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An electric field modulation technique is used to measure directly the second derivative with respect to gate
voltage of Shubnikov–de Haas oscillations for an AlGaAs/GaAs parabolic quantum well with two spatially
coincident populated subbands. This technique resolves the spin-split regions in the topological phase diagram
and allows observation of the two-subband Landau fan diagram in fine detail. We observe, and model with an
effective g factor, the curved Landau levels of the first and second subbands in a tilted magnetic field. We
obtain evidence for intersubband mixing, but the details are not in accord with present theory. For certain
applied electric and magnetic fields, quantum Hall ferromagnetic ground states are also observed.
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I. INTRODUCTION

An AlGaAs/GaAs parabolic quantum well �PQW� is an
interesting structure for spintronics because of the ability to
change the PQW g-factor magnitude and sign with an ap-
plied electric field.1–3 Additionally, phenomena, such as fer-
romagnetism and level mixing, related to the crossing and
anticrossing of either spatially coincident or spatially sepa-
rate spin-split Landau levels �LLs� or LL related one- or
zero-dimensional states have also attracted much attention
not just for PQWs4–8 but also for heterojunction, square
quantum well, quantum wire, and quantum dot systems.9–15

The energy level problem for a two-dimensional electron gas
in a tilted magnetic field was solved analytically, in the ab-
sence of Coulomb interactions, for wide PQWs by Mann16

and Merlin.17 Merlin showed that LLs of the first subband
develop negative curvature with increasing magnetic field,
while LLs of the second subband show positive curvature.
Therefore, it is possible to observe both crossings and anti-
crossings between the two sets of LLs.

Intersubband transitions were originally detected in con-
ventional square quantum wells �QWs� at infrared frequen-
cies via cyclotron resonance in a tilted magnetic field18–20

and also by Raman scattering.21 However, spin-splitting ef-
fects were neither considered in the theory nor observed in
these optical experiments. More recently, spin-flip transitions
at points where spin-split LLs of the first and second sub-
bands cross in square QWs have been studied by Hall
measurements.11,14 Contrary to the optical investigations,
these experimental efforts focused on low temperature
��1 K� studies of high-mobility heterostructures in a mag-
netic field normal to the sample.

We have previously investigated the electron transport
and quantum mobilities of an AlxGa1−xAs/GaAs PQW with
two populated subbands by analyzing the fast Fourier trans-
form spectra.22 We found that the transport mobility is rela-
tively low at around 3�104 cm2/V s for low electron den-
sity ��2�1015 m−2� when the first subband only is
occupied, and it increases with increasing electron density
although nonlinearly when the second subband becomes oc-

cupied due to intersubband scattering. In this paper, we use
an electric field modulation technique to better resolve the
phase diagram of the spin splitting at odd Landau filling
factors in such PQWs, and have thereby mapped out the
topological phase diagram in the electron density–magnetic
field plane for crossing and anticrossing LLs. Crossing LLs
can occur for any magnetic field tilt angle � �between the
field and the normal to the sample�, including �=0, and an-
ticrossing LLs can be induced with a finite tilt angle �we
employ large angles�. We obtain clear LL fan diagrams as a
function of magnetic field for both the first and second sub-
bands. We observe in a PQW, particularly well at �=0, the
quantum Hall ferromagnetic ground state originally seen in
square QWs9,11,14 and more recently in a PQW.7 In a tilted
field, we observe the predicted intersubband coupling, which
can cause anticrossings, in the region where two subbands
mix.

The sample and experimental details are described in Sec.
II. The results and discussion are presented in Sec. III along
with an illustration of the differences between our measure-
ment technique and more conventional transport measure-
ments. Conclusions are given in Sec. VI.

