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We investigate plasmon excitations in a quantum wire that consists of an infinite one-dimensional array of
vertically coupled InAs/GaAs strained quantum dots �QDs�. The research is carried out in the framework of
random-phase approximation using effective-mass theory. Our formalism is capable of studying plasmons with
strong tunneling among QDs, which frustrate the conventionally adopted tight-binding approximation. Based
on this formalism, a systematic study on the intraminiband or intrasubband plasmon in vertically coupled
InAs/GaAs strained QDs is presented. It is found that an increase of the dot spacing will inevitably reduce the
plasmon energy. In contrast, the role of dot height is relatively complex and depends on the dot spacing. The
results demonstrate the possibility to engineer collective excitations in low dimensional systems by simply
changing their geometric configuration.

DOI: 10.1103/PhysRevB.76.075345 PACS number�s�: 73.20.Mf, 73.21.�b, 78.67.Hc, 78.67.Lt

I. INTRODUCTION

A vertical alignment of closely stacked self-assembled
quantum dots �QDs�, i.e., vertically coupled QDs, was first
observed in InAs/GaAs by Xie et al.1 After their pioneering
work, vertically coupled QDs relying on a strain-field inter-
action between a buried and a stacked quantum dot were also
observed in many other material systems.2 Those observa-
tions have stimulated a lot of profound research in related
quantum systems, e.g., a QD molecule made of a pair of
vertically stacked QDs.3 A quantum wire composed of many
vertically coupled QDs is one interesting such system.4 Since
the properties of the wire are sensitive to the tunneling be-
tween dots, it may be tuned in a manner that would be im-
possible with other quantum wire structures. Here, motivated
by the abundant physics, we are encouraged to study collec-
tive excitations, i.e., plasmons, in this unique system.

Plasmons in two-dimensional �2D� QD arrays have been
studied in the past two decades mostly in theory.5,6 In their
study, the tight-binding approximation �TBA� has usually
been adopted as the theoretical foundation, which makes it
possible to continue the calculation and works well in most
2D QD array systems. Even for studying plasmons in other
systems with weak tunneling, TBA is still the major theoret-
ical foundation.7 However, this approximation requires that
the tunneling be weak. In addition, too many adjustable pa-
rameters are present in TBA which affects the reliability of
TBA. These traits hinder the applications of TBA in studying
plasmons in systems with strong tunneling.

For one-dimensional �1D� vertically coupled strained
QDs, tunneling among QDs can be controlled conveniently
by simply varying the barrier thickness between the QDs. In
experiments, it is easier to realize vertically coupled strained
QDs if the barrier thickness is small.8 Therefore, the assump-
tion that tunneling is weak is not always correct in 1D ver-
tically coupled QDs. This may be the reason why no theo-
retical research on plasmons in vertically coupled strained
QDs has been reported even ten years after the pioneering
experimental work of Xie et al.1

In this paper, in order to overcome the strong tunneling
difficulty encountered by TBA, plasmons in vertically
coupled strained QDs are studied with the help of effective-
mass theory �EMT�. Effective-mass theory has been proved
to be successful in calculating the electronic structures of
self-assembled QDs, including vertically coupled strained
QDs.9,10 According to EMT, guided by the Hamiltonian ma-
trix, the wave function is expanded in a plane wave basis,
and the corresponding energy is also strictly determined at
the same time. In this way, the effect of finite band offset, the
different effective masses of electrons, and geometrical con-
figuration can all be reflected in the Hamiltonian matrix and
taken into account. The computation burden of EMT is de-
pendent on the number of adopted plane waves, which im-
plies that a more isolated wave function requires more com-
putation time. Therefore, this method is suitable in studying
systems with strong tunneling, which are beyond the reach of
TBA. Using EMT, the influences of geometrical configura-
tion on plasmons, which have not been studied before, can
be naturally determined. In this work, the influence of dot
size and spacing on plasmon energy is emphasized.

