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Conditions to observe Shapiro steps clearly and stably are studied for an intrinsic Josephson junction �IJJ� in
Bi2Sr2CaCu2O8+� high-Tc superconductors. The current equation normalized by the critical current Ic�T� is
solved fully numerically. In the calculations, the quasiparticle tunneling current is evaluated by using the
normalized I-V characteristics obtained within the d-wave symmetry superconducting gap, while the Cooper-
pair �CP� one is calculated on the basis of the general way in which the coherent and incoherent CP tunneling
currents can be correctly calculated within the d-wave treatment and the current due to thermal noises is also
simulated by using normal random numbers. It is found that the product SRshunt of the junction cross section S
and the shunt resistance Rshunt, and the critical current density Jc are important junction parameters, and
moreover, that the current equation of the IJJ with no shunt resistance depends on only a universal curve ��i0�
as a function of the normalized external dc current i0. Furthermore, the effects of the noise, the normalized CP
tunneling currents, the SRshunt product, the normalized amplitude ir of external ac modulation, and the Jc on
observing the Shapiro steps are studied. When the IJJ is operated under the condition that the shunt resistance
is added and the external ac modulation frequency fr is higher than the plasma frequency fp, it is found that �1�
clear and stable Shapiro steps with good responses are obtained within the wide range of ir, �2� the response
does not so largely depend on the value of SRshunt, and �3� the response for the high Jc junction is much better
than that for the low one.
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I. INTRODUCTION

In 1963, Shapiro did an experiment on the effect of mi-
crowave irradiation on the dc current I-voltage V character-
istics of a Josephson junction Al/Al2O3/Sn and showed that
when the microwave is applied to the Josephson junction,
clear current steps are observed on the quasiparticle �QP�
branches of the dc I-V characteristics and those steps, which
are now called “Shapiro steps,” are observed on constant
voltages given by n�0fr �n= ±1, ±2, . . . �.1 Here the �0 is a
flux quantum �=2.067 85�10−15 Wb� defined by h /2e using
Planck constant h so that this is a universal constant. The fr
is the frequency of the applied microwave and the value of fr
can be very well identified so that a voltage �0fr can be used
as a quantum voltage standard. The Shapiro steps are one of
the important phenomena observed from a Josephson
junction.

It is well known that the high-Tc cuprate superconductors,
such as YBa2Cu3O6+� �YBCO�, Bi2Sr2CaCu2O8+� �BSCCO�,
�PbyBi1−y�2Sr2CaCu2O8+� �PBSCCO�, and
Tl2Ba2Ca2Cu3O10+� �TBCCO�, are strongly anisotropic and
show the intrinsic Josephson effect so that these crystals can
be regarded as a stack of atomic-scale Josephson junctions
called intrinsic Josephson junctions �IJJ’s�.2–8 From the di-
rect measurements of all dc and ac Josephson effects with
current flow in the c-axis direction, Kleiner and Müller
pointed out that the IJJ’s in the high-Tc cuprate super-
conductors are superconductor-insulator-superconductor
�SIS�-type Josephson junctions.3 According to these experi-
mental results, the Shapiro steps can also be observed on the
IJJ’s in the high-Tc cuprate superconductors, which are char-
acterized by the d-wave symmetry superconducting gap
rather than the s one.9–11 Actually, many experiments on the

Shapiro steps have been done for the BSCCO single
crystals.12–18

A qualitative understanding about the Shapiro steps is ob-
tained by using a simple model based on a “voltage biased”
configuration. However, the experiments of the I-V charac-
teristics are done within a framework of a “current source”
configuration. Therefore, the current source model must be
used to understand the nature of Shapiro steps. The starting
point of the current source model is a current conservation
such as

Icap�t� + Ishunt�t� + IQP�t,T� + ICP�t,T� = Iext�t,T� , �1�

where t is the real time and T is the sample temperature. The
Iext�t ,T� is the current supplied from the external current
source. The Icap�t� is the current flowing through the capaci-
tance C, which is given by �C� /2e�d2��t� /dt2, and the
Ishunt�t� is that through the externally added shunt resistance
Rshunt, given by �1/Rshunt��� /2e�d��t� /dt. The ��t� is the
phase difference between order parameters of two supercon-
ductors, which make the SIS Josephson junction. The
IQP�t ,T� is the current due to the quasiparticle �QP� tunnel-
ing. For the QP tunneling current, we have already proposed
a model based on the d-wave symmetry superconducting gap
and calculated the normalized QP tunneling I-V characteris-
tics and showed that the overall profile of the experimental
I-V characteristics is very well explained by our model
calculations.19 In the present paper, therefore, we evaluate
the QP current IQP�t ,T� as

IQP�t,T� =
�

2eRQP�Idc,T�
d��t�

dt
, �2�

where RQP�Idc ,T� is the resistance due to the QP tunneling
and is evaluated by using the normalized dc I-V characteris-
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tics we have already calculated. In our calculations for the
normalized dc I-V characteristics, we focused our attention
to the overall profile of the I-V characteristics.19 The ICP�t ,T�
in Eq. �1� is the current due to the Cooper pair �CP� tunnel-
ing and is usually evaluated as Ic�T�sin ��t� using the critical
current Ic�T� and the phase difference ��t�. In addition to this
simple expression for the ICP�t ,T�, in the present paper, we
present a general expression for the ICP�t ,T� within a frame-
work of the d-wave symmetry superconducting gap and cal-
culate the normalized current iCP�t ,T� defined by
ICP�t ,T� / Ic�T�.

On the BSCCO at 4.2 K, it is experimentally known that
when the cross section S of the junction is larger than 1 �m2,
the jump voltage Vjump, which is a voltage appearing when
the external current is just equal to Ic�T�, is independent of S
and is 26�31 mV,20 which is much smaller than the gap
voltage Vg of �50 mV owing to the Ic�T� much smaller than
that defined by �	�0� /2eRQP�Idc ,T�, where 	�0� is the su-
perconducting energy gap at 0 K. Namely, for the BSCCO at
4.2 K, the Vjump can be regarded as a universal constant
whose value has been selected as 28 mV from an averaging.
Moreover, it is also experimentally known that when the S is
larger than 1 �m2, the critical current density Jc does not so
strongly depend on S and locates 700–1500 A/cm2 at
4.2 K.20 In the present paper, we consider the case that the
sample temperature T is 4.2 K and the cross section S of the
junction is larger than 1 �m2, so that the critical current
density Jc could also be regarded as a universal constant for
BSCCO at 4.2 K. In the following, the Jc is set to
1000 A/cm2 at 4.2 K for simplicity.

Using the resistively shunted junction �RSJ� model, in
which the effective resistance RQP

�ef f��Idc� of a junction due to
the QP tunneling is set to an appropriate constant value Rapp
�usually set to a normal resistance RN�, Kautz and Monaco
extensively studied the nature of Shapiro steps on the SIS
Josephson junction.21 They found that when 
c�1 there is a
chaotic region defined by 
c

−1�
�
c
−1/2 in which Shapiro

steps cannot be observed. The 
 is the normalized frequency
defined by �r /�m and 
c is the McCumber parameter de-
fined by R*C�m, where �m�2eIcR

* /� and 1/R*=1/Rapp
+1/Rshunt. Therefore, the chaotic region can be rewritten as

1

2�R*C
�� fRC� � fr � fp, �3�

where 2�fr=�r and the plasma frequency fp is calculated as
2�fp=�2eIc /�C. The critical current Ic is equal to JcS and
the capacitance C is easily calculated as ��0S /d by using d
=12 Å and dielectric constant �=7.8

Therefore, the plasma frequency fp of an IJJ in BSCCO at
4.2 K can be regarded as a universal constant calculated as
122 GHz. On the BSCCO at 6 K, Wang et al. observed clear
Shapiro steps when fr=1.6 and 2.5 THz �Ref. 13� and
760 GHz.15 This is reasonable, because the fp at 6 K is
nearly equal to 122 GHz as Ic�6�� Ic�4.2� so that the micro-
wave frequency fr is much larger than fp=122 GHz; that is,
fr� fp.

