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The temperature dependence of electrical resistivity �ER� in fcc transuranium metals—plutonium, ameri-
cium, and curium and some plutonium-based dilute alloys—has been considered within the Mott two-band
conductivity model. It has been shown that the physical origin of the experimentally obtained temperature
dependence of ER, including negative temperature coefficient of resistivity �TCR�, is an ordinary electron-
phonon interaction and its interference with electron-impurity interaction in the case of dilute alloys. A simple
criterion of the negative TCR at high temperatures �T��D� was formulated and applied to explain qualitatively
the experimental TCR data in Pu-based dilute alloys. To make numerical evaluation of ER of pure metals and
their alloys at high temperature, the coherent potential approach for the Mott two-band conductivity model was
combined with ab initio obtained fcc Pu, Am, and Cm densities of states as the starting point in the iteration
procedure. The fcc curium LDA+U+SO density of states was reported and discussed in detail. The results of
the ER theoretical investigations were compared with available experimental data.
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I. INTRODUCTION

The experimental discovery1 of anomalous electrical re-
sistivity �ER� temperature behavior in some Pu-based dilute
alloys �also often referred to as �-Pu� more than 50 years ago
attracted a great deal of attention of the physical
community.2–6 In americium, further investigations have
shown unusual coexistence of typical “metallic” ER tem-
perature dependence at high temperature �T��D, where �D
is a Debye temperature� and ��T4±0.5 regularity at low tem-
perature �T��D�.7,8 On the other hand, the ER of curium
resembles that of ordinary antiferromagnets: it is a quasilin-
ear function at high temperature and is proportional to T2 at
low temperature,9 with typical anomalies in the vicinity of
the Néel temperature for all antiferromagnets. Such variety
of observed ER temperature dependencies of similar metals
is a nonordinary fact itself.

Many empirical or semiempirical models of
conductivity10 were used in previous theoretical investiga-
tions to describe the anomalies in ER behavior in �-Pu.
Note, at first, that description of ER behavior at low and
high temperatures by combining two separate models1,11

meets serious problems due to physical inconsistency of their
bases.

Some attempts to consider �-Pu as a pure metal within
Kondo12,13 and spin-fluctuation14 models have been pre-
viously undertaken. However, no visible progress was
achieved within common Kondo model.12 Another attempt of
Kondo model with specific treatment of experimental data
was made in Ref. 13, however, it is very problematic and
highly ambiguous to distinguish the “magnetic” part of ER.15

At high temperatures the dynamic spin-density fluctuation
model14 predicts negative temperature coefficient of resistiv-

ity �TCR� for some particular values of the Stoner parameter.
However, its value, which provides negative TCR, was found
to be unreasonably high.10,12 Moreover, according to this
model, the external magnetic field has to suppress spin fluc-
tuations and, therefore, causes an essential change in observ-
able ER temperature dependence, which was not found in
experiments.6,10 On the other hand, this model predicts true-
like behavior ��T2 at low temperatures, in agreement with
available �-Pu experimental data. However, one cannot say
whether this correlation is physically based or fortuitous, be-
cause other scattering channels �electron-electron, for ex-
ample� can provide similar low-temperature ER behavior.
The unambiguous apportionment of dominating scattering
channel in such systems at low temperature becomes difficult
due to uncertainty of values of correspondent matrix ele-
ments for different types of interactions.

It is a well-known fact that different types of ER curves as
well as negative TCR may be successfully explained using a
synthetic model of the density of states �DOS� and simple
relation for ER as a product of “ideal” resistivity �due to
electron-phonon or electron-paramagnon scattering� and a
function of the first and second derivatives of DOS with
respect to energy at the Fermi level, by varying their
values.16 In terms of this approach, to describe the anoma-
lous ER behavior, a number of specific, maybe questionable,
assumptions concerning the shape of DOS near the Fermi
level sometimes were used.10 To reach agreement with ex-
periment, one has to assume that the Fermi level cuts the
DOS curve in the kT vicinity of strong singularity point and
that the values of DOS and its derivatives are rapidly chang-
ing functions of energy. On the other hand, such behavior of
DOS value and its derivatives can lead to suitable corrections
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for both ER temperature dependence, magnetic susceptibil-
ity, and the electron part of heat capacity, since their values
are proportional to gf�EF�. Suitable measurements show that
magnetic susceptibility in some �-Pu alloys is a constant or a
weakly decreasing function of temperature.13,17,18 The mea-
surements of the heat capacity in Pu0.95Al0.05 demonstrate19

that its electron part is a weakly decreasing function of tem-
perature at 100–300 K. Magnetic susceptibility, obtained in
americium7 and curium,20 in paramagnetic phases, is also a
weakly changing function of temperature at 100–300 K.
These facts allow one to conclude that in the fcc-Pu stabi-
lized by impurities, Cm, and Am, the Fermi level cuts the
DOS curve in a point without any singularity in kT vicinity
of the Fermi level, and the gf�EF�, gf��EF�, and gf��EF� values
change slowly with temperature. Moreover, there is no need
to make any assumptions about the DOS shape near the
Fermi level in model simulations, since now it is possible to
calculate the DOS of the metals using ab initio methods.

