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Jahn-Teller effects in the Cég cation undergoing D,,; distortion
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It has recently been shown that the high-spin, doubly hole-doped fullerene cation Cég is likely to undergo a
Jahn-Teller (JT) distortion, which reduces the molecular symmetry from 7, to D,;. A theoretical model for the
JT effect describing this situation is presented. The model includes parameters for the energy differences
between molecular terms that arise from Coulomb interactions between the holes. Although the magnitudes of

+

these parameters are not known to any degree of certainty for the Cgo cation, they are likely to have an
important effect. Results are given for both the static JT effect, where the motion of the system can be
considered in terms of vibrations in a potential well, and the dynamic JT effect, where tunneling between

equivalent wells must be taken into account.
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I. INTRODUCTION

Although difficult to prepare in the laboratory, hole-doped
fullerenes are expected to have exceptional properties that
make them even more alluring than their negatively doped
counterparts. For example, calculations by Manini et al.' in-
dicate that the electron-phonon coupling in positively
charged fullerene derivatives Cyy is significantly larger than
in the corresponding negatively charged ions Cy,. Alternative
calculations also allow the deduction that the electron-
phonon coupling is stronger in Cf, than it is in Cgy.? In
addition, interpretation of experimental measurements also
indicate that the coupling is strong in Cg,.*> Thus we can
expect that there may be hole-doped fullerene derivatives
that exhibit critical temperatures for superconductivity that
exceed even those found in the electron-doped fullerides.
However, the electron-phonon coupling is in direct competi-
tion with the intramolecular Coulomb exchange interaction.
Thus both interactions must be considered simultaneously in
any theoretical analysis of these ions. The two interactions
can lead to opposite conclusions regarding spin. The
electron-phonon interaction tends to promote low-spin
ground states, while Coulomb interactions lead to high-spin
ground states.*

The hole(s) of H, symmetry in Cg; cations can couple to
two a,, six 8o and eight hg modes of vibration. However, it
has been shown that the a, and g, modes do not result in any
significant couplings.! Also, coupling to one of the h, modes
[namely hg(l)] is believed to be much stronger than the cou-
plings to the other modes.! Therefore the electron-phonon
coupling may be described, in the first instance, in terms of
coupling to a single i, mode only. If it is found desirable to
consider the couplings to all eight i, modes, then it is pos-
sible to formulate the problem in terms of a single effective
mode’ and so the system can still be treated in terms of a
single h, mode but with different numerical values for the
constants than those for the /2,(1) mode alone.

In the singly doped cation Cg,, the complication presented
by Coulomb interactions are absent, and so the model in-
volves Jahn-Teller (JT) interactions only. The system can be
represented by a H,® h, JT problem, which results in wells
in the lowest adiabatic potential energy surface (APES) hav-
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ing either Ds, or D5, symmetry,®= in common with results
for the negatively charged fullerene ions. Multiply hole-
doped molecules Cy; can be similarly described using, in the
notation of Nikolaev et al.,” a (h}, "®h, JT coupling model.
In these cases, Coulomb interactions are important and must
be given due consideration alongside the JT effects. It is
found that these ions may have distortions that are of D,,, or
C,, symmetry, in addition to the more usual Ds,; and D5,
ones. 'O

In the present paper, we concentrate on the doubly hole-
doped cation Cg, which we model as a linear (h,")’®h, JT
system. In systems with wells in the APES, such as is the
case here, the effect of higher-order couplings is only to in-
troduce small changes to the positions and depths of the
wells, so can be safely neglected. (This is in contrast to cases
where the APES contains a trough of accidentally higher
symmetry, in which case higher-order terms will warp the
trough and potentially convert rotational motion into vibra-
tions.) Furthermore, numerical values for the linear constants
are still not known to any degree of accuracy for the Cg;
ions, and values for higher-order constants are not known at
all. Hence adding higher-order terms would only introduce
additional unknown parameters into an already complicated
system.

