
the ground state) is S=1/2 (A=1); here, we consider the
S,=1/2 “spin-up” subspace, but an identical analysis applies
for the S,=—1/2 “spin-down” subspace. The ground state is
calculated by numerical diagonalization of the Hamiltonian
in Eq. (1) as a function of a, and the spin density (Z,) can be
computed [Fig. 1(b)]. The case a=0 corresponds to a single
spin localized at the center of the chain, surrounded by un-
coupled dimers on either side. The spin chain may be initial-
ized in this configuration by cooling the system to the ground
state. As a is increased, the spin density becomes more de-
localized. The uniform open spin chain (e¢=1) has already
been investigated within the context of quantum computation
and forms a well-defined “spin cluster qubit.”!3 Adiabatic
variation of a between 0 and 1 provides an explicit mecha-
nism for interconversion between a single isolated spin and a
delocalized spin cluster state, allowing an initially stationary
qubit to be transformed into a movable flying spin qubit.
After transporting the qubit to another location, the transfor-
mation may be reversed to reproduce the localized spin state.
This state may then be measured using techniques developed
for single spins.

The Hamiltonian in Eq. (1) can be mapped onto a variety
of quantum field theories?’ via the Jordan-Wigner mapping.
The spectrum resembles that of a semiconductor with a soli-
tonlike defect state which is closely related to those in con-
ducting polymers, inheriting many of the same properties
such as spin-charge separation and topological stability.?’
Continuum field-theoretic descriptions?® are also applicable
to these dimerized spin systems, provided the defect extends
over many spin lattice sites.

We now consider a specific parametrization J,
=Jy expl(=1)*a(k)] of the Hamiltonian in Eq. (1), where a is
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FIG. 2. (Color online) Generation of a flying spin qubit. (a)
Exchange profile (circles) and spin density (line with no symbol)
corresponding to the spin-up ground state for an n,=29 spin ring
containing a single solitonlike state. The filled circles represent
even spin sites, and the empty circles represent odd spin sites. (b)
Exchange profile and spin density for the spin-up ground state ob-
tained when 50% multiplicative disorder is introduced into the ex-
change interaction strengths of the system in (a). (c) Adiabatic dis-
placement of the qubit state shown in (a), achieved by shifting the
domain wall center position by an amount Ak relative to its initial
position kg=15. The ground state is separated from the first excited
state by a gap ~J for all domain wall locations. (d) Adiabatic dis-
placement of the qubit state for the disordered case shown in (b).

a staggered order parameter describing dimerization in the
chain. Spatially localized qubits are produced at the zero
crossings of « and represent particlelike excitations of a de-
signer quantum field. We illustrate the localization of these
qubits by considering a closed chain with n,=29 and J,=1
[Fig. 2(a)]. A single domain wall is centered at k, with width
w for a(k-ko)=ay>,__(=1)" tanh([k—(ko+rn.)]/w), where
ap=1, kg=15, and w=2. The spin density of the spin-up
ground state is determined by numerical Lanczos diagonal-
ization and is superimposed on the exchange profile, show-
ing that localization coincides with the zero crossing of a.
This localization is retained when 50% multiplicative disor-
der is introduced into the exchange interaction strengths [Fig.
2(b)], illustrating the stability of the qubit with respect to
local perturbations of the exchange profile.

By moving the domain wall, it is possible to transport
logical spin qubits in a way that preserves the quantum in-
formation. Movement of the qubit state around the entire
ring, achieved by letting ky— ky+Ak and varying Ak, is
shown in Fig. 2(c). To visualize the qubit, its spin density is
plotted as a function of lattice site and domain wall displace-
ment Ak. Note that two revolutions are required to achieve
full periodicity for an n.=odd spin ring. Variations in the
energy gap E,—E, between the ground state E;, which rep-
resents the qubit, and the first excited state E; are small
[A(E|=Eo)/(E|~E)min=0.23].