The explanation of the anomalies in ER behavior in Pu-
based alloys was found recently within an ordinary Mott
conductivity model without any assumptions concerning the
intensity of electron-impurity and electron-phonon interac-
tions using ab initio calculated DOS of pure plutonium.21 It
seems possible that this approach can be successfully applied
to consider ER behavior in other artificial metals and their
alloys, with ab initio DOS of pure metals as a starting point
of model calculations.

The DOS and other ground state properties of solid states
can be determined by modern numerical calculations based
on the density functional theory.22 For example, the standard
local �spin� density approximation with accounting for Hub-
bard �U� interaction �L�S�DA+U� allows one to reproduce
well the ground state properties of many compounds except
plutonium and metals beyond it in the Periodic Table.23 The
difficulty in describing the electronic structure and ground
state properties of actinide metals and their compounds is
due to the comparable strength of spin-orbit �SO� coupling
�about 1 eV for Pu� and exchange �Hund’s� interaction
�about 0.5 eV�.

Numerous band methods based on the density functional
theory have been applied to investigate the electronic struc-
ture of plutonium. Approving a well-known fact that the den-
sity functional theory can correctly reproduce experimental
crystal structures, in Ref. 24 a phase diagram of plutonium
was found in good agreement with experiment. Investiga-
tions carried out in the frame of the LDA+U+SO method
demonstrated that the nonmagnetic ground state of pluto-
nium is provided by J=0 total moment and can easily be
broken.23 This conclusion agrees well with the result of the
“around-the-mean-field” version of LDA+U.25 The resulting
DOS shows that the spin-orbit coupling leads to sufficiently
separated fulfilled j=5/2 subband, which is located just be-
low the Fermi level, and almost empty j=7/2 subband,
which is shifted by strong Coulomb interaction to 3–4 eV
above the Fermi level. This result is determined by the f6

configuration of the plutonium f shell. Recent experiments
revealed f5 configuration in � plutonium.26 Better agreement
with experiment can be found in other calculations.24,27

Other references could be found elsewhere.23,28

The LDA+U+SO method predicts the nonmagnetic
ground state of pure Pu metal or antiferromagnetic ground

states if any crystal structure distortions arise due to intersti-
tial atoms or vacancies. This fact has been justified
experimentally.29 The method mentioned above predicts a
reasonable, but not large, value of DOS at the Fermi level
since dynamical many-body effects are not taken into ac-
count. This disagreement with high values of heat capacity
could also be explained if more accurate analysis of experi-
mental data is performed. One should take into account that
the heat capacity was measured for Pu0.95Al0.05 alloy, and
extracting the electronic part of heat capacity from this ex-
periment to describe the values and features of DOSs of pure
Pu looks very problematic. Moreover, the DOS value at the
Fermi level, extracted from the magnetic susceptibility data,
is not large and agrees better with the one calculated within
around-the-mean-field version of LDA+U and LDA+U
+SO approaches.23,25,28

The dynamical mean-field theory �DMFT� should be ap-
plied in order to reproduce experimental photoemission
spectra.30,31 The simple application of this method with in-
terpolation formula31 resulted in a large value of the DOS at
the Fermi level, in agreement with experimentally observed
photoemission spectra and heat capacity measurements,19 but
gave an incorrect ferromagnetic ground state. Summarized
modern experimental data of magnetic properties of Pu metal
finally proved that pure plutonium metal in � and � phases
and some of its alloys are nonmagnetic32 or have a magnetic
moment less than 10−3�B at 4 K.29,33

Further DMFT calculations with numerically exact impu-
rity solvers are difficult at the moment. So some simplifica-
tions for plutonium, americium, and curium ground state in-
vestigation were used,34–36 including the perturbative
T-matrix and FLEX method in Ref. 37 and vertex corrected
one-crossing approximation in Ref. 34. Some works concen-
trated on the Hubbard-I approximation only.35,36 This allows
one to reproduce equation of state for americium and some
features of a photoemission spectrum, but is still far from
completeness.

We have chosen the LDA+U+SO DOSs of actinides un-
der consideration as a starting point for coherent potential
approximation �CPA� simulations. Note that calculation re-
sults are in good agreement with available data on magnetic
moment and spectral properties.

Based on the obtained electron ground state, one can con-
clude that plutonium, americium, and curium are ordinary
members of the transition metal family, distinguished by
strongly localized f-electron states only. It becomes quite
unclear how to justify from this point of view the well-
known anomalies in temperature dependencies of ER of
some Pu-based dilute alloys, on the one hand, and obtained
ordinary metallic type of ER behavior of curium and ameri-
cium, on the other hand.

In this paper, starting from results of numerical simula-
tions for fcc plutonium, americium,23,28 and curium, the ER
behavior of these metals and some Pu-based alloys has been
analyzed from the most general point of view within single
conductivity model. Thus we have avoided the necessity of
some synthetic and debatable models1,11–13 and any assump-
tions concerning the specificity of DOS near the Fermi
level.10,11,13,14,38 Also no assumptions concerning weakness
of the interaction have been made for all of the systems
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under consideration. We have also accounted for renormal-
ization effects on the electron ground state from phonon sub-
system at final temperatures in ER calculations.

