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We propose to use the contractor-renormalization �CORE� technique in order to derive effective models for
quantum magnets in a magnetic field. CORE is a powerful nonperturbative technique that can reduce the
complexity of a given microscopic model by focusing on the low-energy part. We provide a detailed analysis
of frustrated spin ladders, which have been widely studied in the past: in particular, we discuss how to choose
the building block and emphasize the use of their reduced density matrix. With a good choice of basis, CORE
is able to reproduce the existence or not of magnetization plateaux in the whole phase diagram contrary to a
usual perturbation theory. We also address the issue of plateau formation in two-dimensional bilayers and point
out the analogy between nonfrustrated strongly anisotropic models and frustrated SU�2� ones.
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I. INTRODUCTION

In the presence of a magnetic field, quantum magnets ex-
hibit fascinating properties. In particular, it can happen that
the uniform magnetization along the field exhibits plateaux
for rational values, which has given rise to lots of
theoretical1–4 and experimental5–7 work. The appearance of
such plateaux was found to be favored by magnetic frustra-
tion.

More recently, experiments on spin dimer compounds
�such as TlCuCl3, KCuCl3, and BaCuSi2O6, see Refs. 8–11�
have shown that the triplet excitations behave as bosons that
can form superfluid �absence of plateau� or crystalline �finite
plateau� phases depending on the competition between repul-
sive and kinetic interactions. Moreover, the possibility of
having both orders, namely, a supersolid, could potentially
be observed in related compounds. As is well known, frus-
tration reduces triplet delocalization and, thus, is favorable to
a solid behavior, i.e., plateau formation, or supersolid behav-
ior. However, frustrated spin models are difficult to study
numerically due to the sign problem of the quantum Monte
Carlo �QMC� technique and the absence of reliable large-
scale numerical techniques in two dimensions or higher.
However, the effective bosonic models themselves can often
be simulated when the frustration has disappeared and is ab-
sorbed in the effective parameters; indeed, such effective
bosonic models have been proposed either based on pertur-
bation theory2,12,13 or on phenomenological grounds.14

Therefore, we think that it would be highly desirable to de-
rive nonperturbative effective parameters directly from mi-
croscopic models, and we propose to use the contractor-
renormalization �CORE� technique to do so.

The CORE method has been proposed in Refs. 15–17 as a
systematic algorithm to derive effective Hamiltonians and
operators that contain all the low-energy physics. In prin-
ciple, these effective operators are given by an infinite cluster
expansion. CORE has been successfully applied to a variety
of both magnetic17–22 and doped23,24 low-dimensional sys-
tems, and it turns out that, in most cases, the cluster expan-
sion converges quite fast, which is a necessary condition for
any practical implementation of this algorithm. Still, the is-
sue about CORE convergence is crucial and currently
debated.25

In Sec. II, we remind the reader of the CORE algorithm
and investigate the frustrated two-leg ladder. Being a well-
known model, we can compare our findings to other well-
established numerical results and discuss the accuracy of
CORE as well as its convergence. In Sec. III, we investigate
how to choose the best block decomposition and how to
select the low-lying states to keep by using information ob-
tained with the exact reduced density matrix of a block em-
bedded in a large system. Finally, in Sec. IV, we turn to some
two-dimensional �2D� bilayer spin models, which are candi-
dates for observing some of these exotic bosonic phases.

II. FRUSTRATED TWO-LEG LADDER

The Hamiltonian H of the spin S= 1
2 frustrated antiferro-

magnetic Heisenberg ladder in an external magnetic field h
reads

H = J��
r=1

L

Sr,1 · Sr,2 + Jx�
r=1

L

�
i=1

2

Sr,i · Sr+1,i + Jd�
r=1

L

�Sr,1 · Sr+1,2

+ Sr,2 · Sr+1,1� − h�
r=1

L

�
i=1

2

Sr,i
z . �1�

In accordance with Fig. 1, the index r=1, . . . ,L represents
the L different rungs of the ladder, whereas i=1,2 indicates
the two chains that constitute the ladder, and we use periodic
boundary conditions along the legs. The rung spin exchange
J� is set to 1, while Jx and Jd stand for the interactions along
the chain and the diagonal, respectively, which makes the
ladder a frustrated system. Note that due to symmetry, Jx and
Jd can be interchanged. The role of frustration in the plateau
formation can also be understood in a related ladder model.26