It is very useful to fabricate a Shapiro step device by
using the intrinsic Josephson junctions �IJJs� in BSCCO.
From this point of view, the aim of this paper is to present a
theoretical guideline for observing the Shapiro steps on an
IJJ in BSCCO with regard to its noise, i0, ir, SRshunt, and Jc.

II. THEORY

The CP tunneling current ICP�t ,T� in Eq. �1� can be gen-
erally written as22

ICP�t,T� = �
0

�

Re�R��t�,T�	sin
��t − t�� + ��t�

2
dt�, �4�

and the R��t ,T� is given by

R��t,T� = − i
��t�
RN

�

�e
�

−�

�

d��
−�

�

d��e−i��−���tpL���pR����

��f���� − f���	 , �5�

where ��t� is a step function such as 1 for t�0 and 0 for
t�0 and f��� is the Fermi-Dirac distribution function. By
setting t− t� to t�, the ICP�t ,T� is represented as

ICP�t,T� =
�

�eRN

��
−�

t

dt�
sin
��t�� + ��t�

2

��
−�

�

d��
−�

�

d�� sin�� − ����t − t��

� pL���pR�����f��� − f����	� . �6�

Here note that the pj��� is the pair density of states of su-
perconductor j�=L ,R� and is represented as

pj��� =
�	 j�

��2 − 	 j
2

sgn�������� − �	 j�� , �7�

where 	 j is the superconducting energy gap of supercon-
ductor j and sgn��� is a sign function such as 1 for ��0 and
−1 for ��0. The critical current Ic�T� as a function of tem-
perature T is given by

Ic�T� =
�

�eRN
P�

−�

�

d��
−�

�

d��
f��� − f����

� − ��
pL���pR���� .

�8�

Therefore, the normalized CP tunneling current iCP�t ,T� de-
fined by ICP�t ,T� / Ic�T� is given by

iCP�t,T� = �
−�

t

hCP�t,t�,T�dt�. �9�

Here the hCP�t , t� ,T� is the kernel for the CP tunneling cur-
rent and is represented as
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hCP�t,t�,T� = sin
��t�� + ��t�

2
�

�
−�

�

d��
−�

�

d�� sin�� − ����t − t��pL���pR�����f��� − f����	

P�
−�

�

d��
−�

�

d��
f��� − f����

� − ��
pL���pR����

� sin
��t�� + ��t�

2
wCP�t,t�,T� .

�10�

By using two relations f�−��=1− f��� and p�−��=−p���, and by changing the variable such as �→E�=���, the wCP�t , t� ,T�
defined in Eq. �10� can be rewritten as

�wCP�t,t�,T� =

�
0

�

dE�
0

�

dE�pL�E�pR�E��
�f�E� − f�E��	sin
E − E�

�
�t − t�� + �1 − f�E� − f�E��	sin

E + E�

�
�t − t���

P�
0

�

dE�
0

�

dE�pL�E�pR�E��
 f�E� − f�E��
E − E�

+
1 − f�E� − f�E��

E + E�
�

� �CP�t − t�,T� . �11�

In general, the quasiparticle excitation energy E is a function
of the wave-number vector k characterizing a Cooper pair. In
the case of d-wave symmetry superconductors, this is true
since the superconducting gap of the d-wave symmetry su-
perconductor shows an explicit k-vector dependence. There-
fore, Eq. �11� must be translated into a form in which the
wave-number vector k is regarded as the basic variable in-
stead of E. We will show its explicit form later.

As can be seen from Eq. �11�, in the following consider-
ation only the E with a positive value is taken into account.
Therefore, the pj�E� defined by Eq. �7� can be rewritten as

pj�E� =
�	 j�

�E2 − 	 j
2
��E − �	 j��

=
E

�E2 − 	 j
2
��E − �	 j��

�	 j�
E

= nj�E�
�	 j�
E

. �12�

Here, nj�E� is the quasiparticle density of states, evaluated as

nj�E� =
1

Nj�EF� 
kj

BZ1

��E − Ekj
� , �13�

where the BZ1 means the first Brillouin zone and Nj�EF� is
the one-electron density of states at the Fermi level of super-
conductor j. By using the above two relations, we can get a
final explicit form of iCP�� ,T� as follows:

iCP��,T� = �
−�

�

KCP�� − ��,T�sin
����� + ����

2
d��, �14�

KCP�� − ��,T� =
2�

�r
wCP��,��,T� =

2�

��r
�CP�� − ��,T� ,

�15�

where � is the dimensionless time defined by 2��=�rt. Here
it should be noticed that the kernel KCP��−�� ,T� satisfies the
following relation:

�
−�

�

KCP�� − ��,T�d�� = �
0

�

KCP�u,T�du = 1. �16�

This relation is understood as follows: If we consider the
simplest case such that the ���� is given by a time indepen-
dent constant value �0, that is, the zero-voltage state, Eq.
�14� becomes

iCP��,T� = sin �0�
−�

�

KCP�� − ��,T�d��. �17�

As is well known, the iCP�� ,T� is equal to sin �0 when the
junction is in the zero-voltage state, therefore, the kernel
KCP��−�� ,T� must satisfy the relation �16�. The kernel
KCP��−�� ,T� can be written as 2�

��r
�CP��−�� ,T� as shown in

Eq. �15� and the explicit form of the kernel �CP��−�� ,T�
�=�wCP�� ,�� ,T�� is given as
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�CP�� − ��,T�

=



k

BZ1



k�

BZ1

�Hk,k�
� �2

�	k	k��

EkEk�

�f�Ek� − f�Ek��	sin�Ek − Ek�

��r
2��� − ���� + �1 − f�Ek� − f�Ek��	sin�Ek + Ek�

��r
2��� − �����



k

BZ1



k�

BZ1

�Hk,k�
� �2

�	k	k��

EkEk�

 f�Ek� − f�Ek��

Ek − Ek�
+

1 − f�Ek� − f�Ek��

Ek + Ek�
� .

�18�

Here, Hk,k�
� is the matrix element due to k→k� tunneling. It

should be noted that the Hk,k�
� for the coherent tunneling is

proportional to �k,k� and that for the incoherent one is given
by a constant irrespective of k and k�. In the practical cal-
culations of �CP��−�� ,T� defined by Eq. �18�, therefore,
Hk,k�

� is set to �k,k� for the coherent tunneling and to 1 for the
incoherent one. The quasiparticle excitation energy Ek is
given by ��k

2 +	k
2. The 	k is the superconducting energy gap

and it is well known that the 	k of the d-wave symmetry
superconductor is represented as 	�T�cos 2�k, where �k is
the angle of the k vector measured from the x axis.10 The �k
is the one-electron energy relative to the Fermi level. By
doing the band structure calculation, we got the values of �k
as full numerical data.19

III. CALCULATION

The external current Iext�t ,T� in Eq. �1� consists of a con-
stant current I0, a time dependent current Ir sin �rt due to the
external ac modulation with a frequency �r, and the current
Inoise�t ,T� due to the noise at a finite temperature T. Namely,
the Iext�t ,T� is written as

Iext�t,T� = I0 + Ir sin �rt + Inoise�t,T� . �19�

We consider here a “white noise” as a noise so that the
Inoise�t ,T� satisfies the following relations:

�Inoise�t,T��t = 0,

�Inoise�t,T�Inoise�t + t�,T��t =
2kBT

RJ
��t�� , �20�

where �A�t��t means the time average of a time dependent
function A�t�. The RJ is the resistance of a junction and is
given by