II. MODEL AND COHERENT POTENTIAL
APPROXIMATION EQUATIONS

To analyze ER of plutonium-based alloys, we start
from the Mooij empirical rule.39 According to this rule,
the negative TCR correlates with high ER values
��100–140 �	 cm�. Note, at first, that high ER values in
the Pu-based alloys are due to very high residual resistivity
rating above 80 �	 cm.2–4 Thus residual resistivity contribu-
tion over the temperature interval of negative TCR domi-
nates. However, this fact has never been taken into account,
but, in our opinion, its proper accounting is rather important.

Second, the negative TCR in Pu-based dilute alloys was
observed only either for very light �Al, Si, Ga, and others� or
very heavy �Np, Am, and Cm� impurities. Such specific sen-
sitivity to impurity mass gives evidence that the effect of ion
mass defect, i.e., electron-phonon interaction, may be a clue
point not only in understanding the problem of plutonium
crystal lattice stability under doping40 but also in understand-
ing the anomalous ER behavior. The fact that the negative
TCR emerges only near and above the Debye temperature
��100 K� gives an additional argument in favor of this point
of view.

Let us consider the systems of s, d, and f electrons within
Mott conductivity model,41 performing intra- and interband
transitions as a result of their scattering at randomly distrib-
uted Coulomb fields of impurity ions at finite temperature.
The Hamiltonian of the electron subsystem can be written in
the following form:42

Ĥ = �
l

Elal
†al +

1

N
�

n,l,l�

e−i�k�−k�� ,R� n�B̂ll��n�al
†al�, �1�

where El is a periodical part of electrons energy. Combined
index l includes the band index j �j=s ,d , f� and wave vector

k�; Rn
� is a radius vector of the nth site of a crystal lattice.

B̂ll��n� = 
�n��Vll� + �
�

a��n�Q̂�,l,l��n� , �2�

where �Vll�=Vll�
A −Vll�

B describes the intensity of the electron-
impurity part of the interaction, whereas the periodical part
of this interaction is included in El. The 
�n�=�B�n�cA

−�A�n�cB factor randomly distributes ions of alloy compo-
nents along the sites of a crystal lattice. �A�B��n�=1 if the nth
site is occupied by an ion of the A�B� type, and �A�B��n�
equals zero in the opposite case. Here, cA and cB are alloy

component concentrations. Operator Q̂�,l,l��n� describes the
intensity of electron-phonon interaction. If thermal displace-

ments of ions are small, the operator Q̂�,l,l��n� can be written
as

Q̂�,l,l��n� = Z�,ll�
− i
�N

�
q�

�q0

q
�ei�q�Rn

� �b̂q� − e−i�q�Rn
� �b̂q�

†� , �3�

where

Z�,ll� = � �KF

2M�S�
	1/2�2KF

3q0
	1/2

C�,l,l� �4�

are the constants of intensity of intra- and interband transi-
tions due to electron-phonon scattering. M� is the �-ion
mass, S� is the sound velocity in �-type metal, q0 is the
maximum value of q, KF is the Fermi wave number of elec-
tron, and C�,l,l� is a �Bloch� constant of electron-phonon cou-
pling.

The elements of electron-phonon interaction matrix in-
clude two parts—dependent on and independent of ion sto-
chastic distribution. Namely, the splitting of electron-phonon
coupling into two parts allows one to understand the physical
meaning of the effect of impurity mass defect.

The s, p, d, and f bands overlap and, therefore, hybridiza-
tion effects have to be taken into account. However, it is well
known that these effects lead only to renormalization of the
electron ground state Hamiltonian and do not change its scat-
tering part, therefore it will be assumed that these effects are
accounted for in the electron ground state. For the sake of
simplicity, we keep the same band names after renormaliza-
tion.

As has been pointed out above, the electron-impurity in-
teraction is not weak. Therefore, contributions from different
types of scattering to total ER may not be summed up in a
simple additive way, since the interference between them is
not negligible a priori. That is why one has to use calculation
methods, the validity of which is not limited by the interac-
tion intensity and they enable one to account for the complex
structure of d-, f-DOS and its deformation due to electron-
impurity and electron-phonon interactions.

Let us determine the total resolvent of the full energy

operator Ĥ:

R̂ = �z − Ĥ�−1 �5�

and the strictly diagonal part of the total resolvent R̂ in the

Ĥ0 representation:

Ĝ = �z − H0
ˆ − �̂�−1, �6�

where �̂ is a strictly diagonal shift operator in the Ĥ0 repre-
sentation. Broadening of single electron levels is described
as

�̂ =
1

N
�

n,l,l�

e−i�k�−k�� ,R� n�� j� j j�al
†al. �7�

The real part of the coherent potential � j determines the shift
 j, and its imaginary part � j determines the broadening of
single-electron levels.

To derive equations within two-band CPA, the Dawson
identity was used:

R̂ = Ĝ + Ĝ�V̂ − �̂�R̂ . �8�

Scattering operator T̂ can be determined in a convenient form
as
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R̂ − Ĝ = ĜT̂Ĝ . �9�

Multiplying both right and left parts of identity �9� by Ĝ−1,
the following expression for the scattering operator is ob-
tained:

T̂ = Ĝ−1�R̂ − Ĝ�Ĝ−1. �10�

This expression allows further to determine the order of ma-
trix products uniquely and avoid difficulties associated with
the choice of right- or left-matrix products. Using the Daw-
son identity �8� and expression �10� for the shift operator,
one obtains the following operator series:

�̂ = ��V̂ − �̂�Ĝ�V̂ − �̂� + �V̂ − �̂�Ĝ�V̂ − �̂�Ĝ�V̂ − �̂� + ¯ �diag.