There are several additional complications that arise in
this system. First, the two holes may couple to produce terms
having either low (S=0) or high (S=1) spin. Calculations
indicate that the high-spin terms are the lower in energy,” and
so we shall henceforth ignore the low-spin terms. The high-
spin terms are {3T1g,, 3T2g,3Gg}, which means that the JT ef-
fect must be formulated using a ten-dimensional electronic
basis. Second, the three terms used in the basis do not have
the same energy because of the Coulomb interaction between
the two holes from which the multihole states of the system
can be derived. The terms will have different energies, irre-
spective of any JT interactions. Calculations of the Coulomb
term energies for the ng ion appearing in the literature are
not in agreement with each other.**!>!3 Thus it is not cur-
rently possible to give an unequivocal treatment of the ion.
However, we can develop a model in which the term split-
tings are treated as parameters, and calculate results for vari-
ous values of those parameters.
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A third complication lies in the nonsimple reducibility of
the product H®h within the icosahedral symmetry group
which means that there are two sets of Clebsch-Gordan (CG)
coefficients required to describe the interaction which are not
symmetry related.'* The symmetry of any JT distortion de-
pends intimately on the precise combination of coefficients
used.'” Theoretically, the general (h,")*®h, JT system can
be distorted into Dsg, Dy, D,y or Cyy, symmetry. 'S

Yet another complication is that the Cég ion has eight A,
modes of vibration that all contribute to the vibronic cou-
pling problem. As each mode must be described by two (lin-
ear) coupling constants, this means that 16 linear coupling
constants are needed in total to provide a complete descrip-
tion of linear coupling in the Cég ion. If quadratic or other
higher-order couplings are included, the number of param-
eters needed is even higher. However, calculated values of
the linear coupling constants''® suggest that the /,(1) mode
is much more strongly coupled than the others, and therefore
dominates the distortion. The overall effect of this domi-
nance is to favor a D,,, distortion of the ion as a whole.!%!5 Tt
therefore seems reasonable to consider the vibronic coupling
problem for Cég in terms of a single mode favoring D,,
distortions, which is what we will do in this paper. Although
quadratic and other higher-order terms could be important,
we will not consider them in this paper as they are not likely
to have a large effect on our overall results.

A detailed consideration of the general (,*)*® h, JT sys-
tem has recently been given.!” In that paper, all four of the
possible symmetry distortions mentioned above were consid-
ered, but the Coulomb term splittings were not taken into
account. In this paper, we will reconsider the D, case and
take the Coulomb splittings into account. This extends pre-
liminary results obtained for D,;, wells in the absence of term
splittings.'?

In Sec. II, details are given of the derivation of the inter-
action Hamiltonian for the Cég ion, and an analysis of the
lowest APES associated with the Hamiltonian is given in
Sec. III, assuming that D,,, distortions prevail. Further details
on the 15 well states associated with the D,, minima are
given in Sec. IV. These states are good states for the system
as a whole if the JT coupling is infinitely strong and the
system becomes statically distorted into one of the 15 D,,
configurations. However, for finite JT coupling, the system
can tunnel between the wells giving rise to a dynamic JT
effect. This may be accounted for by formulating so-called
symmetry-adapted states from the well states to generate vi-
bronic states having the correct symmetry for the problem.
Such states, and their energies, are also considered in Sec.
IV. Finally, some general conclusions are given in Sec. V.

II. THE INTERACTION HAMILTONIAN

A good understanding of the properties of the ng JT ion
can be obtained from an analysis of the properties of the
lowest APES. This involves the vibrational and JT potential
energy terms and the associated electronic term energies. The
high-spin states, which are predicted to be lowest in energy,’
can be obtained in terms of single-hole states'”!® from tables
of CG coefficients.'*
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The next stage is to derive the interaction Hamiltonian
‘H,,. which describes the coupling between the electrons and
the vibrations of molecules occupying these spin triplet basis
states. As discussed above, there are two sets of CG coeffi-
cients involved. We add labels a and b to those parts of the
interaction Hamiltonian arising from the CG coefficients
given in the first and second columns, respectively, in the
tables of CG coefficients given in Ref. 14. Thus

7—{inl = VHhaHa + VthHh’ (1)

where Vin, is the single-hole coupling constant (i.e., the cou-
pling constant for the H®h JT system) appropriate to the
coupling described by the set a of CG coefficients and H,, is
the corresponding interaction Hamiltonian. Vi, and H, are
the similar quantities for set b.

Alternatively, we can write the vibronic coupling con-
stants in the polar form

Vin, =V sin B,

Vth =Vcos B ()

as was done by Manini et al.?’ for the H® h JT system. The
angle B represents a mixing of the two different sets of CG
coefficients and V is a measure of the combined coupling
strength.

In our calculations, we will include the interactions be-
tween the high-spin terms only so that our electronic basis
may be written as {3T1g,3T2g,3Gg} and the JT interaction
Hamiltonians, H, and H,, can each be written as 10X 10
matrices. The matrices can be split into block form such that
each block represents coupling between certain specified
terms. Each block contains a numerical constant involving
Vi, and Vi, , or equivalently V and B, and matrices in-
volving the components (Qg, Q.. Q,.,0,.Q,) of the oscillator
representing the i, mode of vibration that follow directly
from the tables of Ref. 14.