1

RJ
=

1

RQP
�ef f��I0�

+
1

Rshunt
�

1

RJ�I0�
, �21�

because of Idc= �Iext�t ,T��t= I0.
The white noises are made numerically by using random

numbers. We write here the random numbers as irandom
�cal� �t�,

which have been made by the normal random number gen-
erator �code name: NRAND� in the library program. The
normalized white noise inoise�t ,T� defined by Inoise�t ,T� / Ic�T�
must be proportional to irandom

�cal� �t�; that is,

inoise�t,T� = ��T�irandom
�cal� �t� . �22�

The autocorrelation �inoise�t ,T�inoise�t+ t� ,T��t is equal to
��T�2�irandom

�cal� �t�irandom
�cal� �t+ t���t. Therefore, integrating the rela-

tion �20� over the t�, we get

2kBT

Ic�T�2RJ
= ��T�2�

−�

�

�irandom
�cal� �t�irandom

�cal� �t + t���tdt�. �23�

Here, we define an absolute time resolution 	t. By
doing some numerical calculations for the kernel, we found
that 	t of 1�10−14 s �=10 fs� is small enough to resolve the
structure of the kernel. The autocorrelation
�irandom

�cal� �t�irandom
�cal� �t+ t���t is also proportional to ��t��, so

that the integral in Eq. �23� can be well evaluated as
�irandom

�cal� �t�2�t	t. Therefore, the ��T� is given by

��T� =� 2kBT

�irandom
�cal� �t�2�t	tIc�T�2RJ

, �24�

so that from Eq. �22� we can get inoise�t ,T� at T as full nu-
merical data with a function of t defined by n	t. All the
experiments always include the effect of thermal noise.
Therefore, all the calculations presented in the present paper
also include the effect of the thermal noise, except for the
special case we notice.

Now, we can easily get the real scaled dc I-V character-
istics and the resultant resistance RQP�Idc� by using the nor-
malized dc I-V characteristics calculated from our model
based on the d-wave symmetry superconducting gap. Ac-
cording to the calculated results, the differential resistance
dV /dI��Rdif�I�� at I=0 is infinite. In other words, the theo-
retical calculation shows that the differential conductance
dI /dV��G�V�� at V=0 is zero. However, it was experimen-
tally observed that the differential conductance G�V� at V
=0 on the I-V characteristics is not zero but finite.13,23 The
differential conductance G�0� can be evaluated by using the
experimental data. For example, Latyshev et al. pointed out
that the I�V� curve at low voltage region �V�10 mV� can be
approximately represented as aV+bV3 and estimated the val-
ues of adjustable parameters a and b by using their experi-
mental I�V� curves at low voltage region.23 Their approxima-
tional treatment may be true since the I�V� curve must be an
odd function of V. The G�0� is proportional to S /d, thus to
JcS �=Ic�. Therefore, the G�0��=1/Rdif�0�� is proportional to
Ic /Vjump�1/Rjump since the voltage Vjump is a universal con-
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stant. Therefore, the differential resistance Rdif�0� can be rep-
resented as �Rjump using a proportion constant �. Wang et al.
presented clear I-V characteristics for BSCCO.13

Their experiments show that the values of Rjump and
Rdif�0� are about 100 and 500 
, respectively, i.e., ��5. In
the following, therefore, the value of � is set to 5. By using
the Rdif�0� and the RQP�Idc� evaluated from the real scaled dc
I-V characteristics, the effective resistance RQP

�ef f��Idc� due to
the QP tunneling is evaluated as a function of Idc�=I0�. In
order to get the value of RQP

�ef f��I0�, we consider a parallel
circuit consisting of RQP�IQP� and Rdif�0�. Here note that both
the RQP�IQP� and Rdif�0� are inversely proportional to S and
that the Rdif�0� is a constant but the RQP�IQP� is a function of
current IQP. The total current I0 is equal to IQP+ Idif, where
the IQP and Idif are the currents passing through the resis-
tances RQP�IQP� and Rdif�0�, respectively. Namely,

I0 = IQP�1 +
RQP�IQP�
Rdif�0� � . �25�

As already stated, by using the real scaled dc I-V character-
istics, the value of RQP�IQP� can be obtained numerically as a
function of IQP, thus from Eq. �25� we can get a relation I0
= I0�IQP� by a numerical form. It is easy to get an inverse
relation IQP= IQP�I0� from the numerical relation I0= I0�IQP�.
By using the relation IQP= IQP�I0� with a numerical form,
therefore, the RQP

�ef f��I0� in Eq. �21� as a function of I0 is
calculated as

1

RQP
�ef f��I0�

=
1

RQP„IQP�I0�…
+

1

Rdif�0�
� S . �26�

The current equation �1� normalized by the Ic is

1

�p
2

d2��t�
dt2 +

�

2eIcRJ�I0�
d��t�

dt
+ iCP�t� = iext�t� ,

iext�t� = i0 + ir sin �rt + inoise�t� , �27�

where i0� I0 / Ic, ir� Ir / Ic, and inoise�t�� Inoise�t� / Ic. By using
a dimensionless time � defined by 2��=�rt, Eq. �27� is re-
written as

d2����
d�2 + 2�� fp

fr
� �0fp

IcRJ�I0�
d����

d�
+ �2��2� fp

fr
�2

��iCP��� − iext���	 = 0, �28�

where 2�fp=�p and 2�fr=�r. It is sure that when the resis-
tance RJ�I0� in Eq. �28� is set to a constant resistance R* in
Eq. �3� and the iCP��� is evaluated as sin ����, Eq. �28� be-
comes the simplest resistively shunted junction �RSJ� current
equation such that

d2�

d�2 +
2�


c


d�

d�
+

�2��2


c

2 �sin � − iext� = 0. �29�

From Eqs. �28� and �29�, it is seen that the dimensionless
term �0fp / IcRJ�I0� in Eq. �28� can be written as 1/�
c�I0�
using the McCumber parameter 
c�I0� as a function of I0.
The plasma frequency fp is now a universal constant with the

value of 122 GHz for an intrinsic Josephson junction �IJJ� in
BSCCO at 4.2 K, therefore, the voltage �0fp is also a uni-
versal constant 252.4 �V. The dimensionless term
�0fp / IcRJ�I0� is the most important term to understand the
nature of Shapiro steps observed on the BSCCO. From Eq.
�21�, the term �0fp / IcRJ�I0� is written as

�0fp

IcRJ�I0�
=

�0fp

IcRshunt
+

�0fp

IcRQP
�ef f��I0�

. �30�

In this equation, Ic is given by JcS and RQP
�ef f��I0� is propor-

tional to S−1, so the curve �0fp / IcRQP
�ef f��I0� as a function of I0

does not depend on S. Furthermore, when the I0 is just equal
to the critical current Ic, the voltage IcRQP

�ef f��Ic� is equal to
Vjump, which is a universal constant for BSCCO, so that the
dimensionless curve �0fp / IcRQP

�ef f��I0� becomes a universal
curve ��i0� as a function of not the I0 but the i0��I0 / Ic�.
Namely, the McCumber parameter for no shunt case also
becomes a universal curve of i0 and is given by 1/�2�i0�
��
c

�NS��i0��. The universal curve ��i0� is shown in Fig. 1 as
a function of i0. For example, Fig. 1 shows that ��0�
=1.8031�10−3, ��1�=9.0154�10−3, ��2�=1.4213�10−2

and ��3�=1.9123�10−2, thus, 
c
�NS��0�=3.076�105,


c
�NS��1�=1.230�104, 
c

�NS��2�=4.950�103, and 
c
�NS��3�

=2.734�103. The normalized current equation �28� is re-
written as

�����

����

���

�

��

� ��� � ��� � ��� �

��������	
 
� ����	
�

���

���

FIG. 1. �Color online� Universal curves �a� ��i0� in dimension-
less and �b� fRC

�NS��i0� in GHz as a function of the normalized dc
current i0��I0 / Ic�, where I0 is the external dc current and Ic is the
critical current of the Josephson junction. The ��i0� is defined by
the voltage ratio �0fp / IcRQP