Throughout this paper, we only consider the physical
properties at zero temperature and in the presence of a finite-

� � � � � � �

� � � � � � �

J⊥

Jx

Jd

FIG. 1. The spin ladder with coupling J� on vertical rungs, Jx

along the legs, and Jd on the diagonal bonds.
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magnetic field or, more specifically, the possibility or not of
a magnetization plateau at half saturation: mz= 1

2msat.

A. Summary

The frustrated Heisenberg ladder has been studied with
various analytical and numerical techniques.27–29 In the ab-
sence of a magnetic field, there are two main regions called
the rung singlet phase and the Haldane phase. The effect of a
magnetic field has been studied with an exact diagonalization
�ED� technique30 in order to clarify the presence or not of
finite-magnetization plateaux. For all the Hamiltonians that
we will consider �including the effective ones�, Sz

tot is a good
quantum number; therefore, it is sufficient to compute the
ground-state energy in all Sz sectors �in the absence of any
magnetic field� and then perform a Legendre transform to get
the full magnetization vs field curve mz�h�. We have applied
the same ED technique, and we provide in Fig. 2 a sketch of
its phase diagram. Data have been extrapolated to the ther-
modynamic limit after a standard finite-size scaling analysis
of the plateau size �see examples in Fig. 3�. A large magne-
tization plateau phase is found around the strongly frustrated

region Jx�Jd. We note the existence of different phases
without a plateau; in particular, at large Jd�Jx, there is a first
order transition to the so-called Haldane phase.

For the plateau phase, we draw in Fig. 4 a typical mag-
netization curve obtained on a 2�16 ladder. It exhibits sin-
gularities at critical fields31 and a large half-saturation pla-
teau. Note that in order to mimic the thermodynamic limit,
we have drawn a line connecting the middles of the finite-
size plateaus of the finite system.

B. Perturbation theory

When the only nonzero coupling is J�, the ground state of
the ladder is simply the product of singlets on each rung. The
states of a given rung are labeled as a singlet �s�r= 1

�2
��↑ ↓ �r

− �↓ ↑ �r� and the three components of a triplet �t−1�r= �↓ ↓ �r,
�t0�r= 1

�2
��↑ ↓ �r+ �↓ ↑ �r�, and �t+1�r= �↑ ↑ �r. In the presence of

a finite-magnetic field, due to Zeeman splitting, one can re-
strict the Hilbert space on each rung to �s� and �t+1�, and then
do a perturbation theory.12 Using pseudospin S= 1

2 operators
�r for these two states, Eq. �1� can be rewritten as an effec-
tive Hamiltonian Hef f. Proceeding further, a Jordan-Wigner
transformation leads to a system of interacting, one-
dimensional �1D�, spinless fermions,

HtV = t�
r

L

�cr
†cr+1 + H.c.� + V�

r

L

nrnr+1 − ��
r

L

nr, �2�

where t describes the hopping, V the nearest-neighbor inter-
action, and � the chemical potential, which can all be ex-
pressed in terms of the previously introduced interactions J�,
Jx, and Jd,

t =
Jx − Jd

2
, V =

Jx + Jd

2
,

� = J� − h . �3�

In the particle language, the occurrence or not of a plateau
translates into the existence of a single-particle gap and the
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FIG. 2. �Color online� Size of the magnetization plateau at mz

= 1
2msat. Results have been obtained after a finite-size scaling analy-

sis of exact diagonalization data obtained on 2�L ladder �up to L
=20�.
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FIG. 4. �Color online� Magnetization mz along the field �normal-
ized to its saturation value msat� as a function of magnetic field h on
a 2�16 ladder with Jx=0.7 and Jd=0.5; data from the numerical
exact diagonalization has been used.
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magnetic field plays the role of an effective chemical poten-
tial � �see Ref. 2�. Since the metal-insulator transition of the
t-V model32 occurs at half filling when V / �t�=2, we conclude
that there will be a finite plateau at half its saturation value
when

1

3
� Jd/Jx � 3. �4�

This property is shown in Fig. 5 and reasonably agrees with
the exact results of Fig. 2, although we note quantitative
differences in the nonperturbative regime. Therefore, we now
turn to a nonpertubative CORE approach with the same ba-
sis.