Now that the interaction Hamiltonian has been formu-
lated, we can begin to analyze the ground state APES asso-
ciated with the full Hamiltonian,

H= 7_{term + 7_[0 + Him' (3)

H orm represents the contribution from the Coulomb term en-
ergies, which we take to be a diagonal matrix with diagonal
elements of (5T1 ’5T1 ,STI ,ETZ,STZ,ETZ,SG,EG,EG,SG), where
{ET],STZ,&;} are the energies of the T|, T,, and G states,
respectively, in the limit of zero vibronic coupling,

Ho= %E (,17”"2 - ,U«wzQ,-z)I (4)

i

is the Hamiltonian for the system in the absence of vibronic
coupling, where the sum i is taken over the five components
of the i, mode and [/ is the unit 10X 10 matrix. In this ex-
pression, P; is the momentum operator conjugate to Q;, u is
the reduced mass of the oscillators, and w is their frequency.

085426-2



JAHN-TELLER EFFECTS IN THE Cég CATION...

III. ANALYSIS OF THE C602+ GROUND APES

In order to focus our attention on the ground vibronic
state, we make use of a shift transformation®"?? using the
unitary operator

U= exp(iE aij), (5)
J
where the parameters «; are coefficients that may be varied
to minimize the energy. The commutator of U and Q; is
simply [U,Q;]=ha;U, so the transformation has the effect of
shifting the Q; coordinate by an amount equal to #ic;. The
commutator of U and a general quadratic combination of
phonon modes is [U,Q;Q,]=hU(a;Qi+ 2 Q;-hra;a), and

so the transformed Hamiltonian H=U"'"HU may be split

into two terms, HD and ﬁ(z), such that H® contains all
terms which have explicit dependence on the phonon opera-

tors and H" consists of all the other, phonon independent,
terms. The latter Hamiltonian is therefore a good Hamil-
tonian for determining the ground states of the system.

We can simplify the constants involved in the problem by
working with the Hamiltonian

2
o~ ’ ILLw ~
HD = ?'H(l). (6)
If we write
oV
Vuho? '
\%
a;=—da;,
1 ﬁsz 1
Hint = VHilnt’
Hf&'rm = V,Zﬁle,erm (7)

it then follows that
~ 1
H(l) = 7_(t,erm + 52 ai21+ Hi,nl(Qi = - ai) (8)

[where H;, (Q;——a;) indicates H/,, with the Q; replaced by

mnt

—a;]. This expression neglects the zero-point energy associ-
ated with each oscillator. There are ten eigenvalues of 7?[(1),,
which we will call {\,,...,\ o} and order according to their
numerical values such that the energy of the ground state will
be associated with N;. The corresponding electronic state
will be associated with the eigenvector which we will call x;.
The symmetry of the wells associated with these minimum
energies depends on the mixing angle and term splitting."
For example, when the term splitting is zero, H, alone (8
=1/2) results in C,;, symmetry, whereas H, alone (8=0)
results in D,, symmetry. Combinations of H, and H, can
result in D, or Ds, symmetry.'>!

As there are 15 equivalent D,;, wells, there must be 15
eigenvectors x; that produce D,;, wells of the same energy at
any given mixing angle 8. When the Coulomb term interac-

PHYSICAL REVIEW B 76, 085426 (2007)

tions are ignored and when the mixing angle 8=0, one of
these states is

x, = (0,0,V3/10,0,0,13/10,0,0,0,12/5). (9)
The energy associated with the well is —E ;, where

9 9 V?
16 16 pw

is the JT energy.

If we now include the term energies and choose a nonzero
mixing angle, then we find, numerically, that the D,, eigen-
vector that reduces to that in Eq. (9) when 8=0 and the term
splittings are zero has the general form

xl=(0,0,SI,0,0,Sz,0,0,0,S:;), (11)

where sy, 5,, and s3 depend on the term energies and (3. For
now, we leave the precise form of these quantities undeter-
mined and merely take them to be variables (subject to the
normalization condition s7+s3+s3=1). We note that the as-
sumption that one of the wells has a general electronic com-
ponent of the form shown in Eq. (11) is essentially orienting
the system so that one D,; well is aligned in the z direction.
Our coordinates are such that this direction coincides with a
molecular C, axis which passes through a pair of carbon-
carbon double bonds. Thus this D,;, well can be thought of as
being associated with the uppermost double bond of Cég as
shown in Fig. 1(a), or the lowermost counterpart of this
double bond. Similarly, the remaining D,;, wells can be as-
sociated with the other diametrically opposite pairs of double
bonds. The positions of the minima on the icosahedron (i.e.,
the centers of the double bonds of Cg;) can be connected
together, forming an icosidodecahedron as shown in Fig.
1(b).