II. THEORETICAL MODEL

To familiarize the reader with the essentials of our ap-
proach, we briefly introduce our overall strategy here. EMT
and the random-phase approximation �RPA� are the two the-
oretical foundations of our approach. In EMT, electron-
electron interactions are ignored and the single-particle pic-
ture is used to calculate the wave function and energy. In
RPA, the Coulomb interaction is treated classically and
exchange-correlation effects are neglected. These treatments
will be highlighted throughout this paper.

Within these two frameworks, we first establish the
single-particle Hamiltonian matrix considering a quantum
wire structure. From this Hamiltonian matrix, the band struc-
ture and wave function of the quantum wire will be calcu-
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lated. Then the RPA-based generalized dielectric function
��q ,�� will be introduced with the previously obtained re-
sults from EMT, and the plasmon energies are determined by
the poles of ��q ,��. We confine the numerical calculations to
the case of intraminiband or intrasubband plasmons under
the zero-temperature limit. Accordingly, the electron density
is adjusted so that only the lowest or first subband and mini-
band are occupied.

The structure of a single quantum wire consisting of
stacked InAs quantum dots embedded in GaAs considered
here is depicted in Fig. 1. The growth direction �100� is
defined as the z direction. The shape of one InAs QD is like
a columnar disk, which is a rectangle in the x-z plane. In the
z direction, the height of the InAs dot is hz, and the distance
between two adjacent dots is d. The period is Lz, and the
radius of the dots is R. The electron potential is a constant
value, namely, the InAs/GaAs conduction-band offset �V� in
the GaAs and zero in the InAs QDs.

We choose the boxed region shown in Fig. 1 as the unit
cell. It should be noted that the SI units, instead of Gauss
units, will be used throughout this paper. In order to avoid
confusion, the cited formulas will also be presented in SI
units, e.g., Eq. �11�.

In this system, the electron wave function can be written
approximately as the product of a z dependent and an
xy-dependent term:

��,kz;s
�r� = ��,kz

�z��s�x,y� , �1�

where r��x ,y ,z�. The corresponding electron energy is

E�,kz;s
= Es + E�,kz

, �2�

where � is the index of the miniband and s is the subband
index. Es arises from confinement in the x-y plane and E�,kz
results from modulation in the z direction.

Considering the periodicity in the z direction, ��,kz
�z� will

be calculated by EMT. According to EMT,9,10 ��,kz
�z� can be

expressed as

��,kz
�z� =

1
�L

�
nz

C�,kz,nz
ei�kz+nzKz�z, nz

= 0, ± 1, ± 2, . . . , Kz =
2�

Lz
. �3�

L is the length of this quantum wire in the z direction and can
be regarded as infinity. E�,kz

and C�,kz,nz
are the eigenvalue

and eigenvector of the Hamiltonian matrix H�kz�, respec-
tively. In the calculation, the ground miniband �or subband�
is labeled as � �or s� =1. E1,kz

is the smallest eigenvalue of
H�kz� and C1,kz,nz

is its corresponding eigenvector. The
Hamiltonian matrix of the system in Fig. 1 is placed in the
Appendix. As usual, the electron-electron interactions are not
included in the Hamiltonian matrix. This exclusion is also
consistent with the spirit of RPA we adopt.

Within the framework of RPA,11 following Ref. 7, we
obtain the generalized dielectric function given by

	s,s�,t,t� = 
s,t
s�,t� − �
��,�

�
n1,n2,n3,n4

1

2�

�� dkzC�,kz,n1

* C��,kz+q,n2
C��,kz+q,n3

* C�,kz,n4

���,kz�=kz+q;s�;�,kz;s
Ft,t�,s,s�	q + Kz�n2 − n1�

�n2−n1�,�n3−n4�

�4�

and

Ft,t�,s,s�	q + Kz�n2 − n1�
 =� dx� dx�
e2

2�	s

��t
*�x��t��x�K0�	q + Kz�n2 − n1�


��x − x����s�x���s�
* �x�� , �5�

���,kz�;s�;�,kz;s
= 2� f0�E��,kz�;s�� − f0�E�,kz;s

�

E��,kz�;s� − E�,kz;s
+ � + i� , �6�

where x��x ,y�, 
 is the usual Kronecker delta, which is
unity if �n2−n1�= �n3−n4� and zero otherwise, K0�x� is the
zeroth-order modified Bessel function of the second kind, �
is the damping factor, and f0 is the Fermi distribution func-
tion. In Eq. �6�, a prefactor of 2 is added to account for the
spin degeneracy in the system.