�ef f��I0� and the fRC
�NS��i0� is the frequency

defined by 1/2�RQP
�ef f��I0�C, so that the ratio fRC

�NS��i0� /��i0� is equal
to the plasma frequency fp of a junction, which is a universal con-
stant, where �0 is a flux quantum, RQP

�ef f��I0� is the resistance defined
by Eq. �26�, and C is the capacitance of a junction. It should be
emphasized that two universal curves ��i0� and fRC

�NS��i0� are func-
tions of not I0 but i0, so that these curves are always valid for all the
intrinsic Josephson junctions in BSCCO including no shunt resis-
tance. Note that the McCumber parameter 
c

�NS��i0� for no shunt
case is equal to a universal curve 1/�2�i0�.
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d2����
d�2 + 2�� fp

fr
� 1
�
c�i0,Jc,SRshunt�

d����
d�

+ �2��2� fp

fr
�2

�iCP��� − iext���	 = 0,

1
�
c�i0,Jc,SRshunt�

= ��Jc,SRshunt� + ��i0� ,

��Jc,SRshunt� =
�0fp

JcSRshunt
,

��i0� =
1

�
c
�NS��i0�

,

iext��� = i0 + ir sin 2�� + inoise��� . �31�

The nature of Shapiro steps can be understood by solving Eq.
�31�. In order to do so, first we set the values of ir and fr, i.e.,
fix the power and frequency of the external ac modulation,
and then solve Eq. �31� for a given i0���Iext�t��t / Ic�; that is,
for the amplitude of the external dc current, and finally, cal-
culate the time average �V�t��t��Vdc� of the voltage V�t�
given by �� /2e�d��t� /dt and get the dc I-V characteristics
Vdc�i0�.

For the modulation frequency fr, there is a chaotic region
defined by Eq. �3� in which Shapiro steps are not observed.
The lower frequency fRC can be rewritten as 1/2�RJ�I0�C,
therefore, from Eq. �21� we get fRC=1/2�RQP

�ef f��I0�C
+1/2�RshuntC. The product RQP

�ef f��I0�C at I0= Ic is equal to
VjumpC / Ic=Vjump��0 /Jcd, which is a universal constant.
Therefore, the frequency 1/2�RQP

�ef f��I0�C for no shunt case

also becomes a universal curve fRC
�NS��i0� as a function of i0.

This curve is shown in Fig. 1 together with the universal
curve ��i0�. This figure shows that fRC

�NS��0�=0.22 GHz,
fRC

�NS��1�=1.10 GHz, fRC
�NS��2�=1.74 GHz, and fRC

�NS��3�
=2.33 GHz as examples. The lower frequency fRC of the
chaotic region is given by

fRC = fRC
�NS��i0� + fRC

�shunt��SRshunt� ,

fRC
�shunt��SRshunt� =

1

2�RshuntC
. �32�

Here it is noted that the ratio fRC
�NS��i0� /��i0� is the plasma

frequency fp, which is a universal constant, so that two uni-
versal curves �a� and �b� in Fig. 1 are curves whose ratio is a
constant with the value of fp.

The time average �V�t��t of voltage V�t� is given by

�V�t��t =
1

t2 − t1
�

t1

t2

V�t�dt =
�0fr

2���2 − �1���1

�2 d����
d�

d�

=
�0fr

2�

���2� − ���1�
�2 − �1

, �33�

where � j = frtj�j=1,2�. By the way, the period of the external
ac modulation ir sin 2�� is 1 for the dimensionless time �.
Therefore, in order to get an averaged value as correctly as
possible, both the �1 and �2 in Eq. �33� must be integers. This
is a very important point to get a good averaged value on the
present numerical calculations. This is just a reason why we
have defined the dimensionless time � by �rt /2�. The time
interval t2− t1 must be large enough to get a well averaged
value. We found that the well averaged value is obtained by
setting t1 and t2 to 0.01 and 0.02 �s. The reader may think
that the time interval with the value of 0.01 �s is small, but
we must remember that the absolute time resolution 	t is
10 fs. Namely, the time interval 0.01 �s is equal to 	t
�106, therefore, it should be mentioned that an averaged
value is calculated by using all values from 1�106 to 2
�106 calculation steps.

We are now interested in the sample condition to observe
Shapiro steps clearly and stably. If no shunt case, i.e.,
Rshunt→�, is considered, then we have no way to control a
sample. In the present paper, therefore, we consider the case
including shunt resistance Rshunt added externally, so that not
only the Rshunt but also the S become important sample pa-
rameters. By the way, as can be seen from Eqs. �31� and �32�,
it is clear that the same SRshunt product leads to a same result.
The junction cross section S is controllable very well, but it
is not so easy to control the value of Rshunt. The shunt resis-
tance is usually made by evaporating the metal such as gold,
so it is expected that the Rshunt is not so large. In the follow-
ing, therefore, we consider a junction with S=25 �m2 and
adopt 1, 2, and 5 
 as the values of Rshunt, tentatively. The
capacitance C is calculated as 1.291 pF, so that the fre-
quency fRC

�shunt��SRshunt� defined by Eq. �32� is calculated as
123.3, 61.64, and 24.66 GHz for SRshunt=25, 50, and
125 �m2 
, respectively. The fact that the frequency
fRC

�shunt��25� is larger than the plasma frequency fp=122 GHz
means that there is no chaotic region in this case, i.e., the
McCumber parameter 
c as a function of I0 is always less
than 1 for this case.

IV. RESULTS AND DISCUSSION

A. Effect of noise

In order to see the effect of noise, we consider here a
sample with a condition of S=25 �m2 and Rshunt=1 
. The
reason why we have selected this sample condition is that the
chaotic behavior is not observed in this sample so that we
can see the effect of noise directly. The aim of this subsec-
tion is to see the effect of noise on the dc I-V characteristics.
Thus, in the following, we evaluate the iCP��� as sin ���� for
simplicity and fix the value of amplitude ir to 1. As can be
seen from Eq. �31�, the effect of the external current iext���
on observing the Shapiro steps is enhanced when fp / fr�1
and suppressed when fp / fr�1, so that the numerical calcu-
lations must be done for these two cases. The dc I-V charac-
teristics with and without the noise calculated for fr
=20 GHz are shown in Figs. 2�a� and 2�b�, and those for
fr=200 GHz are shown in Figs. 3�a� and 3�b�. From the dc
I-V characteristics shown in Figs. 2�a� and 2�b�, we can see
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that the effect of noise is observed but is not so large even in
the case of fr=20 GHz, i.e., in the case of fp / fr=122/20
�1. This fact means that the effect of noise is negligibly
small in the case of fp / fr�1. Actually, we can see that there
is no significant difference between the dc I-V characteristics
shown in Figs. 3�a� and 3�b�, in which the ratio fp / fr is equal
to 122/200�1.

In the following calculations, we always take into account
the effect of noise, because all the experiments always in-
clude the noise. Nevertheless, the conclusion obtained in this
subsection says that the effect of noise is not so crucial for
the Shapiro steps observed on an intrinsic Josephson junction
in BSCCO at 4.2 K.