We can view the eigenvector in Eq. (11) as a “generating
state.” Starting from this eigenvector, we can use the group
operations for the I, point group to obtain the other equiva-
lent wells. The fact that applying these operations to one well
state generates one of the other well states also proves that
the states do indeed have D,;, symmetry. Also, we can use the
generating state to determine the shift parameters ¢; required
in order to minimize the energy associated with each well.
Having found expressions for the wells, we can then use
projection operators to form symmetry-adapted states from
them and, subsequently, find expressions for their energies.

For a general mixing angle, the eigenvalue corresponding
to the eigenvector in Eq. (11) is given by

A =xlHD x,. (12)

The next step is to minimize \; with respect to the shifts {a;}.
That is, we seek shifts such that

o oHY
— =x,
(9(1,» (9(11'

x1=0. (13)

Using Eq. (8), this condition implies that the minimum oc-
curs when
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FIG. 1. (Color online) (a) Fullerene Cg, showing the location of
the C-C double bonds, the centers of which coincide with the posi-
tions of the D,; wells. (b) An icosidodecahedron formed by con-
necting the points where the axes of the D,, distortions cut the
surface of a sphere. The vertices are labeled A,B,C,...,0, as used
in Table I.

a;= x-eri’m(Qj = ‘sij)xl (14)

(where &;; is the Kronecker & function). The outcome of this
procedure is that the minimum is attained when

ag=A;cos B+A;sin 3,

a,=Azcos B+A,sin B,

a,=ay,=a,=0, (15)
where
10
N
A= E(Sl _SZ)[\/E(Sl +5;) +253],
3 2V6
Ay=-—_Asz+ \/—[2(51 -s)* =11,

IERIRANT]
2
A3 — g[s%+s%+ 2\/§S3(S1 +S2)]’

A,=—34,. (16)
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Using Eq. (12) and the positions in Eq. (15) we can now
find an expression for the energy of the minimum, including
Coulomb term splittings, given by

Epin=\""= B, + B, sin 23+ By cos 213, (17)

where

3 p? 13
B =D ——E&s57——> A2,
: g Vz o 4j=21

1
By,=- E(AIAZ +A3A,),

4

By=- S (- 1yA2. (18)
45 J

The energy given in Eq. (17) depends on the unknown
quantities s; and s,. We determine them by insisting that the
molecular response to the term energies should be such that
the energy attains its lowest possible value. One immediate
conclusion from Eq. (17) is that the system E,;,(s;,s,) to be
minimized does not change if the mixing angle S is changed
by a factor of +7. Therefore the final minimum energy must
be periodic in S8 with a period of . This confirms the varia-
tion previously found numerically.'> In addition, s, and s,
must have the same periodicity as E,;,. Further consideration
shows that if the term energies are such that the 7 and T,
levels remain degenerate (i.e., ET1=8T2), then the minimum
energy will be symmetrical about the mixing angle 8=0. [In
this case, a change in sign of S causes E,;,~— B,
—B, sin 23+ B cos 23. However, if we now interchange the
variables s, and s,, we see that (By,B,,B3;)—(B,,—B,,B5)
and so we are again left with the same system to minimize
but with the variables s; and s, interchanged. The resulting
minimum energy will be the same.]

We now seek to find values for s; and s, that minimize
E in- The resulting pair of equations are highly nonlinear and
can only be solved numerically. Three-dimensional plots of
Eq. (17) show that these numerical solutions give precisely
the required values of s; and s, as those obtained by numeri-
cal minimizing the lowest-energy eigenvalue of the original
Hamiltonian. This justifies the method used here to obtain
values for s, and s,. To progress further, we will simplify
matters by confining our attention to the case when the mix-
ing angle 8=0. This approximation is not too restrictive as
D,;, minima only occur in the region close to =0, and for
the particular case of Cag ions, it is calculated' that the most
strongly coupled mode of vibration is the /,(1) mode which
has B8=0. For this case, the equations take the form

F(SI’SZ) - 205&5‘15‘3 = O,

F(S2,31)+20(51 - 5£)SZS3=O, (19)

where
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S
-t 20
i V’2ﬁw ( )
and
o= 5T2 - 5T1 >
52:€G_5T1 (21)

are the energies of the 7, and G levels above the T level,
and where

F(x,y) =[4x(7x* = 4) + xy(42x + 31y)
+ 14y - DIV =2 - y* + \E[3)€2(4Jc2 -3)
+x%y(6x + 13y) + xy(7y* = 4) + 2y*(y* - 1)].
(22)

Once the term energies are specified, Eqs. (19) may be
solved to yield the required values of s; and s,. This also
yields the JT energy E;; and position a of the D,;, minimum
via Egs. (17) and (15), respectively.