�11�

The diag index means that the diagonal part in the Ĥ0 rep-
resentation of the sum of operator products in brackets
should be taken. It was shown in Ref. 46 that the series �11�
contains mutually compensated block terms, in which the
shift operator is included in indirect form. Excluding the
compensated block terms from Eq. �11�, one finally obtains
the shift operator as

�̂ = �V̂ĜV̂ + V̂ĜV̂ĜV̂ + ¯ �D. �12�

The D index means that in �. . .�D only strictly diagonal terms

in the Ĥ0 representation are kept and items containing the
blocks are omitted.

Summation �12� can be conveniently performed in a ma-

trix form. Since the Ĝ and �̂ operators are strictly diagonal in

the Ĥ0 representation, the Green functions, the coherent po-
tential, and the interaction V can be determined as matrices
by the band index:

F = 
Fs 0

0 Ff
�, � = 
�s 0

0 � f
� ,

V = 
Bn,ss�u� Bn,sf�u�
Bn,fs�u� Bn,f f�u� � , �13�

where

Fj =
1

N
�

k�

1

�z − Ek�,j − � j�
�14�

is the j-band electron Green function. The Bn,j j��u�
=
�n��Vjj�+Qjj��u� now become values independent of k�

and k�� wave vectors. The latter are functions of fluctuating
variable u. That is why the phonon operators may be re-
placed with the functions of fluctuating variable at high
temperature.47

Within single-electron and single-site approaches and us-
ing notations �13� and �14�, the series �12� are summed up
accurately in the convergence range �FjBj��1. For the sake
of simplicity, notation Bn,j j�u�=Bn,j�u� was used below. By
assuming Bn,j j��u�=Bn,j�j�u�=B�n ,u� for averaging ion ther-
mal displacements, one obtains for s-band coherent potential:

�s�ph =
1

N
�

n
�

−�

+�

duPn�u�

�
Bn,s

2 �u�Fs�1 − FfBn,f�u�� + �1 + FsBn,s�u��Bn
2�u�Ff

�1 − FsBn,s�u���1 − FfBn,f�u�� − Bn
2�u�FsFf

,

�15�

where

Pn�u� =
1

�2��n

e−u2/2�n

is the Gauss distribution function, with �n=Z�,j j�6T /�n,42,47

and � is the Debye temperature. Full equations for �s may be
found from Eq. �15�, after configuration averaging, i.e., sum-
mation over sites n�A and n�B. The equation for coherent
potential of f-band electrons is the same as Eq. �15�, with the
only replacement of band indices s� f .

Neglecting interband transitions, i.e., assuming B=0,
then, as follows from Eq. �15�, two independent equations
corresponding to the single-band model of CPA can be ob-
tained:

� f� = �
−�

+�

du
cAPA�u�
�cB�V + QA,f�u��2Ff

1 − Ff�cB�V + QA,f�u��

+ cBPB�u�
�cA�V − QB,f�u��2Ff

1 + Ff�cA�V − QB,f�u��� . �16�

The second equation may be derived from Eq. �16� by re-
placement of band indices f →s.

Note that Eq. �16�, for coherent potentials, essentially dif-
fers from the main equation in Ref. 47, since the latter was
obtained assuming that the single-site scattering T-matrix av-
eraged over both configuration and thermal displacements of
ions is zero ��Tn�ph�c=0�.

It is well known from the band structure ab initio calcu-
lations that DOS values at the Fermi energy for d and f
electrons in actinides are significantly higher than those for s
�p� electrons. Therefore, it is reasonable to assume �Bn,sFs�
�1, �BnFs��1 and �Bn,sFs� / �Bn,fFf��1, �BnFs� / �BnFf��1.
Then the system of Eq. �15� can be simplified, since the
f-electron coherent potential equation coincides with Eq.
�16� and the expression for the s-electron coherent potential
is the following:

�s� = �
−�

+�

du
cAPA�u�
�cB�V + QA�u��2Ff

1 − Ff�cB�V + QA�u��

+ cBPB�u�
�cA�V − QB�u��2Ff

1 + Ff�cA�V − QB�u��� . �17�

Equations �15�–�17� include several parameters of the
theory. Parameters �Vjj� are equal to the difference in posi-
tions of the gravity centers in total energy scale in the alloy
component bands. Usually within CPA they are approxi-
mated as �Vjj���V, and the latter can be estimated from the
data of ab initio calculations or experimental data. Other
parameters �Z�,j j� in Eqs. �15�–�17�� can be estimated based
on available experimental data.
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Using the above assumptions and setting �Vjj�=0 in Eq.
�17�, one can obtain coherent potential equations in the case
of pure metal:

� f� =� duP�u�
Qf

2�u�Ff

1 − Qf�u�Ff
,

�s� =� duP�u�
Q2�u�Ff

1 − Q�u�Ff
. �18�

Note that in this limit, parameter �=2T /�.
To take into account the effect of individual electronic

DOS of the alloy components on the calculations of the alloy
kinetic properties in a reliable way, the CPA equations have
to be solved numerically using realistic ab initio calculated
DOS of the alloy components. The initial alloy DOS may be
chosen according to the approach described in Sec. IV.