C. Contractor renormalization approach in the rung basis

The CORE method has been formulated in 1994 by
Morningstar and Weinstein15,16 and has been used subse-
quently to study both magnetic systems17–22 and doped
ones.23,24,33 The idea of this nonperturbative method is to
derive an effective Hamiltonian within a truncated basis set,
which allows us to reproduce the low-energy spectrum. This
means that the original model is replaced by a model with
fewer states but a more complicated Hamiltonian under the
condition that the retained states of the modified model have
an overlap with the set of lowest lying eigenstates of the full
original theory.

For clarity, we briefly recall the main CORE steps and
refer to the literature for more details. First, one needs to
choose a basic cluster and diagonalize it. Then, M low-
energy states are kept and the remaining states are discarded.
Generally, the M lowest states are retained, but this is not a
necessity, as we will discuss in Sec. III. The second CORE
step is to diagonalize the full Hamiltonian H on a connected
graph consisting of Nc clusters and obtain its low-energy
states �n� with energies �n. Third, the eigenstates �n� are pro-
jected on the tensor product space of the retained states and

Gram-Schmidt orthonormalized in order to get a basis ��n�
of dimension MNc. Fourthly, the effective Hamiltonian for
this graph is defined as

hNc
= �

n=1

MNc

�n��n���n� . �5�

Fifthly, the connected range-Nc interactions hNc

conn can be cal-
culated by subtracting the contributions of all connected sub-
clusters. Finally, the effective Hamiltonian is given as a clus-
ter expansion as

HCORE = �
i

hi + �
�ij�

hij
conn + �

�ijk�
hijk

conn + ¯ . �6�

Then, of course, one has to study this modified effective
model, which can still be a difficult task. One possibility is to
iterate CORE in the renormalization group spirit and study
the properties of its fixed point. Here, following Ref. 20, we
propose to check the validity of the effective Hamiltonian
after one step by comparing its properties to the exact ones
on a given finite cluster. Of course, once the effective Hamil-
tonian has been shown to be accurate, it can be simulated
exactly on much larger lattices than the original model,
thanks to other numerical techniques. For instance, although
the original model is frustrated and cannot be simulated ef-
ficiently by QMC, there are cases where the effective Hamil-
tonian can.

We begin our CORE considerations for the spin S= 1
2 an-

tiferromagnetic Heisenberg ladder with a rung as a simplest
possible basic cluster. Because of the Zeeman splitting, and
as in the perturbation approach, we keep only two states per
rung: the singlet and the polarized triplet �t+1�. Then, we have
computed up to range-8 effective CORE interactions by solv-
ing exactly up to eight rungs. Despite having an infinite clus-
ter expansion in Eq. �6�, previous studies have shown that, in
many cases, the long-range effective interactions decay
quickly so that they can be neglected beyond a certain range
r. This is a necessary condition for any practical implemen-
tation of CORE and should be checked systematically.

In Fig. 6, we plot the largest matrix element �in absolute
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value� of the range-r connected contribution hr
conn. For the

couplings Jx=0.4, and Jd=0.2, we indeed observe a strong
decrease of the amplitudes of the different processes as a
function of the range of interaction r. This gives us confi-
dence in the truncation beyond a certain range. However, the
case of Jx=0.8 and Jd=0.7 is an example where this CORE
approach does not work, as will be discussed below. Here,
the matrix elements of hr

conn remain substantial even for large
ranges r.

For the cases where the matrix elements of hr
conn decrease

fast with increasing range r, we expect that CORE repro-
duces the low-energy physics of the system very well. In
order to illustrate and strengthen this point, we have exactly
solved different effective models obtained at a given trunca-
tion approximation. In Fig. 7, we show for the example of
Jx=0.4, and Jd=0.2 that with increasing range, CORE results
quickly converge to the exact ones.