There are, of course, 14 other positions that give rise to
equivalent D,;, wells with the same minimum energy in the
APES. These correspond to the potential wells into which the
system may become localized in the limit of infinitely strong
coupling. It is a simple matter to generate the positions of the
other wells using symmetry operators and the position of the
one well obtained above. Similarly, the electronic states for
these wells may also be found using the electronic state al-
ready derived. Therefore we have complete knowledge of the
vibronic states associated with each well. The next step is to
use projection operators to form combinations of the D,
wells to account for quantum mechanical tunneling between
the wells. This forms the basis of the next section.

IV. SYMMETRY-ADAPTED STATES AND TUNNELING
ENERGIES

The results when the term energies are ignored take par-
ticularly simple analytical forms that are useful for making
some general observations about the system. We thus cover
this case first before investigating the more complicated situ-
ation in which the term energies are nonzero.

A. Hiern=0

If the term energies due to Coulomb interactions are ig-
nored, the coordinates of the D,;, wells and their correspond-
ing electronic states have relatively simple forms, as shown
in Table I. This shows that each well has eight nearest neigh-
bors and six next-nearest neighbors. The axes of the distor-
tions corresponding to the generation of each well cut the
surface of a sphere at the vertices of an icosidodecahedron,
as shown in Fig. 1. It should be noted that when equivalent
pictures have been drawn for Ds,; and D-, distortions,?? the
geometrical separation of the vertices corresponding to the
minima represents the division of the wells into nearest and
next-nearest neighbors. However, that is not the case with the
D,,, wells. While wells B—E are nearest neighbors to well A
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in the figure, wells J—M are not. However, all eight wells are
nearest neighbors in the five-dimensional Q space.

For very strong JT coupling, the system is locked into one
of these wells and the ion is permanently (statically) dis-
torted. However, the coupling strength will, of course, be
finite and so the barriers between wells will also be finite and
the ion will be able to pass from one well to another. The
nuclear motion accompanying this dynamic JT effect is usu-
ally referred to as pseudorotation. On a sufficiently long time
scale, pseudorotation averages out the positions of the nuclei
leading to an ion having icosahedral symmetry.

The vibronic state appropriate to the transformed picture
may be written in the form |W;0), where |W) is the elec-
tronic state associated with well W and |0) denotes that all
the h oscillators are in their ground state. States |W’;0) ap-
propriate to the untransformed picture can then be obtained
by multiplying the transformed states by the shift operator U
appropriate to that well such that

|W'":0) = Uy|W;0). (23)

As Uy contains phonon operators, the resultant states are
necessarily vibronic.

The ability to delocalize itself over a number of discrete
wells has an effect on the energy of the ion. To account for
this variation, we can use projection operators to find com-
binations of the well states that have symmetries correspond-
ing to irreducible representations of the 7, group. Using this
technique, the 15 well states are found to produce symmetry-
adapted states of Ty, T, G, and H, symmetry (see the
Appendix), as expected from group theory. It is then a simple
matter to find the energies of these symmetry-adapted states
(SASs) by forming the appropriate matrix elements. Formu-
lating these matrix elements involves calculating vibronic
overlaps between the various wells. For example, the vi-
bronic overlap between nearest-neighbor wells such as A and
B is

(A";0

B';0) = (A|BX0|U,U40), (24)

i.e., a product of electronic and phonon parts, information
about which has been included in Table I. Therefore to sim-
plify ensuing calculations, we define the phonon overlap be-
tween a well and an adjacent well as

. 27
S =(0|U, U0y = exp<— av@). (25)

The phonon overlap between next-nearest-neighbor wells,
such as A and F, is

. 27
<0|U,LUF|0>=exp<— §V’2> =52, (26)

In terms of these parameters, our calculations yield

5 9(8+7S

— — | = _ = 12
Erlg_Eng-ETGg—[z - 2+S)v }hw 27)

and
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TABLE 1. Properties of the 15 minima of D,; symmetry grouped according to their equivalence with respect to minimum A. A mixing
angle of 8=0 has been assumed and term energies set to zero. The positions correspond to the coordinates a of the minima. The associated

(normalized) electronic states are written in terms of their components in the {7} ¢ T2g g} basis and the golden mean ¢=

1(1+45). Also

shown are the phonon and electronic overlaps between the minima and minimum A, where V' =—V/\Vufie® is a dlmenswnless linear
coupling constant. Each of the minima is at an energy E= EJT——I—GV’Zﬁw.