Equation �4� gives the dynamic dielectric matrix, which
considers both the subband induced by confinement in the
x-y plane and the miniband resulting from modulation in the
z direction. The plasmon spectrum is obtained by the condi-
tion when the determinant of the dielectric matrix vanishes:

�	s,s�,t,t��q,��� = 0. �7�

Here, we limit ourselves to the study of intraminiband and
intrasubband plasmons under the zero-temperature limit. In

FIG. 1. Schematic of a quantum wire consisting of stacked InAs
quantum dots embedded in GaAs. We choose the dashed line region
as the unit cell in the z direction.
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this case, only the lowest or first subband and miniband are
occupied, while any excited subband and miniband will be
ignored in the calculations. Then the dynamic dielectric
function can be simplified into the following form:

	�q,�� = 	1,1,1,1 = 1

− �
n1,n2,n3,n4

� dkzC1,kz,n1

* C1,kz+q,n2
C1,kz+q,n3

* C1,kz,n4

��1�,kz�=kz+q;1;�1�,kz;1
F1,1,1,1	q + Kz�n2 − n1�

�n2−n1�,�n3−n4�.

�8�

When it is possible to confuse the index of the miniband with
that of the subband, the miniband index will be placed in
brackets.

For F1,1,1,1	q+Kz�n2−n1�
, in the long wavelength limit,
we take the approximation as in Ref. 12:

F1,1,1,1	q + Kz�n2 − n1�
 =
e2

2�	s
K0�	q + Kz�n2 − n1�
R� ,

�9�

where the radius of the QD�R� is taken as the characteristic
cutoff length.

The single-particle excitation �SPE� region, where the
plasmon is subject to Landau damping, is determined by cal-
culating the poles of the corresponding irreducible response
function,13 i.e., the region where Eq. �10� is satisfied:

f0�E��,kz+q;n�� − f0�E�,kz;n
� � 0,

E��,kz+q;n� − E�,kz;n
= � . �10�

III. NUMERICAL RESULTS AND DISCUSSION

Following the treatment in Ref. 14, we use the electron
effective mass of bulk InAs under the average hydrostatic
strain present in the dot material, which is calculated to be
0.04me �me is the free electron mass� in the conduction band.
The electron effective mass in GaAs is set to 0.067me. The
conduction-band offset V is taken from Ref. 10 as
0.5134 eV, and the dielectric constant of GaAs is used as 	s,
i.e., 	s=12.8	0, where 	0 �	0=8.85�10−12 F/m� is the di-
electric constant in vacuum. For all of the following calcu-
lations, the damping factor � is assumed to be 0.005 meV,
the QD radius R is 7.5 nm, and the linear charge density
takes the value of NL= �2/3��106 cm−1, i.e., kF= �� /3�
�106 cm−1. The numbers of plane waves used in our calcu-
lations are nz=0, ±1, ±2, ±3, ±4. Taking more plane waves,
the calculated results will be slightly improved.