B. Evaluation of normalized CP tunneling current

The kernel �CP��−��� given by Eq. �18� is evaluated by
two ways: one is the treatment based on the coherent tunnel-
ing denoted as �CP

�coh���−��� and the other is the incoherent
one �CP

�inc���−���, so that the kernel KCP��−��� in Eq. �14� is
also written as KCP

�coh���−��� for coherent tunneling and
KCP

�inc���−��� for incoherent one. By using the kernels, we can
calculate the iCP���’s, which are denoted as iCP

�coh���� and
iCP
�inc����. The simplest expression for the iCP��� is sin ����, so

that the iCP
�coh���� and the iCP

�inc���� can be represented as

iCP
�coh���� = sin ���� + 	iCP

�coh���� ,

iCP
�inc���� = sin ���� + 	iCP

�inc���� . �34�

The phase difference ���� is obtained by solving Eq. �31�, so
it is noted that the ���� is a function of not only � but also fp,
fr, Jc, S, Rshunt, i0, ir, and T. Therefore, all the functions in
Eq. �34� are also functions consisting of all variables men-
tioned now. Both the kernels KCP

�coh���−��� and KCP
�inc���−���

satisfy the normalization condition defined by Eq. �16�, so it
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(a)

(b)

FIG. 2. �Color online� The dc I-V characteristics calculated for
the case that the frequency fr of external ac modulation is 20 GHz,
the cross section S of the junction is 25 �m2, the shunt resistance
Rshunt added externally is 1 
, and the normalized amplitude ir

defined by Ir / Ic is 1, where Ir is the real amplitude of the external ac
modulation and Ic is the the critical current of the Josephson junc-
tion. The horizontal axis indicates the normalized dc voltage de-
fined by �V�t��t /�0fr and the vertical one shows the normalized dc
current i0 defined by I0 / Ic, where �V�t��t is the time averaged volt-
age defined by Eq. �33�, �0 is a flux quantum, and I0 is the external
dc current. The value of fr is 20 GHz so that the voltage �0fr is
calculated as 41.357 �V, and S is 25 �m2 so that the Ic is equal to
250 �A because of Jc=1000 A/cm2. �a� is the case including noise
defined by Eq. �20�, and �b� is not.
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(a)(a)(a)(a)

(b)(b)(b)(b)

FIG. 3. �Color online� Calculated dc I-V characteristics. Except
for the frequency fr of external ac modulation, the calculation con-
dition in this figure is the same as that in Fig. 2. The value of fr is
set to 200 GHz, so that the voltage �0fr is 413.57 �V. Note that
the junction cross section S is 25 �m2 so that the Ic is 250 �A
again. �a� is the case including noise and �b� is not.
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is reasonable to suppose that the magnitudes of the currents
	iCP

�coh���� and 	iCP
�inc���� are small. As can be seen from Eq.

�31�, the effect of iCP��� is also enhanced in the case of
fp / fr�1 and suppressed when fp / fr�1.

The dc I-V characteristics calculated by using kernels
KCP

�coh���−��� and KCP
�inc���−��� are shown in Figs. 4�a� and

4�b�. The calculation condition for the results in Fig. 4 is the
same as in Fig. 2, i.e., fr=20 GHz, S=25 �m2, Rshunt=1 
,
ir=1, and T=4.2 K. We can see that even in the case of
fp / fr�1, there is no considerable difference between the dc
I-V characteristics shown in Figs. 4�a� and 4�b� and Fig. 2�a�.
Shapiro steps are observed on the quasiparticle �QP� branch
of the dc I-V characteristics, so it is reasonable to conclude
that the Shapiro steps are not sensitive to the nature of CP
tunneling current. In other words, the experiment of Shapiro
steps is not plausible as a tool to clarify the CP tunneling
mechanism. By using the kernels KCP

�coh���−��� and
KCP

�inc���−��� for fr=200 GHz, i.e., fp / fr�1, we have calcu-
lated the dc I-V characteristics for coherent and incoherent
cases and found that there are no significant differences be-
tween those characteristics, as is expected. Moreover, we

have found that those dc I-V characteristics fairly well coin-
cide with that shown in Fig. 3�a�.

The general calculations for the iCP��� using kernels
KCP

�coh���−��� and KCP
�inc���−��� need very large CPU times. In

this subsection, fortunately, we have found that the effect of
currents 	iCP

�coh���� and 	iCP
�inc���� defined in Eq. �34� is not so

crucial on the calculations of the dc I-V characteristics. In the
following, therefore, we evaluate the iCP��� as sin ���� to
save CPU time.

C. SRshunt-product dependence

The junction cross section S is set to 25 �m2 and the
external shunt resistances Rshunt of 1, 2, and 5 
 are selected,
so that the frequencies fRC

�shunt��SRshunt� defined by Eq. �32� are
123.3, 61.64, and 24.66 GHz for SRshunt=25, 50, and
125 �m2 
, respectively. The fRC

�NS��i0� is small as can be
seen from Fig. 1�b�, therefore, the lower frequency fRC of the
chaotic region defined by Eq. �32� can be well approximated
by fRC

�shunt��SRshunt�. In the following calculations, we adopt
20, 50, 100, 122, and 200 GHz as the external modulation
frequency fr. The dependence for the amplitude ir of external
modulation is discussed in the next subsection, so in this
subsection the ir is fixed to 1 again.

The McCumber parameters 
c�i0 ,Jc ,SRshunt� with Jc

=1000 A/cm2 calculated for SRshunt=25, 50, and 125 �m2 

are shown in Figs. 5�a�–5�c� as a function of i0. For compari-
son, the 
c

�NS��i0� for no shunt case is also shown in Fig. 5�d�.
Note that the 
c

�NS��i0� is a universal curve as a function of
only i0. The dc I-V characteristics calculated for fr=20, 50,
100, 122, and 200 GHz are shown in Figs. 6–10, respec-
tively, and the results calculated for SRshunt=25, 50, and 125
are denoted as �a�, �b�, and �c� in the respective figures.
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FIG. 4. �Color online� The dc I-V characteristics �a� and �b�
calculated by using kernels KCP

�coh���−��� and KCP
�inc���−���. The cal-

culation condition for �a� and �b� is the same as in Fig. 2�a�; that is,
fr=20 GHz, S=25 �m2, Rshunt=1 
, ir=1, and the noise included.
The horizontal axis indicates the normalized dc voltage �V�t��t /�0fr

and the vertical one shows the normalized dc current i0.
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FIG. 5. �Color online� McCumber parameters 
c�i0 ,Jc ,SRshunt�
as a function of the normalized dc current i0 defined by Eq. �31�,
where the critical current density Jc has been set to 1000 A/cm2.
Curves �a�, �b�, and �c� are those for SRshunt=25, 50, and
125 �m2 
. For example, the values of 
c�0,1000,25�,

c�0,1000,50�, and 
c�0,1000,125� are 0.977, 3.90, and 24.1 and
those of 
c�2,1000,25�, 
c�2,1000,50�, and 
c�2,1000,125� are
0.954, 3.71, and 21.4, respectively. For the comparison, the Mc-
Cumber parameter 
c

�NS��i0� for no shunt resistance, which is a uni-
versal curve as a function of only i0, are also shown as �d�.
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First, from the calculated results for the sample with a
condition of SRshunt=25 �m2 
, we can see that the sample
always shows clear Shapiro steps for all the frequencies we
adopted. This is natural since the McCumber parameter of
this sample is always less than 1, as can be seen from Fig.
5�a�. Therefore, if a sample with SRshunt�25 �m2 
 is made
using BSCCO, it is expected that its sample works well as a
Shapiro step device. Next, the calculated results for the
sample with SRshunt=50 �m2 
 show that except for the case
of fr=200 GHz, its sample is not so good as a Shapiro step
device, especially, as the device based on the first-order Sha-
piro step observed on the voltage �0fr, and finally, the cal-
culated results for SRshunt=125 �m2 
 show that its sample
cannot be used as a Shapiro step device, except for the case
of fr=200 GHz. It is natural since fr� fp for all samples. As
already noted, it is easy to make a shunt resistance but is
hard to control the value of the resistance Rshunt correctly.
The results for fr� fp shown in Figs. 6–9 clearly show that a
slight change of Rshunt makes a large change of the dc I-V

characteristics. This high-sensitivity for the Rshunt is not ac-
ceptable as a device, because the device must be stable for
unexpected external disturbances. On the contrary to the re-
sults for fr� fp, the results for fr� fp shown in Fig. 10 show
that the clear first-order Shapiro step is observed for all the
resistances. Therefore, it is concluded that the device oper-
ated on the condition of fr� fp is stable as compared with
that of fr� fp.