II. SAMPLE AND EXPERIMENTAL DETAILS

The sample measured is an AlxGa1−xAs/GaAs PQW
grown by molecular beam epitaxy.22 On top of the semi-
insulating GaAs substrate, the following layers were grown:
a 100 nm undoped GaAs buffer layer, a ten period AlAs �five
monolayers�/GaAs �ten monolayers� undoped superlattice, a
250 nm undoped GaAs layer, a 150 nm undoped
Al0.29Ga0.71As layer, a thin region Si-delta-doped to 5.0
�1015 m−2, a 15 nm undoped Al0.29Ga0.71As layer, the
100-nm-wide AlxGa1−xAs PQW with x varied parabolically
and continuously �not digitally� from 0.29 to 0 �in the middle
of this layer� and back to 0.29, a 15 nm undoped
Al0.29Ga0.71As layer, a thin region Si-delta-doped to 5.0
�1015 m−2, a 35 nm undoped Al0.29Ga0.71As layer, and fi-
nally, a 10 nm undoped cap GaAs layer.
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After growth, the PQW structure was processed into a
standard Hall bar with a front gate. The distance between the
voltage probes was 400 �m and the width of the bar was
200 �m. Transport measurements were made at 1.3 K in a
magnetic field up to 8 T �always swept from low to high
field�. Figure 1 is a schematic view of the sample and our
experimental geometry. A dc of I=200 nA was passed from
the source to the drain, and dc and ac voltages were applied
to the front gate. In this case, the longitudinal �transverse
Hall� voltage Vxx �Vxy� can be written as

Vxx,xy�Vg� = IRxx,xy�Vg�

= Vxx,xy�Vg0� +
dVxx,xy

dVg
a sin�2�ft�

+
1

2

d2Vxx,xy

dVg
2 �a sin�2�ft��2 + ¯

= Vxx,xy�Vg0� +
1

4

d2Vxx,xy

dVg
2 a2 +

dVxx,xy

dVg
a sin�2�ft�

−
1

4

d2Vxx,xy

dVg
2 a2 cos�4�ft� + ¯ , �1�

where f =20 Hz is the frequency of the ac gate voltage and
a=1 mV its amplitude. We use two lock-in amplifiers syn-
chronized at frequency 2f �see Fig. 1� to measure the change
in the voltage �2Vxx,xy = �1/4��d2Vxx,xy /dVg

2�a2.

III. RESULTS AND DISCUSSION

For our experimental situation, we found it convenient
and useful to measure the variations �2Vxx and �2Vxy with
respect to the gate voltage. Because this measurement tech-
nique may be unfamiliar, we first illustrate the differences
between it and more conventional transport measurements.
Typical results for the simple case of single subband occu-
pation for resistances Rxx and Rxy �obtained in the same man-
ner as in Ref. 22�, and the variations �2Vxx and �2Vxy with
respect to the gate voltage modulation for zero tilt angle are
shown in Fig. 2 as a function of magnetic field. To compre-
hend the variation of the directly measured second derivative

result, �2Vxx, the similar but “noisier” quantity B2d2Rxx /dB2

conventionally derived numerically23 from the raw Rxx is
also shown in Fig. 2 as a function of magnetic field. If Rxx is
smoothed, this quantity then resembles �2Vxx. To illustrate
what information can be obtained from the second derivative
results, we model Rxx in the vicinity of filling factor �=3 �see
Fig. 2�a�� with two overlapping Lorentzian peaks, corre-
sponding to the spin-up and spin-down LLs, each of width 	
and separated by 
. After taking the second derivative of
such a pair of peaks, we can, when 
�	, obtain four peaks,
in which the inner two separated by 
 are pointing down-
ward and the outer two separated by 
+2	 are pointing
upward. Therefore, when we experimentally observe pairs of
upward peaks with this technique �see Fig. 2�b��, we have
effectively “expanded” the spin-splitting region of odd Lan-
dau index �, and correspondingly, “shrunk” the region of
even �. Note from the example traces in Fig. 2�b�, 

�0.79 T for the �=3 spin splitting, from which we obtain an
effective g-factor for the first subband, �g*��9, taking an
effective mass m*=0.067me, which we use in our model dis-
cussed below. We found our second derivative technique par-
ticularly useful for the more complex case of two subband
occupations.

Next, numerous scans were taken by fixing the gate volt-
age Vg and sweeping the magnetic field, producing a Landau
fan diagram of �2Vxx as shown in Fig. 3�a�, where the tilt

FIG. 1. Diagram of the experimental setup for the electric-field-
modulated Hall effect. The sense of the magnetic field tilt �accurate
to �1°� is indicated �R1=R2=1 k�, R3=100 ��.