The evolution of the dielectric function �	� with respect to
energy is presented in Fig. 2. In the calculations, we choose
hz=3 nm, Lz=4 nm, and q= �� /5��105 cm−1. It is shown
that when the energy approaches the SPE region, Re�	� �the
real part of 	� will rise markedly, while in the SPE region,
Re�	� experiences a drastic falling, from a large positive
value to a large negative value. Since this SPE corresponds

to intrasubband or intraminiband absorption, namely, the ex-
citation of electron-hole pairs around the Fermi level, this
behavior of Re�	� in SPE is in agreement with that described
in textbooks related to the evolution of Re�	� in the absorp-
tion energy region. After passing SPE, a rise in Re�	� is
restored. During this transition, the plasmon energy can be
determined at the point where Re�	�=0, and we will calcu-
late the plasmon energy �EP� in this way. If the energy in-
creases further, Re�	� will be close enough to the constant
value of 1, i.e., Re�	�→1. Im�	� �the imaginary part of 	�
only has a pronounced value in the SPE region, indicating
strong intrasubband or intraminiband absorption in the SPE
region. In other regions, due to the weak absorption de-
scribed by �, it will take a small and almost constant value.
Two steps separate the terracelike SPE region from the other
region. As a whole, the calculations reproduce the well-
known behavior of the dielectric function, both in the real
and imaginary parts.

Figure 3 depicts the plasmon energy dispersion and SPE
region calculated with the same set of parameters used in
Fig. 2. An additional curve, calculated according to Ref. 15,

EP = q��In�qR��� NLe2

2�	sm
*�1/2

, �11�

is added for comparison. Equation �11� is the well-known
dispersion relation for plasmon in a 1D quantum wire in the
long wavelength limit.15 Since intraminiband or intrasubband
plasmons is associated with the electrons around the Fermi
level, the effective mass �m*� at the Fermi level is adopted as
m* in Eq. �11�. In Eq. �11�, it is assumed that m* will not
change over the entire miniband, while in our method, the
variation of the effective mass around the Fermi level �mF

*� is
considered. The difference between our results and Eq. �11�
means that when studying EP in quantity, as we will do be-
low, it may be unsafe to derive EP simply through Eq. �11�.
In Fig. 4, we have calculated three dispersion curves with the
same dot height but different dot spacings. It is found that the
dispersion curve shifts to low energy if the QD spacing in-
creases, i.e., under the same q, the plasmon energy is re-
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FIG. 2. �Color online� Dielectric function �	� as a function of
the energy. The calculated SPE region is indicated by dotted lines.
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duced. This trend can be seen more clearly in Fig. 5.
In Fig. 5, with an increase of dot spacing, EP in all cases

decreases monotonically, irrespective of dot height. This
evolution indicates that reducing tunneling will result in a
decrease in EP. The effect of dot height �hz� on EP is com-
plex. When d=0, a single InAs quantum wire is achieved,
and the EP in all cases take the same value. With a small dot
spacing �d�1.5 nm�, where strong tunneling occurs, larger
height will lead to higher plasmon energy, and the relation is
reversed if the tunneling probability is reduced further �d
�2 nm�. These results show that the roles played by dot
height in determining EP are dependent on the dot spacing.
This behavior related to hz can also be explained based on
tunneling. When the QDs are well separated, the ground state
in thin QDs is higher in energy, which leads to stronger
tunneling and also larger EP than thick QDs. If d is small

enough, tunneling in thin QDs will face not only the nearby
barriers but also the successive barriers, resulting in low tun-
neling. Considering the positive influences exerted by tun-
neling on EP, all of the relations described above are well
explained.

In the view of TBA, the energy of an adopted Wannier
wave function centered at a QD will decrease as the QD
becomes thicker. As a result, with the same dot spacing, the
tunneling between thick QDs will be reduced, leading to the
reduction of EP. However, these predictions can only explain
the results related to EP and hz in Fig. 5 when d�2 nm.
When d�1.5 nm, thicker QDs will have larger EP and these
predictions break down. The failure of TBA is not surprising
given the fact that only tunneling from the nearest QDs is
included in TBA.