D. ir dependence

The height 	In of the nth-order Shapiro step observed on
the voltage n�0fr �n= ±1, ±2, . . . � depends on the power of
the external ac modulation with the frequency fr. The square
root of power is proportional to the amplitude Ir of the ex-
ternal ac modulation, so in the following, we consider the ir
dependence of 	in��	In / Ic�, i.e., 	in�ir�. In the practical
calculations, three samples with SRshunt=25, 50, and
125 �m2 
 are selected again, and fr of 20 and 200 GHz are
adopted. The 	in�ir� calculated for fr=20 and 200 GHz are
shown in Figs. 11 and 12, respectively. In those figures, �a�,
�b�, and �c� are the 	in�ir� calculated for SRshunt=25, 50, and
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FIG. 7. �Color online� The same as in Fig. 6 but for fr

=50 GHz. The �0fr is 103.39 �V.
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FIG. 8. �Color online� The same as in Fig. 6 but for fr

=100 GHz. The �0fr is 206.78 �V.
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FIG. 9. �Color online� The same as in Fig. 6 but for fr

=122 GHz, which is the plasma frequency fp of an intrinsic Joseph-
son junction in BSCCO at 4.2 K. The �0fr is 252.28 �V.
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FIG. 6. �Color online� The dc I-V characteristics calculated for
the case that fr=20 GHz, S=25 �m2, and ir=1. The dc I-V charac-
teristics when Rshunt=1, 2, and 5 
 are denoted as �a�, �b�, and �c�,
respectively. Note that all the calculations include the noise. The
horizontal axis indicates the normalized dc voltage �V�t��t /�0fr and
the vertical one shows the normalized dc current i0. The �0fr is
41.357 �V.
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125 �m2 
. By the way, according to the simplest voltage
biased model, the Shapiro step height 	in varies as a Bessel
functional. For comparison, therefore, the absolute values of
Bessel functions Jn�x� with n=0, 1, and 2 are also shown in
Figs. 11 and 12 as a function of x. Here note that the �Jn�x��
is adjusted for the x so as to nearly fit the present 	i0�ir�.
Figures 11�a�–11�c� for fr=20 GHz indicate that only the
sample with SRshunt=25 �m2 
 shown in �a� can be used as
a Shapiro step device operating on the wide range of ir, and
Figs. 12�a�–12�c� for fr=200 GHz clearly show that all three
samples can be used as a Shapiro step device for the wide
range of ir. Moreover, Figs. 11 and 12 show that when fr
=20 GHz, the ir dependence of the 	in�ir� with n�0 largely
differs from the Bessel functional behavior, but that of fr
=200 GHz is not so far from the Bessel one. From the above,
we can conclude that the Shapiro step device ought to oper-
ate on a condition fr� fp rather than fr� fRC.

The plasma frequency fp is given by �Jcd /2��0��0.
Using the method of the thermodynamic Green’s functions,
Ambegaokar and Baratoff24 have presented a general expres-
sion for the Josephson tunneling current Ic�T� as a function
of temperature T. Thus, the temperature dependent critical
current density Jc�T� is written as

Jc�T� =
2e

S�


k

BZ1



k�

BZ1

�Hk,k�
� �2

�	k	k��

EkEk�

 f�Ek� − f�Ek��

Ek − Ek�

+
1 − f�Ek� − f�Ek��

Ek + Ek�
� . �35�

Note that Eq. �35� corresponds to the denominator of Eq.
�18�. Here, the Hk,k�

� is the matrix element due to the k
→k� tunneling, so that the amplitude of the matrix element
strongly depends on the nature of an insulating layer in
BSCCO. The � and d are dielectric constant and the thick-
ness of the insulating layer, so that the value of plasma fre-
quency fp is largely affected by the nature of the insulating
layer in BSCCO.

It is well known that by doping Pb atoms into the BSCCO
single crystals, Bi atoms, which make BiO insulating tunnel

barriers in BSCCO, are substitutionally replaced by Pb at-
oms, and as a result, �Bi1−xPbx�2Sr2CaCu2O8+� �BPSCCO�
high-Tc superconductors are synthesized, that is, the Pb atom
works as an atom to control the properties of the insulating
barrier in BSCCO.25 Actually, it has been observed that the
Pb doping makes a structural change of the insulating layer,
such as a change from the Bi-type incommensurate modula-
tion structure to the Pb-type commensurate one and the criti-
cal current density Jc rapidly increases with increasing the
value of x identified as the Pb concentration.25,26 The experi-
ment done by Irie et al. showed that the Jc at x=0, 0.15, and
0.2 are about 1, 10, and 17.5 kA/cm2, respectively.27 In the
next section, therefore, we consider the Jc dependence of
Shapiro steps observed on a condition fr� fp.

E. Jc dependence

In this section, Jc’s of 1, 5, and 10 kA/cm2 are adopted so
that the corresponding fp are calculated as 122, 273, and
386 GHz, respectively. We consider here the case of fr� fp
so that fr of 760 GHz is adopted, because there is an excel-
lent experiment for Shapiro steps done by Wang et al.15 in
which a microwave at 760 GHz from a far-infrared laser has
been used for the BSCCO with no shunt resistance. We will
see later that a large power of the external ac modulation is
needed to reproduce the Shapiro steps observed by Wang et
al. in which no resistively shunted and no Pb-doped BSCCO
sample has been used. We focus our attention to the Jc de-
pendence so that the normalized amplitude ir of the external
modulation is set to 1 and the cross section S of the junction
is set to 25 �m2 again.

The dc I-V characteristics calculated for Jc=1 kA/cm2,
i.e., Pb-undoped BSCCO, are shown in Fig. 13, in which
curves �a�, �b�, and �c� correspond to Rshunt=1, 2, and 5 
,
and for comparison, the no shunt case is drawn by curve �d�.
The ratio fp / fr on the present case is small such as 0.16, so it
is supposed that the effect of ir is suppressed as can be seen
from Eq. �31�. Actually, Fig. 13 shows that there are no de-
tectable Shapiro steps in the case of ir=1 and Jc
=1 kA/cm2. Note that the real amplitude Ir of the external ac
modulation is given by irIc so that the Ir for the present case
is 250 �A. The dc I-V characteristics calculated for ir=10
and Jc=1 kA/cm2, i.e., the Ir is 2.5 mA and the power is a
hundred times larger than that of ir=1, are shown in Fig. 14.
Figure 14 shows that there are detectable Shapiro steps and
the real heights 	I1 of the first-order Shapiro step are calcu-
lated as 65, 63, 63, and 30 �A for �a�, �b�, �c�, and �d�,
respectively. The dc I-V characteristics calculated for Jc=5
and 10 kA/cm2 are shown in Figs. 15 and 16, where we note
that the normalized amplitude ir of the external ac modula-
tion has been set to 1 so that the real amplitudes Ir are 1.25
and 2.5 mA for Figs. 15 and 16, respectively. Figures 15 and
16 show that increasing the Jc, i.e., the fp, makes a clear
Shapiro step even in the case of ir=1. From Fig. 15, the real
heights 	I1 of the first-order Shapiro step are calculated as
�a� 163, �b� 163, �c� 138, and �d� 88 �A, and Fig. 16 shows
that the 	I1 is 625, 550, 425, and 325 �A for �a�, �b�, �c�,
and �d�, respectively. It should be emphasized that the real
height 	I1 calculated for Jc=10 kA/cm2 and ir=1 is about
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FIG. 10. �Color online� The same as in Fig. 6 but for fr

=200 GHz. The �0fr is 413.57 �V.
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ten times larger than that for Jc=1 kA/cm2 and ir=10, in
spite of the fact that the real amplitudes Ir used in both cases
are equal to each other. This fact means that the Shapiro step
device, which works well for the high frequency modulation
such as 760 GHz and more, should be made from Pb-doped
BSCCO single crystals rather than the undoped ones. In
other words, in order to get a Shapiro step with a large real
height 	I1 by using Pb-undoped BSCCO single crystals, a
large power of external ac modulation is needed.