For all domain wall positions shown in Fig. 2, the mag-
nitude of the gap E|—E, remains ~J. The presence of a finite
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FIG. 3. (Color online) Analytical model. (a) Coherent evolution
in the pseudo spin—% space for an n.=3 spin ring. Adiabatic evolu-
tion transports the spin state coherently between three nonorthogo-
nal states shown as green arrows. (b) At high domain wall veloci-
ties, the Floquet states become distorted and eventually merge with
eigenstates of 2.

energy gap serves to protect the quantum information en-
coded in the ground state from decoherence due to noise.?*°
This protective effect is evident from an analysis of the sys-
tem in the case of static disorder: Figure 2(d) shows that as
the domain wall center for the disordered system is dis-
placed, the spatial localization of the qubit is preserved. Fur-
thermore, because the exchange Hamiltonian in Eq. (1) con-
serves S and S, these eigenvalues are unchanged by the
introduction of noise into the exchange interaction strengths.
Note that this reasoning is applicable in general, so that the
finite gap E;—E, and the conservation of S?> and S, will
preserve the quantum information whether the noise is static
or time dependent.

III. ANALYTICAL MODEL

General features of flying spin qubits emerge from an
analysis of the simplest nontrivial case n.=3, for which exact
solutions exist. The most general n.=3 Hamiltonian in Eq.
(1) can be reparametrized as

3

Hy=2 [Jy+7, cosQalk—1)/3 = @)1S- Spern (2)
k=1

where jo and J | are constants, and ¢ represents the phase of
the domain wall around the ring. The (S,S,)=(1/2,1/2)
subspace is two dimensional, spanned by the states |+)
=|001)+e*2™"3]010) +¢**™/3|100). (Here and in the following
analysis, the states are defined up to an overall normalization
factor.) Using this basis, we can re-express H;(¢p)

=%(2x cos @+2y sin go)—%l, where the energy gap

between the ground and first excited states is A=3jl/ 2
and Sy, =337 e2mD3G,.S . Together with 3,
=—3[2x.2y], the operators {2y,%y,3,} satisfy [2,,3,]
=2ig 2., and the states {|*)} can be regarded as a pseu-
dospin doublet [Fig. 3(a)]. This two-dimensional space is
identical to the three-spin qubit proposed by DiVincenzo et
al. in Ref. 10, but it does not represent the qubit; rather, it
represents an orbital degree of freedom for the spin-up state.
An isomorphic two-dimensional subspace exists for the spin-

down state. Spatially uniform exchange (parametrized by jo)
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does not couple to these states, and the ground state energy
of H;(¢) is independent of ¢. We can interpret {|=)} as right-
and left-traveling spin-current Bloch states, eigenstates of the
discrete translation operator D, (defined by D,S;=S;.,D>)
over two lattice sites. The ground state of H;(¢) is given by
|o)=|+)—e'¥|-). The case ¢=0 yields explicitly |¢=0)
=|010)—]100) =|SS0), which corresponds to spins 1 and 2
being in a singlet state, and spin 3 being in the “0” state.
Adiabatic evolution of ¢ coherently moves the spin qubit
around the ring, such that |@=27/3)=]001)—|010)=|0SS)
and |@=47/3)=|001)-|100)=|S0S). Note that these three
states are not mutually orthogonal—they cannot be, since the
space in which they evolve is two dimensional.

By letting ¢=wt, the domain wall can be moved at a
constant speed [Fig. 3(b)]. Because the Hamiltonian is now
explicitly time dependent, there are no longer stationary
states; however, one may employ Bloch-Floquet theory3! to
understand the steady-state dynamics. The time evolution is
governed by a unitary operator U, that satisfies the
Schrodinger equation id,U,=H(t)U,, subject to the initial
condition Uy=1. Floquet states are defined here to be the
eigenstates of the combined time and space translation op-
erators, F=DUsqy o Full translation around a closed spin
chain by two revolutions (governed by the operator F" or,
equivalently, U, ) yields the same Floquet states as for F.