Model simplifications used in the derivation of Eqs.
�16�–�18� are equivalent to the main Mott conductivity
model assumptions, where only the s→ �d�f interband elec-
tron transitions have been considered, since probabilities of
the others are negligibly small. As a result of such simplifi-
cations, all numerical calculations within Mott conductivity
model for metals and alloys at high temperature can be car-
ried out in a well-known way, using Kubo formula for elec-
trical conductivity.

III. SIMPLE CRITERION OF NEGATIVE TCR

The whole system of the CPA equations �15� is very dif-
ficult for direct analysis and solution. However, several
simple estimations can help to analyze the ER temperature
dependence qualitatively. For our reasoning, it is sufficient to
consider only the main terms of the perturbation series at the
second and third orders of interaction, which are linear with
temperature. Since the ER is proportional to the imaginary
part of the shift operator, from Eq. �15� one obtains

�

Im Fj�EF�
� cAcB�V2 + �cAZA

2�T/�A� + cBZB
2�T/�B��

+ 2cAcB�2�V�ZjAZA�T/�A� − ZjBZB�T/�B��

+ �Vsj�ZA
2�T/�A� − ZB

2�T/�B���Re Fj�EF� ,

�19�

where Fj�EF� is the Green function at the Fermi level. Ex-
pression �19� consists of three terms, and the first term de-
scribes only electron-impurity scattering and determines the
value of residual resistivity. The second term corresponds to
electrons scattered at the “pure” phonons. The term in the
quadratic brackets describes the interference between
electron-impurity and electron-phonon couplings. Assuming
additionally that Zj,��Z� and �Vj ��V, the following
simple criterion for negative TCR observability at high tem-
peratures, i.e., T��, can be found:

1 + 6cAcB�V
ZA

2/�A − ZB
2/�B

cAZA
2/�A + cBZB

2/�B

Re Ff�EF� � 0. �20�

Thus the values of �V, the difference between electron-
phonon coupling constants of solvent and impurity, and the

real part of the Green function at the Fermi level, which are
available from experimental data and ab initio calculations,
determine the TCR sign.

IV. DENSITY OF STATES OF ALLOYS USED IN
COHERENT POTENTIAL APPROXIMATION

To account in a reliable way the effect of individual elec-
tronic features of the alloy components on the alloy kinetic
properties, CPA equations have to be solved numerically us-
ing ab initio calculated DOS of alloy components. Let us
assume that the number of occupied states n in each band of
an alloy is equal to the average weighted number of occupied
states of components:

nj = �
�=A,B

c�n�,j . �21�

As the maximum number of f , d, and s electrons in each
subband is strictly limited due to normalization of DOS, an
analogous expression can be written for unoccupied states:

n̄j = �
�=A,B

c�n̄�,j . �22�

Since the number of electrons in a band is defined by DOS
function of components g��E�, the following expressions for
occupied and unoccupied states can be written respectively:

�
E0

EF

gj�E�dE = �
�=A,B

c��
E�,0

EF,�

g�,j�E�dE ,

�
EF

Ec

gj�E�dE = �
�=A,B

c��
EF,�

E�,c

g�,j�E�dE , �23�

where EF and EF,� are the Fermi energies of an alloy and its
components, respectively, E�,0 are the energies of the zone
bottom of the alloy and its components, and Ec and E�,c are
the alloy and its component energies, at which DOS becomes
negligible. The Fermi energy can be determined by requiring
DOS continuity at point EF.

Solving Eqs. �23�, one obtains expressions for the alloy
DOS

g�E� = �
�

c�

EF,� − E�,0

EF − E0
g�
EF,� − E�,0

EF − E0
�E − E0�

+ E�,0� for E � EF

and

g�E� = �
�

c�

E�,c − EF

Ec − EF,�
g�
E�,c − EF,�

Ec − EF
�E − EF�

+ EF,�� for E � EF. �24�

From the same requirement �DOS continuity�, the follow-
ing equation can be deduced:
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�
�

c�

EF,� − E�,0

EF − E0
g��EF,�� = �

�

c�

E�,c − EF

Ec − EF
g��EF,�� ,

�25�

the solution of which gives the Fermi energy of the alloy:

EF − E0

Ec − EF
=

�
�

c��EF,� − E�,0�g��EF,��

�
�

c��E�,c − EF,��g��EF,��
. �26�

To calculate alloy DOS, Eqs. �24�–�26� were solved numeri-
cally using DOS of pure components, obtained within the
framework of LDA+U+SO. Using the Leman representa-
tion

F�z� = �
−�

+� g�E�dE

z − E
�27�

the initial Green function of the alloy was found as the start-
ing point for CPA equation numerical solution.