By using the coherent and incoherent kernels
KCP

�coh���−��� and KCP
�inc���−���, for fr=760 GHz, we have car-

ried out the general calculations for the dc I-V characteristics
on the condition such that Jc=10 kA/cm2, fp=386 GHz, S
=25 �m2, ir=1, and Rshunt=1 
, which is the same condi-
tion as in Fig. 16�a�. Again we have found that the resultant
dc I-V characteristics coincide with each other fairly well
and there are no detectable differences between those char-
acteristics and the dc I-V characteristics shown in Fig. 16�a�.

In the present paper, we focused a single intrinsic Joseph-
son junction �IJJ� in BSCCO consisting of a series array of
IJJ’s. Even in the case of no magnetic field, it is known that
the interaction appears between the IJJ’s when the charging
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FIG. 11. �Color online� Normalized height 	in�ir���	In�ir� / Ic� of the nth-order Shapiro step as a function of the normalized amplitude
ir��Ir / Ic� of the external ac modulation where 0� ir�2. The frequency fr of the external ac modulation is 20 GHz, and the value of the
SRshunt product is �a� 25, �b� 50, and �c� 125 �m2 
. For comparison, the absolute values of Bessel functions Jn�x� with n=0, 1, and 2 are
also shown. Note that the height 	in�ir� with n�0 is due to Shapiro steps but that with n=0 corresponds to the normalized critical current
as a function of ir so that the height 	i0�ir� is not due to the Shapiro step.
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effect cannot be neglected. Actually, Rother et al. have
pointed out that the charge imbalance effects make a voltage
of the Shapiro step, which is observed as a downshift of 3%
from the canonical value.28 However, it is also known that if
the current-biased case is considered, the resultant I-V char-
acteristics are quite similar to those of the single junction
systems.29 We adopted here the current-biased case with no
magnetic field, so that the present result is easily applicable
to the N-IJJ’s stacked system. Namely, if all the IJJ’s show
exactly the same character, the voltage observing Shapiro
steps is simply N times larger than that of a single junction.

We have considered a junction with the size of 5
�5 �m. Therefore, first it should be noted that no observa-
tion of the phenomena unique to a small sized junction could

be expected. Next, the length L of the junction is 5 �m and
the thickness d of the insulating layer is 12 Å, so that the
magnetic induction B0 needed to insert a flux quantum �0
into a SIS-Josephson junction is calculated as 0.345 T.
Therefore, when the external magnetic induction Bext is
larger than B0, it seems that a considerable interaction be-
tween different junctions is found and the phase difference
on the junction is understood by solving a coupled sine-
Gordon equation with a matrix form. We have already simu-
lated the voltex structures in a stack of five Josephson junc-
tions using the coupled sine-Gordon equation with a matrix
form, when an appropriate magnetic field has been applied.30

In order to see how the fluxon dynamics affects the shape of
Shapiro steps, we solved the coupled sine-Gordon equation

��������
��������
���	����

�
�
��
�
��
�	


�
	�
�
�



��������	
 �����
�
	

�

���

���

���

���

�

� ��� � ��� �

�
�
��

	
�

��������
��������
���	����

�
�
��
�
��
�	


�
	�
�
�



��������	
 �����
�
	

�

���

���

���

���

�

� ��� � ��� �

�
�
��

	
�

��������
��������
���	����

�
�
��
�
��
�	


�
	�
�
�



��������	
 �����
�
	

�

���

���

���

���

�

� ��� � ��� �

�
�
��

	
�

(a) (b)

(c)

FIG. 12. �Color online� The same as in Fig. 11 but for fr=200 GHz.
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including the effect of magnetic field. The calculated results
showed that the shape of Shapiro steps remains the same
when the applied magnetic field is as small as �0.1B0. In the
present work, we consider the case such that the effect of the
magnetic field is negligible, that is, Bext�B0, so it is noted
that both the interaction between the different junctions and
the spatial variation of the phase difference can be ignored
fairly well.

At the end of this section, we wish to make a regarding
for the steps originating from the flux flow. It is well known

that fluxons can be introduced into the Josephson junctions
by an external ac modulation, and at low modulation fre-
quency clear steps can be observed on the I-V characteristics.
Actually, Irie and Oya have measured the I-V characteristics
under the microwave irradiations with four frequencies 9.8,
11.6, 14.0, and 17.4 GHz, and concluded that the observed
steps are not Shapiro steps but are considered to be the mi-
crowave induced flux-flow steps, because the voltages of
those steps increase linearly with the square root of the mi-
crowave power but are independent of the external
frequency.31 Recently, Wang et al. did the experiment of the
I-V characteristics for annular intrinsic Josephson junctions
at low microwave frequency ��20 GHz�, and observed clear
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FIG. 13. �Color online� The dc I-V characteristics calculated for
the case that Jc=1 kA/cm2, fp=122 GHz, fr=760 GHz, S
=25 �m2, and ir=1. The dc I-V characteristics when Rshunt=1, 2,
and 5 
 are denoted as �a�, �b�, and �c�, respectively. Note that all
the calculations include the noise. The horizontal axis indicates the
normalized dc voltage �V�t��t /�0fr and the vertical one shows the
normalized dc current i0. The value of �0fr is 1571.6 �V. The
critical current Ic corresponding to i0=1 is 250 �A because of Jc

=1 kA/cm2 and S=25 �m2. For comparison, the dc I-V character-
istics calculated for the no shunt case Rshunt→� is also shown as
�d�. The real amplitude Ir of the external ac modulation is 250 �A.

�

�

�

�

�

��

� ��� � ��� � ��� 	

�
�
��
�
��
�	




�
��
��
	

�

��������	
 
� ������	

���

���

���

�
�

FIG. 14. �Color online� The same as in Fig. 13 but for ir=10,
thus, the real amplitude Ir is 2.5 mA. In �d�, a small but a clear
zero-crossing Shapiro step is observed on the first-order Shapiro
step. The normalized height 	i1 of the first-order Shapiro step is �a�
0.26, �b� 0.25, �c� 0.25, and �d� 0.12, therefore, the real height 	I1

given by Ic	i1 is equal to �a� 65, �b� 63, �c� 63, and �d� 30 �A,
respectively.
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FIG. 15. �Color online� The same as in Fig. 13 but for Jc

=5 kA/cm2 and fp=273 GHz. The critical current Ic is 1.25 mA so
that the real amplitude Ir of the external ac modulation is 1.25 mA
because of ir=1. A zero-crossing Shapiro step is observed on the
first-order Shapiro step in �d�. The normalized heights 	i1 for �a�,
�b�, �c�, and �d� are 0.13, 0.13, 0.11, and 0.07, thus, the real heights
	I1 are �a� 163, �b� 163, �c� 138, and �d� 88 �A, respectively.