For the three-spin ring, we obtain the remarkable exact
result for the Floquet state associated with the ground state:

2
|X+;iw>=|550>+[§i 1+<§> 11}|i>» w>0.

3)

This state can be interpreted as a “snapshot” of the steady-
state quantum dynamics at intervals in time ¢
=0,27/w,47/ w,..., and is valid for all w. The adiabatic
regime can be defined to be the range |w| <A, in accordance
with the energy-time uncertainty principle.

The exact results obtained for the three-spin ring extrapo-
late well to larger systems. To demonstrate, we consider an
n.=9 spin ring with a single domain wall given by J,=J,
+(=1)*a' (k=ky), where Jo=1 and o' (k—ky)=agsin(m(k
—ko)/n.— wt). With kg— ko+ ";‘wt, the staggered order param-
eter corresponds to alk—ko)=ay= . (—1)" tanh([k—(k,
+rn.)]/w) in the limit w—n,.. Choosing ay,=0.1 and k,
=n./2, we obtain the Floquet states of the operator D, Usain o
for the n,=9 spin ring. The ground state |qog> is the analog of
the state |SSO) in Eq. (3), where each spin in Eq. (3) has been
replaced by a three-spin cluster qubit."> The state |¢°) is
determined by numerical diagonalization of the initial
Hamiltonian. We also find that the Floquet state |¢,(w)) as-
sociated with the ground state for w<<AFE is well approxi-
mated (to within 1%) by the following expression:

th 0 w
w))= +—+), 4
|5 (@) =5 AE| ) (4)
where |+)=é(|u(1))+i|ug)) is an eigenstate of D, for the n,

=9 spin ring, and |u?) and |uY) are the ground states of this
ring for the case J,=1. The energy gap AE between the
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ground state and the first excited state is finite and is inde-
pendent of the position of the domain wall. We note here
that, for a given maximum value of the angular speed w, if
the qubit speed is increased instantaneously to w, the error in
the overlap [(¢,(w)|e)|? increases as ~w”. From Eq. (3), it
can be seen that this ~? dependence of the error also exists
for the three-spin ring. Nevertheless, if the speed of the qubit
is allowed to increase adiabatically to its maximum value w
in small steps of dw= w/N, where N is the number of steps,
the error for each such step is proportional to dw’=(w/N)>.
Thus, provided w<AE, as N is made very large, |¢,(w))
—>|go(5)> and the fidelity of qubit transfer may be made arbi-
trarily close to unity.

IV. EINSTEIN-PODOLSKY-ROSEN PAIR GENERATION

We now discuss a method of generating EPR pairs from a
fully dimerized spin chain. Numerical investigations are per-
formed for a closed chain with n,=30 spins, using Lanczos
diagonalization to determine the spin density and energies.
The system is assumed to be initialized in the spin-singlet
ground state (S=0). Two domain walls, denoted A and B, are
created and moved in opposite directions [Fig. 4(a)]. The
exchange profile describing this system is given by J;
=0.55-0.45(-1)"[ 1+ a(k—k,) - alk—kg)], where ky=(n,
+5)/2, kg=(n.—s)/2, and s is the separation between the two
domain walls. Note that the exact quantitative form of the
exchange profile is not crucial to this method of producing
EPR pairs, provided the general characteristics which pro-
duce the domain walls are retained in the profile.