Magnetic field (T)

FIG. 2. �Color online� �a� Typical traces, here for first subband
only occupation, of the resistances Rxx and Rxy versus the magnetic
field for zero tilt angle. The Landau filling factors � are indicated.
�b� The variation of voltage �2Vxx and �2Vxy as a function of the
magnetic field measured under the same conditions as Rxx and Rxy.
The 
 and 
+2	 separations are marked for �=3. �c� Quantity
B2d2Rxx /dB2 versus magnetic field, derived from the Rxx data
shown in �a�, raw and smoothed.
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angle of the magnetic field is zero. The trace at Vg=0.7 V is
shown in Fig. 3�b� as an example. It is clear that there are
gaps in the mixed regions between the first- and second-
subband LLs, and this is most clear for the �=4 quantum
Hall state in the vicinity of Vg=0.5 V �position marked by
asterisk�. The evolution of the �=4 state in both Rxx and Rxy

as the gate voltage is swept from Vg=0.44 to 0.56 V is
shown in Figs. 4�a� and 4�b�. This phenomenon was origi-
nally explained for nonparabolic QWs.11,14 In the vicinity
where two spin-split LLs with different subband indices
cross each other, there is a high probability to form, for even-
�, aligned electron spins states in order to gain exchange
energy. Such an ordered quantum Hall ferromagnetic ground

state has been observed in transport measurements, for ex-
ample, on a 60-nm-wide square GaAs quantum well at
0.33 K with a Vg=0 V mobility of �2.6�106 cm2/V s,9

subsequently on a 40-nm-wide square GaAs quantum well at
0.05 K with a mobility of �4.0�106 cm2/V s,11 on a
24-nm-wide square GaAs quantum well at 0.34 K with a
mobility of �4.1�105 cm2/V s,14 and most recently, on a
100-nm-wide PQW at 0.1 K with a mobility of �1.6
�105 cm2/V s.7 The �=4 “ringlike” structure we see be-
tween 4 and 5 T in Fig. 3�a� is also a direct evidence of the
existence of multiple phases with the same quantized Hall
conductance,7,11,14 and thus, the ferromagnetic phase has
been confirmed here with our technique for a 100-nm-wide
PQW sample even with a low mobility ��1�104 cm2/V s�
and at a relatively high temperature �1.3 K� for the quantum
Hall effect measurements. Note that while the �=4 ringlike
structure is clearest, we do see other smaller “rings” in Fig.
3�a�, e.g., at �=6. Interestingly, the details of the �=4

FIG. 3. �Color online� �a� Fan chart of �2Vxx�B ,Vg� data for zero
tilt angle with step of 0.01 V in Vg. Red areas indicate zero and
negative values of �2Vxx, and the color changes from yellow to
green to blue as �2Vxx becomes more positive. The solid lines mark
the positions of relevant negative peaks in �2Vxx, and the filling
factor � is indicated by the numbers. The dotted black lines show
the expanded spin splitting 
+2	 for the second subband lowest
level, while the blue solid lines between the dotted black lines de-
note the estimated 
. The center of the �=4 ringlike structure is
marked with an asterisk. �b� �2Vxx trace for Vg=0.7 V clearly show-
ing the relevant negative peaks associated with the solid lines
marked in �a�. �c� The calculated fan chart for zero tilt. The up and
down arrows denote the electron spin states of the spin split LLs.

FIG. 4. �Color online� �a� Rxx and �b� Rxy near Vg=0.5 V �step
in Vg=0.02 V� in the vicinity of the “ring,” whose center is marked
with an asterisk in Fig. 3�a�. The arrows in Rxx mark the �=4
quantum Hall state, which is clearly modulated in strength around
Vg=0.48 V. The Rxx curves have been offset for clarity and each
curve is labeled with the gate voltage. The modulation of the �=4
state is also apparent in corresponding Rxy curves. The asterisk on
the Vg=0.48 V curve at �=4 emphasizes the link with the fan chart
data in Fig. 3�a�; the gaps themselves are to the left and right of the
asterisk.
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ringlike structure are seen to be different from those of
higher index rings in Refs. 11 and 14 on square quantum
wells. Below we describe the details of the calculation for
the fan chart shown in Fig. 3�c� for zero tilt, but we note first,
as expected, that there are no anticrossings, and second, since
the model is single particle in nature, the observed ring struc-
ture is not reproduced as is well discussed in Ref. 14.