V. RESULTS AND DISCUSSION

A. Pu, Am, and Cm density of states

LDA+U+SO method combines the local density approxi-
mation �LDA� with additional accounting for strong on-site
Coulomb interaction �U� and spin-orbit coupling �SO� writ-
ten in the full matrix form. First suggested in Ref. 23, it was
broadly applied to many d- and f-metal compounds. The
specific benefit of this method is that it allows one to work in
any coupling scheme. For 3d and 4f metals, weak SO cou-
pling can be considered in the Russel-Sounders �LS� cou-
pling scheme with “well-defined” L and S operators. The
competition between spin-orbit and exchange �Hund� inter-
actions of comparable strength for 5f elements leads to the
more complicated picture. Both LS and j j schemes �in the
latter, only total moment operator J is well defined� are no
longer valid and an intermediate coupling scheme is needed
to describe 5f shell in actinides. In order to take into account
comparable SO and exchange interactions correctly, the ro-
tation invariant form of the Hamiltonian was applied in the
LDA+U+SO method. For more details of this method, see
Ref. 23.

In the present investigation, high-temperature fcc phases
of Pu, Am, and Cm were considered. Plutonium in the fcc
phase, also known as �-Pu, is stable from 594 to 725 K and
has a lattice constant a=4.637 Å. Above 925 K or at
6.1�2� GPa, Am metal undergoes the transition into a fcc
phase with43 a=4.613 Å. At high temperature or high pres-
sure about 17�2� GPa, Cm metal also transforms into a fcc
phase.44 In the present calculation of curium metal, the value
a=4.472 93 Å was used. We set the same Coulomb U value
equal to 2.5 eV for all three metals, which gives correct equi-
librium volume for �-Pu.23 The Hund exchange parameters
were calculated using “constrained LDA” procedure45 and
were found to be 0.48 eV for Pu and Am, and 0.52 eV for
Cm. The Kramers-Kronig transformation was used to find
the value of the real part of the total Green function at the

Fermi level, which resulted in +2.3 eV−1 for plutonium and
−2.6 and −0.8 eV−1 for americium and curium, respectively.

The DOS curves obtained from the LDA+U+SO calcu-
lations for all three metals are shown in Fig. 1. Those for
plutonium and americium were discussed previously23,28 in
detail. The LDA+U+SO results for curium are presented in
this paper. Note that although both Pu and Am could be
described well in the frame of j j-coupling scheme and are
found to have the same f6 configuration with zero total mo-
ment, the obtained DOS differs drastically. For both Pu and
Am, j=5/2 subband is fulfilled and j=7/2 subband is almost
empty. However, whereas the Fermi level cuts the top of the
fulfilled j=5/2 subband in the case of Pu, in the Am case it
cuts the bottom of the empty j=7/2 subband. The center of
gravity of the j=5/2 subband is positioned near 1 and 3.5 eV
below the Fermi energy in Pu and Am, respectively. Curium
has f7 configuration and effective magnetic moment about
7�B, which lies within the range of available magnetic mo-
ment values from experiment.48 In curium, a filled subband
lies below the Fermi level from −5 to −2.5 eV and a broad
empty subband is positioned just above the Fermi level up to
3 eV �see Fig. 1�c��. In contrast to Pu and Am, where the
j j-coupling scheme is valid and the occupied bands �j
=5/2� contain six f electrons, in Cm some intermediate cou-
pling scheme close to LS type takes place.34 As a conse-
quence of this, 7f electrons of Cm are located in an occupied
subband, presenting a mixture of bands with different orbital
characters. Thus the occupied subbands of Am and Cm seem
similar, but their orbital character is substantially varied. The
employment of the DMFT method with an approximate im-
purity solver34 does not lead to drastic changes in the occu-
pied part of the DOS, even near the Fermi level, but broad-
ens the unoccupied part up to 5 eV.

B. Temperature coefficient of resistivity:
The qualitative results

It is reasonable to suppose that in the dilute alloys �cB

�5 at. % � the solvent band structure and elastic properties
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FIG. 1. �Color online� The calculated DOS of Pu, Am, and Cm
using the LDA+U+SO method.

TSIOVKIN et al. PHYSICAL REVIEW B 76, 075119 �2007�

075119-6



are almost the same as in pure metal and, for the qualitative
estimations, one can assume �B��A and SB�SA. In this
case, only the distinction between solvent and impurity ion
masses determines the difference between the constants of
electron-phonon interaction of metals.

Three parameters should also be determined to proceed
with the calculations within the developed approach. The
first parameter �V can be evaluated, according to Harrison,49

as �5–8 eV. The numerical value of Re F�EF� for these
metals was determined from the ab initio DOS calculations.
Accounting for simple Bloch estimation Cs−�d�f ,��2/3EF,�,
the difference between electron-phonon constants of solvent
and impurity can be evaluated.

Using experimental data on Debye temperature, sound
velocity,50 and lattice parameter in fcc Pu and applying cri-
terion �20�, one obtains the theoretical predictions on TCR in
Pu-based alloys, doped with 5 at. % of various impurities,
which are presented in Fig. 2.