����

�

���

���

���

���

�

� ��	 � ��	 � ��	 


�
�
��
�
��
�	




�
��
��
	

�

��������	
 
� ������	

���
���

���

�
�

FIG. 16. �Color online� The same as in Fig. 13 but for Jc

=10 kA/cm2 and fp=386 GHz. The critical current Ic is 2.5 mA so
that the Ir is also equal to 2.5 mA. Note that the Ir of the present
case is equal to that of the case in Fig. 14. A zero-crossing Shapiro
step is observed on the first-order Shapiro step in �d�. The normal-
ized heights 	i1 for �a�, �b�, �c� and �d� are 0.25, 0.22, 0.17, and
0.13, thus, the real heights 	I1 are �a� 625, �b� 550, �c� 425, and �d�
325 �A, respectively.
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steps in the I-V curves.18 They have ascribed these experi-
mental facts to such that the rotation frequency of the fluxons
trapped in annular intrinsic Josephson junctions could be
locked to the external microwave frequency.18 Wang et al.
have called these steps Shapiro steps, but we think that those
steps should be called the microwave induced flux-flow steps
rather than Shapiro steps, because a coupling between the
fluxon motion and the external microwave makes such steps.

V. SUMMARY

Shapiro steps observed on the superconductor-insulator-
superconductor �SIS� Josephson junctions can be used as a
quantum voltage standard and an incident microwave de-
tecter. Bi2Sr2CaCu2O8+� �BSCCO� high-Tc superconductors
consist of a series array of the SIS intrinsic Josephson junc-
tions, so that it may be possible to make a Shapiro step
device using BSCCO single crystals. In the present paper, we
have studied the conditions to observe the Shapiro steps
clearly and stably on an intrinsic Josephson junction in
BSCCO. In order to see those, we have rewritten the normal-
ized current equation, which is valid for the general case
such that the McCumber parameter is no longer a constant,
and solved the current equation full numerically and got the
phase shift ��t� as a function of time t. In the numerical
calculations, the quasiparticle �QP� tunneling current has
been evaluated by using the normalized I-V characteristics
obtained from our model based on the d-wave symmetry
superconducting gap and the Cooper-pair �CP� tunneling cur-
rent has been calculated on the basis of the general way in
which the coherent and incoherent CP tunneling currents can
be correctly calculated within the framework of the d-wave
symmetry superconducting gap. In addition to the calcula-
tions for the QP and CP tunneling currents, we have further
taken into accout the effect of noise using normal random
numbers.

We have shown that if no shunt resistance case is consid-
ered, i.e., the case that we have no way to control the sample
condition, then the normalized current equation to be solved
becomes an equation that depends on only a universal curve
��i0� as a function of the normalized dc current i0 defined by
I0 / Ic. Namely, we have pointed out that the normalized cur-
rent equation for the no shunt case always gives a result
irrespective of the sample condition. This nature is improved
by introducing the shunt resistance Rshunt, which is added
externally. One of the improvements is that the McCumber
parameter becomes a parameter that does not have a large
value and does not so strongly depend on i0, on the contrary
to no shunt case in which the McCumber parameter is very
large and strongly depends on i0. Namely, the large hysteretic
behavior observed on the I-V characteristics in the no shunt
resistance case is reduced by introducing the Rshunt. We have
found that the BSCCO sample with no hysteretic structure is
obtained when the SRshunt product is less than 25 �m2 
.

It is well known that the chaotic behavior is observed
when the frequency fr of the external ac modulation is be-
tween fRC and fp, where the fRC is the frequency due to the
RC-time constant given by Eq. �32� and the fp is the plasma
frequency of an intrinsic Josephson junction in BSCCO. We

have found that the fRC of no shunt case becomes a universal
curve fRC

�NS��i0� as a function of only i0 and its value locates
around a low frequency region. Therefore, another improve-
ment due to the addition of Rshunt is the increasing value of
fRC. We have shown that no chaotic behavior is observed on
BSCCO when the SRshunt product is less than 25 �m2 
.

As can be seen from the normalized current equation �31�,
the effect of the external and CP currents iext��� and iCP��� is
exhanced when fp / fr�1 and suppressed when fp / fr�1. The
iext��� includes the noise current inoise���, and hence, first we
have studied the effect of noise. As a result, we have found
that the noise effect is observed in the case of fp=122 GHz
and fr=20 GHz but is not so large even in the case of
fp / fr�6, and that no noticeable noise effect is also observed
in the case of fp=122 GHz and fr=200 GHz, as is expected.

In the present paper, we have presented a general way to
evaluate the normalized CP current iCP��� as a function of �,
i.e., time t. By using the general way, we have calculated
iCP���’s for the coherent and incoherent CP tunneling cases
within the framework of the d-wave symmetry superconduct-
ing gap. From the calculations for fr=20, 200, and 760 GHz,
we have found that the dc I-V characteristics calculated from
the coherent and incoherent schemes well coincide with each
other and those are very similar to that calculated using the
simplest way in which iCP��� is evaluated as sin ����.

We have pointed out that the SRshunt product is an impor-
tant parameter. By using three values 25, 50, and 125 �m2 

as the SRshunt product, we have calculated the dc I-V charac-
teristics for fr=20, 50, 100, 122, and 200 GHz. As a result,
we have concluded that a Shapiro step device made from
BSCCO single crystals works stably on the condition of fr
� fp rather than fr� fRC.

In order to see how the height 	In of the nth-order Sha-
piro step depends on the amplitude Ir of the external ac
modulation, we have calculated the normalized height
	in��	In / Ic� as a function of the normalized amplitude
ir��Ir / Ic�. We have found that good responses are obtained
within the wide range of ir when the Shapiro step device is
operated on a condition of fr� fp.

The critical current density Jc is also an important param-
eter. The Jc value of BSCCO seems to weakly depend on the
condition of sample preparations; that is, the so-called “labo-
ratory dependence” seems to be found slightly. In the present
paper, we have set the Jc value to 1 kA/cm2 for simplicity
and regarded it as a universal constant. This treatment may
be true for pure BSCCO single crystals. It is experimentally
known that the Jc value is increased by doping Pb atoms into
the BSCCO single crystals. Therefore, we have checked the
Jc dependence of the dc I-V characteristics and the resultant
Shapiro steps. As the Jc increases, the plasma frequency fp
increases, and hence it is sure that the Shapiro step device
made from the Pb-doped BSCCO single crystals works well
in the high frequency range of the external ac modulation.
We have found that the high frequency response is improved
by an increase in Jc. Furthermore, we have found that the
response for the high Jc junction is much better than that for
the low one when an intrinsic Josephson junction is irradi-
ated by the microwaves with the same power.

Finally, we wish to make a comment regarding the non-
equilibrium effects. As those effects, the quasiparticle dis-
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equilibrium could be considered32–34 so-called �* and T*

models. Its effect makes a departure from the thermal equi-
librium of the Fermi-Dirac distribution function, so that the
critical current density Jc�T� given by Eq. �35� could be
changed by taking into account the effect of the quasiparticle
disequilibrium. Since fp��Jc�T�, the plasma frequency fp is
changed to the effective plasma frequency fp

*, thus the cha-
otic region, in which Shapiro steps cannot be observed, is
also changed due to the inclusion of the quasiparticle dis-
equilibrium. However, it should be noted that the conditions
for observing Shapiro steps clearly and stably; that is, the

shunt resistance is added into IJJ and the external ac modu-
lation frequency fr is higher than the effective plasma fre-
quency fp

*, remain the same even if the nonequilibrium ef-
fects are taken into account. Here note that the frequency
ratio fp

* / fp is equal to �Jc�T*� /Jc�T� for the T* model33 and

�Jc��*� /Jc��� for the �* one,32 where T* and �* are the
effective temperature and chemical potential, respectively.

We believe that the present work works as a theoretical
guideline for the Shapiro steps study on the intrinsic Joseph-
son junctions in high-Tc cuprate superconductors.
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