Further interesting physical features emerge in the �2Vxx
data for tilted magnetic fields. Data obtained for a tilt angle
of 21° are shown in Figs. 5�a� and 5�b�, and the calculated
LLs using Merlin’s single-particle PQW model17 are shown
in Fig. 5�c�. For the theoretical calculations, the additional
spin splittings were calculated from 
=g0�BB+ �g*

−g0��BB�, taken from Ref. 24, where the GaAs bulk g fac-
tor g0=−0.44, �B is the Bohr magneton, and B and B�

=B cos��� are the total magnetic field and its perpendicular
component, respectively. An “exchange enhanced” g factor
�g*� is a common means to phenomenologically add complex
exchange effects to the single-particle picture of LLs.7,8,14,24

We take the effective g factor �g*�=9 for the first subband
�see above�, and we estimate from the spin splitting of the
second subband �see the dotted black and solid lines �blue

online� between the dotted black lines in Fig. 3�a�� �g*� for
the second subband to be �1.8. Note that the sign of the first
and second subband g* values is assumed to be the same as
that of g0. We also assumed that the Fermi energy is linearly
related to the gate voltage. From m*, and the electron density
of 3.1�1015 m−2 for Vg=0.35 V at which the second sub-
band starts to be occupied, we obtain E12=11 meV for the
spacing between the first and second subbands at 0 T, which
is in good agreement with our previous results.22 A clear
anticrossing of LLs is observed experimentally at a tilt angle
of 21° in Fig. 5�a� for a magnetic field near 5 T at �=4, and
this is confirmed from the simple Merlin model �marked AX
at �6 T in Fig. 5�c��. Note again that there is only qualita-
tive agreement with the single-particle model; i.e., the AX is
reproduced, but discrepancies in the field dependence of the
fan, as in the zero tilt case, are evident.

On further analyzing the data obtained for a tilt angle of
21°, we notice the following interesting observations. The
�=6 region near B=3 T and Vg=0.4 V has arisen from a
crossing of spin-split LLs in a similar way as the �=4 ring-
like structure shown in Fig. 3�a� for zero tilt angle, although
it is not as clearly defined. On the high field side of this
structure, rather than seeing a clear continuation of the four
first and second subband LL states, only two single minima
in �2Vxx are observed; i.e., the expected spin-split pairs ap-
pear to be unresolved and we see just two lines marked as A
and B in Fig. 5�a�. We believe that this behavior can be
explained in terms of “mixing” of odd-� same-spin states
originating from the two Landau fans as postulated in Ref.
11. By mixing we mean levels in close proximity merge �see
cartoon�. The single minimum observed at both the low �line
B� and high �line A� field sides of the �=5 state beyond 3 T,
which arises from these mixed same-spin states, cannot be
accounted for by the Merlin model shown in Fig. 5�c� be-
cause of its single-particle nature.

Similar anticrossings are predicted for �=6 at a field near
6 T for a tilt angle of 45°, and likewise for �=8 above �6 T
at 61° tilt �see Figs. 6�b� and 7�b��. Experimentally, while the
anticrossings are less clear at these larger tilt angles, we do
see the characteristic negative curvature of several of the first
subband LLs as well as the positive curvature of the second
subband LLs �see Figs. 6�a� and 7�a��. To emphasize that a
high first subband g* value is needed to reproduce best our
data, we give in Fig. 7�b� the calculated fan chart for a first
subband effective g factor �g*�=9 and take �g0�=0.44. Note
that the calculated fan chart would have reproduced poorly
the experimental data had we used either �g*�=0 or �g*�=2.
These situations correspond, respectively, to using just the
bulk g value for GaAs and a g* value widely used for quan-
tum wells. Thus for overall agreement between the theory
and experiment, i.e., considering the whole fan chart and not
just in the vicinity of specific features such as the ring struc-
ture, we clearly see the need for a high g* value. Our calcu-
lations show this to be most apparent at a high tilt angle
where large spin splittings were experimentally seen,
whereas at lower tilt angle this was less evident.