We know that the miniband structure can be parametrized
by the effective mass. On the other hand, the similarity be-
tween the fitting curves, which rely on m* at the Fermi level
�mF

*�, and the calculated curve is shown in Fig. 3. Therefore,
it may be instructive to investigate the evolution of the ef-

FIG. 3. �Color online� Plasmon energy dispersion and SPE re-
gion calculated with the same set of parameters used in Fig. 2. The
shaded area indicates the SPE region. For comparison, curve A is
presented and calculated according to Eq. �11� with m*

=0.049 413me, which is the calculated effective mass at the Fermi
level in this system.

FIG. 4. �Color online� Influence of dot spacing on the dispersion
relations of plasmons.

FIG. 5. �Color online� Influence of dot height and spacing on the
plasmon energy.

FIG. 6. �Color online� Evolution of the effective mass at the
Fermi level �mF

*� with respect to dot height and spacing. The effec-
tive mass is in the unit of the free electron mass.
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fective mass. The calculated results for mF
* are presented in

Fig. 6. When d=0, i.e., the situation of an InAs quantum
wire, effective masses of all cases converge to 0.04me, the
adopted electron effective mass in strained InAs QDs. With
increasing dot spacing, the effective mass increases quickly,
reflecting the exponentially suppressed tunneling probability.
This trend is in agreement with the previous calculations’.4

The turning point, where the effect of dot height on EP is
reversed, also appears at d=1.5 nm in Fig. 6. Since EP shows
a 1/�m* dependence, as shown in Eq. �11�, the evolution of
mF

* can be used to explain completely the situations in Fig. 5.
These correlations show in our system that mF

* is a represen-
tative parameter in evaluating the overall miniband states
that participate in intraminiband or intrasubband plasmons,
or, simply speaking, a small value of mF

* means that other
miniband states around the Fermi level that participate in
intraminiband or intrasubband plasmons will also have small
m*. For other plasmon modes, such as interminiband or in-
tersubband plasmons, the situation is more complex. This is
because not only the states around the Fermi level but also
the whole ground miniband or subband will contribute to the
collective excitations. A single parameter like mF

* may be
insufficient to account for those complexities.

At the end of this section, we give a brief discussion of
the limits of applicability of our method. It seems that our
method is a precise approach which can be applied to sys-
tems with weak tunneling. However, if the tunneling is too
weak, intradot electron-electron interactions will be promi-
nent and must be considered when determining the band
structure. Unfortunately, we cannot consider those interac-
tions with the single-particle EMT method. On the other
hand, with the reduction of tunneling, the electron will be
very localized, requiring a greater number of plane waves
and increasing the calculation burden in EMT to an unman-
ageable level. Therefore, the applicability of our method
should be limited to the range from strong tunneling to me-
dium tunneling. In this range, tunneling integral is greater
than intradot Coulomb interaction and the calculation burden
is manageable.

IV. CONCLUSION

In summary, the plasmon excitation in one quantum wire
consisting of an infinite 1D array of vertically coupled

InAs/GaAs quantum dots has been studied based on
effective-mass theory and the random-phase approximation.
This study covers the calculation of the dielectric function,
the dispersion relations, and the influence of geometric con-
figuration on plasmon energy. It is found that the enhance-
ment of tunneling among QDs will increase the plasmon
energy. The study also provides some guidelines for engi-
neering the collective excitations in vertically coupled quan-
tum dots.
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APPENDIX: HAMILTONIAN MATRIX

According to effective-mass theory and taking into ac-
count the differences of the effective masses between InAs
and GaAs materials, the electron Hamiltonian can be written
as the equation below �neglecting the second- and higher-
order terms in the approximation�:

He = P
1

2m*�r�
P + Ve�r� . �A1�

In the unit cell in Fig. 1, the matrix elements of the
Hamiltonian can be written as

� 2kn,n�
2

2mGaAs
* + V�	
n,n� − S�hz�
 +

2kn,n�
2

2mInAs
* S�hz� , �A2�

S�hz� =� sin� �hz�n − n��
Lz

��n − n��
�

��n − n��

for n � n�

hz

Lz
for n = n�,

� �A3�

kn,n� = ��kz + nKz��kz + n�Kz� . �A4�
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