Phonon Electronic Electronic
Label Position overlap state overlap
A -2(0,42,0,0,0) 1 V5(0,0.1,0,0,1,0,0,0,2) 1
B S (6.2,-213,0,-243) Wil L= 1,-¢7 —5.-5, -3, 5)
c —2(V6,12,213,0,213) WElgt-1,6.-¢-1,-¢71 3 -1 .13, L)
D —2(V6.12,213,0,-213) Lo -1, .,-1,-¢7 3,1 13,1)
E —2(V6,12,-23,0,213) expl-Zv?) LA Cg 1, ¢, 1,-¢7, E% ~\3,%) i
J —2(16,12,0,2\3,-213) a1 g-¢ 1,07 53,1, 1)
K —2(16,42,0,2/3,213) WE(l--¢7 1,67 ¢ —\F,-\3,- L, 1)
L —2(16,12,0,-213,-213) L1 —g—gt —1, 47 0, (3 -t 1)
M ~2(16,12,0,-213,2/3) WE1 ¢ -1-¢7 6 —\23, L, L)
F ~§(0,-2,-13,\3,0 Walg-¢-1.-¢7 6-1.-5. 5. £.3)
G ~3(0,-2,-3.-\3.0) Wag-¢ -1, ¢, -1,@, L.1.13)
H —3(0,-12,13,-13,0) exp(-2v'?) Wilg ¢t -1, ¢ =p-1,-\F,-L —L . \3) 0
1 _3(0,-12,13,13,0) Wil =1 -7 =g, -1\5, 5.-5.3)
-2(6,-12,0,0,0) V2(0.1,0,0,1,0,0,0,%,0)
0 ~2(~16,-12,0,0,0) V3(1,0,0,1,0,0,0,2,0,0)

Ey = [5 ? (4 7S)V’2]hw (28)

¢ [2 64 S
for the energies of the SASs. There are no terms involving S°
in these results because the electronic overlap between next-
nearest-neighbor wells is zero. In these expressions, the %ﬁw
corresponds to the zero-point energies of the five uncoupled
harmonic oscillators.

In the limit of infinitely strong vibronic coupling when
V' — oo, the phonon overlap §— 0, and both energies tend to
the energy —E 1+ %hw. This is the same as the static JT limit,
as is to be expected. Conversely, in the limit of weak vi-
bronic coupling V' — 0, the phonon overlap S—1, and Er, o
etc., tend to the zero-point energy zhw At the same t1me
EH —Thw/2, showing that this state represents a first ex-
cited vibronic state. The variation of the energies of the SASs
in across the whole coupling regime is shown in Fig. 2. It
should be noted that this figure is a corrected version of a
similar plot published in Ref. 17. In that work, the abscissae
in Fig. 3 need to be scaled by a factor of \2 to make the
figures consistent with the definition of the linear coupling
constant given in that and the current works.

It is interesting to note that the 7 o Tags and Gg states are
all degenerate irrespective of the strength of the JT coupling,
and that they collectively form a ten fold degenerate vibronic
ground state. The first excited vibronic state is the fivefold

3.6

3.4
S \

3.2 :
D 3] M
53] %
+ 2.8 E T =H
) ot )
~ 2.6 &

24 -\//—

N\—~I=T,T,G,
2.2 . :
1 2 3 4 5

V!

FIG. 2. (Color online) Energies of the symmetry-adapted states
when H,,,=0. The energies are given relative to —Ejyy, where
Eyr=9V"*hw/16.
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FIG. 3. (Color online) Energies of the symmetry-adapted states in the presence of the term energies as calculated by different authors. The
graphs are labeled according to the cases defined in Table II. Case C: Plakhutin er al. (Ref. 12) (§;=-29, 8=-3 meV); Case D:
Wierzbowska er al. (Ref. 13) (5;=6.9, 5,=12.4 meV); Case E: Wierzbowska er al. (Ref. 13) (alternative interpretation, 8;=-6.9, &
=5.5 meV); Case F: Liiders er al. (Ref. 4) (6,=0, 5,=48 meV). The dashed vertical line represents the value V’=1.52 appropriate to the

h,(1) mode of vibration of Cg.

degenerate H, SAS. Any observable differences in energy
between the T} o T2g and G, levels therefore must be due to
other mechanisms, e.g., Coulomb interactions, and not the JT
effect.