Because the exchange interaction conserves S, the two
qubits associated with the domain walls must exist in a spin
singlet or EPR pair: |¢/)=5(|1)4] | )g=| )4l 1)) In order to
visualize this state, one can hybridize it with the first excited

(triplet) state [/,)=5(|1)al | )5+|1)al1)5) and compute the

spin density for %(|1)—|#1))=[ 1 )a| 1) [Fig. 4(b)]. The en-
ergies of the three lowest states behave as expected: there is
an exchange splitting AE=E,—E, for the two spin qubits
which decreases exponentially as the domain walls are
moved apart [Fig. 4(c)]. The next excited state (energy E,) is
given approximately by the one-magnon gap energy,> which
is largely unaffected by the domain wall states (i.e., E,—E is
approximately constant). Within a larger system, it would be
possible to “radiate” multiple EPR pairs. Because they are
entangled states, EPR pairs constitute an important physical
resource for applications such as quantum teleportation.?*

V. PHYSICAL REALIZATION

The proposed mechanism for flying spin qubits must be
capable of implementation in order to be relevant for quan-
tum computing architectures. Here, we describe a specific
realization using a one-dimensional array of elliptically
shaped quantum dots, each containing one spin-% electron
(Fig. 5). Application of an electric field transverse to the
array axis modulates the exchange interaction strength be-
tween each pair of nearest-neighbor quantum dots [Fig.
5(a)]. Each zero crossing of the electric field corresponds to
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FIG. 4. (Color online) (a) Exchange profile for an n,=30 spin
chain that is initially dimerized uniformly (J;—oqq=1.0, Jieeyen=0.1).
A domain wall pair is produced, and the walls move outward, cre-
ating an entangled pair of solitonlike states. (b) Spin density for a
linear combination of the (spin-up) ground and first excited states,
showing spatial separation of the qubit states as expected. (c) Low-
est three energies (in units of J) as a function of the domain wall
separation s, showing the expected exchange splitting between E|,
and E4, and a relatively constant spin-wave gap between E and E,.

a single (flying) spin qubit [Fig. 5(b)]. The “pseudodigital”
nature® of J(E), dependent on the detailed shape of the
quantum dots, produces qubits that become more localized
with increasing electric field amplitude. The electric field
required to transport flying spin qubits may be implemented
in a variety of ways, e.g., using a suitably designed coplanar
waveguide.

The rate of qubit transfer R for such a device can be
estimated in terms of the nominal exchange strength J be-
tween nearest-neighbor dots and the domain wall width w.
The energy gap for the qubit states scales as A ~J/w, similar
to that for spin cluster qubits.'> The qubit can travel w sites
in a time A/A without violating the energy-time uncertainty
principle. Taking D= 100 sites for the spacing between do-
main walls, and using parameters relevant to Ge/Si quantum
dots®* separated by d=35nm and coupled by direct
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FIG. 5. (Color online) Experimental realization for flying spin
qubits. (a) Dimerized exchange J(E) produced by elliptically
shaped quantum dots in a transverse electric field. The field profile
maps directly onto the staggered order parameter a. (b) Zero cross-
ings of the electric field correspond to single qubit states.

exchange J,~500 ueV,» one obtains R=Jy/AD qubit
~7.6% 10° qubit/s. Limitations on the switching speed for
the electric field may reduce the qubit transfer rate from this
maximum value; however, the mechanism of electric field

PHYSICAL REVIEW B 76, 094411 (2007)

propagation itself does not limit the rate. Sources of deco-
herence relevant to electron spins in quantum dots, such as
fluctuating fields and coupling to nuclear spins, also apply to
the systems considered here.!!3

Flying spin qubits should prove useful at all architectural
levels, such as transporting “fresh qubits” for quantum error
correction, carrying qubits to readout locations, implement-
ing quantum gating between remote qubits, and other tasks.

VI. CONCLUSION

In summary, we have demonstrated a mechanism by
which flying spin qubits can be produced and moved control-
lably entirely within the solid state. Rapid, high-fidelity
transport of spin qubits is achieved by designing a quantum
field with solitonlike domain walls that support localized
spin states. The qubits created in this manner are topologi-
cally stable with respect to local perturbations of the ex-
change profile. By creating pairs of domain walls from a
uniformly dimerized state, EPR pairs may be efficiently gen-
erated. Finally, we have proposed a scheme for implementing
flying spin qubits in an array of elliptically shaped quantum
dots.
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