The TCR sign in Pu-based alloys is negative in the case of
doping with light impurities—Al, Ga, Ge, Si, and Sc—and
positive in the case of intermediate impurity masses—Ir, Rh,
Pd, Pt, and In. Almost all predictions agree with the available
experimental data. Therefore, it seems possible that the ob-
served dependence of TCR sign on impurity mass originates
actually from the interference between electron-impurity and
electron-phonon interactions. Note that the negative TCR is
predicted for plutonium doped with very heavy impurities—
Np, Am, and Cm—due to the small difference between their
masses and the parameter of electron-impurity interaction
value of about 5 eV. Similar behavior was found experimen-
tally in some concentrated Pu-Am and quasidilute �8% of
Am� alloys.8 In this case, doping the host of Pu by Am im-
purity results in negative or zero TCR at 100–300 K due to
the small difference in the masses of metals. Abandoning
simplifications of equality of Debye temperatures and sound
velocities for host metal and impurity, one can obtain the
number of new impurities also providing negative TCR, e.g.,
Ce and others.

Our calculations predict “normal” metallic type of ER be-
havior in the case of americium- and curium-based dilute
alloys due to the positive sign of the real part of the Green
functions of those metals at the Fermi level. The negative
sign of the real part of the Green function breaks the negative
TCR condition �note that the real part of the Green function
is positive in the case of Pu�. However, the normal type of
ER temperature dependence behavior can be disturbed in
some Am- and Cm-based concentrated alloys if the second
compound reduces the DOS of the alloy such that the real
part of the Green function becomes positive.

C. Electrical resistivity of alloys: Numerical results

For ER calculations, Eq. �17� has been solved numerically
by an iteration procedure using the DOS of alloy obtained
according to Eqs. �24�–�26�. Calculations of the electrical
resistivity were carried out in relative units using Kubo for-
mula adjusted for the CPA case,42,51

�� j�−1 =
4e2�nj

3�2m
� dU�−

df

dU
	

�� dEgj�E�E� � j�U�
�U − E −  j�U��2 + �� j�U��2�2

.

�28�

The matrix element of the squared electron speed in Eq. �28�
is replaced by the averaged kinetic electron energy: ��x

2

�2Ē /m�. However, this rather rough approximation has no
effect on the final result, since the ER behavior obtained with
different values of this matrix element is almost the same.
Apparent restriction on the validity of Eq. �28� exists due to
neglecting reverse f�d�→s transitions of conductivity elec-
trons. This neglect is suitable only in the case where the ratio
between DOSs of f �d� and s bands is large. Note that all
results of ER calculations were obtained in arbitrary units.
All results of numerical calculations of ER temperature de-
pendences of Pu0.95Ga0.05 and Pu0.95Al0.05 alloys, presented
in this section, were obtained using the experimental data for
theory parameters �sound velocities and Debye temperatures�
of alloy compounds without any simplification mentioned
above in Sec. V B.

The comparison of ER in Pu stabilized with 5 at. % Al
and Ga, calculated within Kubo formula, with available ex-
perimental data is shown in Fig. 3. One can see that the
theoretical curves for Pu-based alloys fit well the experimen-
tal data. Negative TCR was calculated in Pu0.95Ga0.05 alloys
at 100–300 K, and at 100–350 K temperature range in the
case of Pu0.95Al0.05 alloy. Numerical results agree well with
available experimental data and correlate qualitatively with
TCR criterion Eq. �20�.

One can see from Fig. 2 that the difference between the
constant of electron-phonon coupling of host and impurity in
alloy doped with Al is greater than in the case of Pu0.95Ga0.05.
So the negative TCR condition in Pu0.95Al0.05 alloy is ful-
filled at higher temperature. It was found that the TCR of
Pu0.95Ga0.05 alloys changes sign above 250 K and is positive
up to 700 K. In the case of Pu0.95Al0.05, negative TCR con-

FIG. 2. �Color online� The relation between the electron-phonon
coupling constant and TCR sign in dilute Pu-based alloys. The
value of electron-phonon coupling constant for different types of
impurity in Pu is at the intersection of vertical lines and x axis. For
Ce, Np, Am, and Cm calculations, parameter of electron-impurity
interaction value of 5 eV was used.
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dition is fulfilled at 350 K, and ER has normal metal behav-
ior up to 700 K.

Obtained results for this alloys demonstrate that the
electron-impurity and electron-phonon interactions signifi-
cantly smooth all initial sharp singularities in the DOS curve
and result in a decrease of the DOS value at the Fermi level
with temperature.21 Note that a similar result was observed
experimentally by Lashley et al.19 in �-Pu doped with
5 at. % Al in the heat capacity measurements. The compari-
son between the DOS value at the Fermi level calculated
with CPA and one extracted from the heat capacity �Cel /T�
shows that both DOS and heat capacity are weakly increas-
ing functions of temperature.21 The magnetic susceptibility
measurements of the same Pu-based alloys also demonstrate
the drop of DOS values at the Fermi level with
temperature.13,17,18

This good agreement between theoretical and experimen-
tal data with respect to DOS as well as ER behavior with
temperature gives evidence in favor of our approach, which
takes into account interference between electron-impurity
and electron-phonon interactions. Our approach allows us
also to avoid various assumptions of unknown reliability of-
ten used previously to describe the negative TCR as well as
�T2 dependence. The presented model provides also the
comprehension of ER behavior at low temperatures. It was
found in the previous works53,54 that in dilute alloys charac-
terized by interference between electron-impurity and
electron-phonon interactions, Mott model predicts ��T��T2

regularity at low temperatures in contrast to ��T��T3, which
is typical in the alloys without interference. Thus all the ob-
served features of ER behavior, both at low and high tem-
peratures, can be explained within the single model without
any specific assumption of DOS structure at the Fermi level.