B. Nonzero term energies

The procedure used in Sec. IV A can be repeated with
term energy differences &, and & adopting nonzero values.
For a given pair of differences, one must first solve the
coupled system in Eq. (19) to find the required values of s,
and s, which give us the form of the electronic state for our
initial well (well A). At this stage, caution must be taken to
ensure that the term energies have not affected the APES to
such an extent that the minima are no longer of D,; symme-
try. As discussed in a previous paper,” it is possible that
minima could be obtained for this system having D,,, Cs,
Ds, or D3,; symmetries, depending on the mixing angle and
term energies. Hence it is essential to check that minima of
D,;, symmetry are present before using the theory presented
here.

In what follows, we use the results of Ref. 15 to restrict
ourselves to cases which do indeed involve D,;, minima. In
order to use our method, we need to choose values for the
term energies and so we adopt here values that are specifi-

cally aimed at describing the ng ion. This, in itself, requires
certain approximations to be adopted. First, we assume that
the system may be approximated as a single-mode coupling
problem involving the /,(1) normal mode of vibration only
(taken to have the experimentally observed frequency,” fw
~272 cm™!). The justification for this lies in recent DFT
calculations! which indicate that the h,(1) normal mode is,
by far, the most strongly coupled mode of vibration, having a
dimensionless linear coupling parameter of V' =1.52 (the
other h, modes have V' <0.61 and the g, modes have V'
=0.40). The calculations of Ref. 1 also indicate that the
h,(1) mode has a mixing angle of 8~0, which makes the
mode an ideal candidate for the treatment developed here.
Next, we need to decide on the term energies appropriate
to the Cg; cation. Unfortunately, there seems to be several
calculations**'>13 of these parameters for the Cgy** ion,
none of which are in agreement with the others (see Table
II). To overcome this uncertainty, we shall consider each of
these possible sets of term energies, except for those calcu-
lated by Nikolaev and Michel.® This latter work is ignored
here for three reasons. First, our previous results indicate that
their calculated term energies give rise to minima of Dj,
symmetry and is therefore not amenable to the theory used
here. The second reason is that their calculations indicate that
the Cgy anion has a high-spin ground state, in contrast to
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TABLE II. Calculated term energy differences taken from the
literature. The fourth column gives the symmetry of the minima
occurring for a ng cation subjected to that particular pattern of
term energies (Ref. 15). Case A simply labels a hypothetical case in
which all terms are degenerate. This is not expected apply to ng
ions.

Label Sy (meV) &, (meV) Symmetry Ref.
A 0 0 D,

B 29 26 Dsy 9
c 29 -3 Dy, 12
D 6.9 124 D, 13
E ~6.9 55 D) 13
F 0 48 D, 4

“These authors cannot distinguish the identity of their triply degen-
erate states: D has T, lower in energy than T,,; E has the opposite
ordering.

evidence based on EPR measurements reported by Reed and
Bolskar®* which suggest that this anion has a low-spin
ground state (and is thus diamagnetic). This therefore casts
some doubt upon their results in general. Third, these work-
ers have themselves recently revisited the problem, making
more sophisticated calculations, and obtained term energies
that differ considerably from their original results.?

For each of the calculated sets of term energies C—F, the
energies of the resulting SASs, assuming the presence of D,
minima, can be found using the procedure used in the ab-
sence of Coulomb interactions (Sec. IV A). As for that case,
we present the resulting energies graphically as a function of
the dimensionless linear coupling parameter in Fig. 3. In
these graphs, we have marked with a broken vertical line the
linear coupling strength appropriate to the /,(1) vibrational
mode of Cg. This line therefore marks the pattern of ener-
gies that should approximate those in the Cég ion, assuming
that the Coulomb interactions have been correctly accounted
for. The figures show, unsurprisingly, that the order and en-
ergy of the vibronic levels depends on the Coulomb interac-
tions present in the ion. Therefore experimental observation
of these energy levels should permit extraction of numerical
values for the Coulomb energies in Cgy, which may then be
compared with the various calculated values.