From our work on PQWs, it is clear that the single-
particle picture including exchange interactions phenomeno-
logically, through the use of an enhanced g factor, g*, is not
sufficient to explain all the observed details such as the ring

FIG. 5. �Color online� �a� Fan chart of �2Vxx in a tilted magnetic
field of 21° constructed similar to the one in Fig. 3�a�. The cartoon
pictorially shows the “mixing” between the spin-up �spin-down�
states of the third �n=2� LL of the first subband and the first �n
=0� LL of the second subband, giving rise to the line marked A �B�.
�b� �2Vxx trace for Vg=0.7 V, again clearly showing the relevant
negative peaks associated with the solid lines marked in �a�. �c� The
calculated fan chart for this angle revealing the anticrossing �AX�
for �=4.
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structures and the precise details of the LL field dependence.
In this regard, it would be interesting to ascertain why we
had to take such a high g* value for the first subband, while
for the second subband a much smaller value was necessary
to obtain general agreement between experiment and theory
in the LL mixing regions shown in Figs. 5–7.7 In addition,
our results appear to confirm the assumptions and conclu-
sions of previous work24 regarding the spin-splitting varia-
tion with tilted magnetic fields. For example, only the part
g0�BB of the spin splitting 
 increases as the magnetic field
is tilted to higher angle. Note that Ref. 24 also quotes high
�g*� values in the range 5–9. From a wider perspective, simi-
lar conclusions regarding the necessity of a proper inclusion
of the exchange interaction have been reached before in
other recent works on square QWs11,14 and PQWs.7 Interest-
ingly, a recent theoretical investigation based on density
functional theory8 going beyond a Hartree calculation and
treating g* as an input parameter, which attempts to repro-
duce the ring structures seen in Refs. 7 and 14, is only in
qualitative agreement with the experiments.

Reference 8 also raises another open question. In the
original investigations of Piazza et al.9 and De Poortere et
al.10 on quantum Hall ferromagnets, hysteresis effects were
observed in the longitudinal magnetoresistance at low tem-
perature �seen most clearly below �0.3 K�. However, in
subsequent works, which are more similar to our situation,
no hysteresis effects were reported.7,11,14 Consequently, for

our relatively high �1.3 K� measurement temperature, we did
not seek evidence for hysteresis effects.

IV. CONCLUSIONS

Our clear observation by transport measurements of the
anticrossing between the first and second subbands for �=4
at a finite tilt angle of 21° and the characteristic negative
�positive� curvature of the first �second� subband LLs at this
tilt angle and steeper tilt angles is seen to be qualitatively
consistent with the theoretical predictions of Merlin,17 but
more theoretical work is needed to elucidate the underlying
physics of the spin dependent transport in PQWs, and proper
inclusion of the exchange and correlation effects is neces-
sary.

Thus, PQWs not only form an ideal system for spintronics
applications and theoretical investigations, but also display a
rich hierarchy of physical phenomena in normal and tilted
applied magnetic fields. Our second-differential
Shubnikov–de Haas measurements have revealed that, de-
pending on the tilt angle and magnitude of the applied fields,
quantum Hall ferromagnetic ground states can be formed and

FIG. 6. �Color online� �a� Fan chart of �2Vxx in a tilted magnetic
field of 45° constructed similar to the one in Fig. 3�a�. �b� The
calculated fan chart for this angle revealing the anticrossing �AX�
for �=6.

FIG. 7. �Color online� �a� Fan chart of �2Vxx in a tilted magnetic
field of 61° constructed similar to the one in Fig. 3�a�. �b� The
calculated fan chart for this angle with first subband effective g
factor �g*�=9 and taking �g0�=0.44. The calculated fan chart reveals
an anticrossing for �=8 that occurs near the top right corner of the
figure.
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a series of intersubband crossings and anticrossings can oc-
cur. Furthermore, in such wide wells, these complex phe-
nomena do not apparently require the use of ultrahigh mo-
bility samples nor millikelvin temperatures for their
observation. The high resolution of the second-differential
method, as has been demonstrated here, indicates its useful-
ness in quantum Hall effect transport measurements.
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