D. Electrical resistivity of pure metals: Numerical results

Results of our CPA calculations �Eqs. �18�� of ER in pure
fcc Pu, Am, and Cm using Bloch constant value �0.8EF

�Ref. 50� are shown in Fig. 4. High values of ER in these
metals are a consequence of s→d and s→ f transitions of
scattering electrons. Weak nonlinearity in ER temperature
behavior in Pu and Am above �D is caused by DOS erosion
at the Fermi level due to electron-phonon interaction �see
Fig. 5�.

Recently, the experimental data of ER in Cm metal for the
� phase only have been published. Total ER was found as the
sum of residual resistivity �more than 40 �	 cm�, magnetic
part of resistivity, and the part of ER originated from
electron-phonon coupling.9 The magnetic part of ER was
found as the difference between the total resistivities of Cm
and Am. Note, at first, that the large value of residual resis-
tivity shows that used samples of metal contained essential
number of impurities, including noncontrolled ones. Second,
nothing can be said about the reliability of the suggestion,
proposed in Ref. 9, that ER is the sum of additive values,
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FIG. 3. �Color online� Temperature dependence of ER in
Pu0.95Al0.05 and Pu0.95Ga0.05: experimental �Refs. 5 and 13; dashed
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FIG. 4. �Color online� Temperature dependence of ER in Pu,
Am, and Cm: experimental �Refs. 7 and 9 dashed and thick lines�
and theoretical �solid line� data.
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since strong electron-impurity interaction can significantly
correct this result. In this paper, only the “phonon” part of
total ER in Cm was found. The obtained ER is a linear func-
tion of temperature with positive TCR in the interval of
100–350 K, and has a behavior similar to that of Pu and Am
at higher temperature. That is why the DOS value in Cm at
the Fermi level is kept unchanged with temperature and only
the T /� factor determines ER temperature behavior. Note
that from 500 to 700 K, and up to its high temperature limit,
the ER of metals demonstrates weak temperature dependence
due to strong erosion of DOS at the Fermi level.

The ER calculations for pure fcc Pu, Am, and Cm at high
temperatures predict typical metallic behavior of ER over the
whole temperature region, without any specific peculiarities.
The obtained ER demonstrates a similar behavior with tem-
perature without any anomalies compared with ER data in
the other 4-�5-�d transition and 4-�5-�f rare-earth metals.

The low-temperature ER measurements7 of 99.9% Am
demonstrated ��T4. This fact calls for some discussions
about the physical nature of this nontypical low-temperature
behavior of ER of transition metals, which is usually ��T5.
However, ��T4 is an ordinary fact, found earlier experimen-
tally in many nonmagnetic 3d-5d transition metals. Actually,
��T3–T4 regularity was observed if the host d metal con-
tained a number of impurities. The ��T5 regularity was pre-
dicted within two-band Mott conductivity model54 and found
then experimentally for all pure nonmagnetic transition met-
als. So, it seems reasonable to expect ��T5 behavior in pure
Am. Moreover, this type of dependence was reported in early
work �for more details see discussion in Ref. 7�. Thus the
observation of different types of ER low-temperature depen-
dence, both ��T2.8 and ��T5 in Am, gives an additional
argument in favor of our results.

In curium, observed ��T2 regularity is also an ordinary
fact for a metallic system which undergoes magnetic order-
ing.

Therefore, the analysis of calculated and experimental
data allows one to conclude that all these metals are typical
members of the transition metal family and that the obtained
unusual ER behavior is a consequence of ordinary and well-
known phenomena.

VI. CONCLUSION

Starting from the results of ab initio LDA+U+SO
method for DOS of fcc plutonium, americium, and curium,
the ER behavior of these metals and some Pu-based alloys
was analyzed from the most general point of view. Mott
conductivity model without any assumptions concerning the
weakness of intensity of the interaction was applied to de-
scribe the ER behavior in both high- and low-temperature
intervals. The negative TCR, observed experimentally in
some Pu-based dilute alloys, and quadratic temperature de-
pendence of ER at low temperatures were reproduced. Also,
the “normal” metallic type of ER temperature dependence in
curium and americium at high temperature and ��T2 and
��T4 regularities at low temperature, respectively, was ex-
plained.

It was demonstrated that the interference of different
types of scattering �electron-phonon and electron-impurity�
has to correlate with the renormalization of a ground state
energy in Pu-based alloys and leads to negative TCR. Hence,
in these alloys, a new local minimum is formed in the total
energy curve that might be relevant to the understanding of
stability of Pu-based alloys.

Since the DOS values at the Fermi level in d and f bands
are almost the same, the scattering of s electron into d and f
bands has the same probability. Therefore, mobile s-type
electrons are able to fill up the empty d and f states due to
such scattering, and thus, can cause the weak magnetic mo-
ments observed in some Pu-based alloys.15,29 The correlation
between the above-mentioned specific electron scattering
and magnetic properties is of interest in further investiga-
tions.
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