The graphs in Fig. 3 give an overall impression of the
effect of varying the linear vibronic coupling parameter on
the vibronic energy levels occurring in Cé(‘; . At the calculated
coupling strength for the /,(1) mode, the splittings between
the terms due to Coulomb interactions seem somewhat sub-
dued compared to when JT interaction is absent. This is es-
pecially true in Fig. 3(F). At this point we must re-emphasize
that these graphs are based on a model in which the Cég ion
has minima in its APES of D,, symmetry. Therefore the
graphs will not give a true picture if minima of a different
symmetry are formed. In particular, in the limit as V| —0 it
is clear that the Coulomb interactions will become increas-
ingly more important than the JT interactions. It was shown
in an earlier work!? that this results in a symmetry change.
Thus the graphs become invalid for small V|. However, Ref.
15 also showed that for the /,(1) mode, the minima in the
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APES are, in fact, of D,, symmetry for each of the cases
C-D shown in Fig. 3. Therefore we can immediately accept
the validity of the graphs in Fig. 3 for the range where V|
=1.5. The graphs in the regime where 0<V|=<1.5 may be
partially valid. For example, in Fig. 3(D), D, symmetry per-
sists down to V| =0.7. This complication is unimportant in
the present context as the calculated coupling strengths in
CZ point towards D,;, minima and so we should be dealing
with those parts of the graphs wherein the theory does apply.

V. SUMMARY AND CONCLUSIONS

Previous studies have suggested that the minima in the
lowest APES of CZ are of D,, symmetry.'%!"5 In this pa-
per, an effective- or single-mode model has been developed
for the ion that is based upon the veracity of this prediction.
Our calculations have utilized calculated coupling constants'
because, to the best of our knowledge, there are no experi-
mental values currently available for these quantities. If such
data become available, then our calculations here will readily
show the results that will be obtained if D,, minima are
present. If one of the other possible symmetries that the ion
may adopt (Dsy, D3y, and C,,) dominates, then it would be
necessary to perform a similar procedure to that outlined
here but for that different symmetry.

By assuming minima of a particular symmetry, expres-
sions for the vibronic states associated with ions localized
within the wells have been formulated and used to create
symmetry-adapted states, which give a good description of
the ion in the presence of a dynamic JT effect. We have
further used these states to calculate term energies and pre-
sented the results graphically (Figs. 2 and 3) for a range of
vibronic coupling strengths.

Coulomb interactions between the holes in CZ, give rise
to energy differences between terms, even in the absence of
JT interaction. Unfortunately, the extent of these Coulomb
interactions are not accurately known. Therefore we have
assessed each of the sets of calculated term energies avail-
able in the literature to provide a graphical representation of
the term energy differences that are to be expected in the ion
if JT interactions are included.

The overall indication is that, at the value of the coupling
parameter pertinent to the dominant /,(1) mode of Cgj, the
residual effects of Coulomb interactions produce significant,
but diminished, splittings between the ground 7, 7>, and G
states. Again, these findings will be greatly enhanced if im-
proved calculations, or better still, experimental values, of
the Coulomb energies become available. Nevertheless, the
current calculations indicate that experimental observation of
these splittings will give a useful insight into the strength of
both the Jahn-Teller and Coulomb interactions in C% ions.
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APPENDIX: SYMMETRY-ADAPTED STATES ARISING
FROM THE D,;, WELLS

In order to simplify the expressions in this Appendix, we
denote the vibronic state |[W';0) appropriate to well W by W,
where the wells are labeled as in Table I. Using projection
operators, the symmetry-adapted states are found to be

|T1gx>— r[¢ 'B+C-D-+HF-G-H+D)+J
+K-L-M+20],
|T1gy>— r[B C-D+E-¢p(F+G-H-T)
+p(T-K =L+ M)+2N],
|Tlgz>_ [2A+¢(B+C+D+S) (F+G+H+T)
—¢-1(j+/C+L+M)], (A1)
Ingx>— r[ pB+C-D-8-¢ (F-G-H+D)+T

+K-L-M+20],

N
|ngy>:ﬁ[B—C—D+5+ HF+G-H-1)

- N T-K-L+M)+2N],

N
Ty = LA (B+C+ D48~ (F+ G+ H+D)
V

+ T+ K+ L+ M), (A2)

|Ga)— [B+C D+E-F+G-H+I+T-K+L

—M],
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|gx> [B C+D+E+F-G-H+T

—3(j+IC—£—M)+40],

N
=3 %[—3(B—C—D+6)+]-'+Q—H—I+j—IC
N

- L+ M+4N],

N
|ng)=—2\/i—5[4A+B+C+D+E+3(}'+Q+H+I)+J

+K+ L+ M], (A3)

|Ht9>— F[B‘ C+D-E-2AF-G+H-D)-T+K-L

+ M],

|He>_ [B C+D-E+T-K+L-M],

|ng) [B+C D-E-F+G+H-T+20],

H, 2= ~[ F-G+H+I-T+K+L-M+2N],

|z>— [ZABCDSJICEM]

(A4)

In these expressions, N; and N, are normalization con-

stants given by
1 \-12
Nl = (1 + _S) N
2

Ny=(1-5)"2, (AS)

where S is the phonon overlap given in Eq. (25).
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