Since we have used the same basis for CORE as for per-
turbation theory in Sec. II B, the range-2 effective Hamil-
tonian will also be a t-V model as in Eq. �2�. But for CORE,
the dependence of t, V, and � on the different interactions is
different and reads

t =
Jx − Jd

2
, V = ESS +

3

2
J� +

Jx + Jd

2
,

� = − ESS − h −
J�

2
, �7�

where ESS is the ground-state energy of the 2�2 plaquette,
which is found to be

ESS = −
J�

2
−

Jx + Jd

2
− �J�

2 + Jx
2 + Jd

2 − JxJd − J��Jx + Jd� .

�8�

Consequently, the condition V / �t��2 for the existence of a
magnetization plateau at one-half the saturation value trans-
lates into

1

3 − Jx
� Jd/Jx �

3

1 + Jx
. �9�

This criterion is shown in Fig. 5 together with the perturba-
tive result. For small interaction Jx, one observes that the
plateau phase boundaries given by Eqs. �4� and �9� practi-
cally coincide; however, for increasing interaction Jx, i.e.,
when Jx can no more be treated as a small perturbation, the
two curves deviate from each other and CORE becomes
more reliable. Note that a range-2 CORE calculation is quite
simple, can be done analytically by solving a 2�2 plaquette,
and already improves the accuracy with respect to perturba-
tion theory.

The limitations of this approach become evident for Jx
�Jd	0.7, where, a naive implementation of CORE fails to
reproduce the absence of magnetization plateaux and the ma-
trix elements of hr

conn do not decrease with increasing range
r, as shown for Jx=0.8 and Jd=0.7 in Fig. 6. There is a
simple symmetry argument to understand why. For the spe-
cific case of Jx=Jd, the Hamiltonian has many additional
symmetries, namely, the exchange of the two spins on any
given rung. Therefore, it can be shown that the effective
hoppings are strictly zero at all orders in the CORE ap-
proach, which, of course, leads to a gapped insulating phase
at half filling. Indeed, in the CORE algorithm, it is necessary
that the ground state has a finite overlap in the reduced Hil-
bert space.

In the vicinity of the line Jx=Jd, this argument is no
longer strictly valid but, for practical calculations, we ob-
serve that in the CORE calculation, many overlaps become
very small, which results in effective models that are not
accurate. Even if, in principle, CORE could become accurate
if longer-range interactions are taken into account, we think
that in such cases, CORE loses its practical utility.

As we will discuss in the following, when the chosen
basis does not correctly represent the ground state, practical
implementations of the CORE algorithm fail. When this is
the case, several strategies are possible: �a� Keep other states
for each block, �b� keep more states for each block, or �c�
change the block. We now turn to the discussion of each case
by focusing on what are the best block decomposition and/or
states to keep.

III. CHOICE OF BASIS

CORE will be useful when one can keep a small number
of states per block and restrain to finite-range effective inter-
actions. However, checking the convergence is not always
easy �except in one dimension as we have shown in Fig. 7�,
so that it would be useful to have alternative information. In
Ref. 20, the authors proposed to used the reduced density
matrix of the block as a tool to compute the relative weights
of each block state. This procedure is similar to the density-
matrix renormalization group method34 and can help to
choose the correct number of kept states or to indicate that a
given block decomposition might not be appropriate. More-
over, this analysis can be done independently of CORE since
it relies on an exact calculation and is rather easy since it can
be done on small clusters.35
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A. Rung density matrix

A first illustration of this reduced density-matrix weights
is given in Fig. 8. We have considered a rung embedded in a
larger cluster, and we trace out the other spins in the exact
density matrix obtained with the mz=1/2msat ground state36

�GS� ���. By diagonalizing this reduced density matrix, we
obtain the probability of finding a certain block state, given
that the overall system has a wave function ���. For our
choice of block, we obtain the weights of the rung states,
namely, the singlet �s� and the three triplets. We immediately
observe that the singlet weight vanishes or is very small
when Jx�Jd	0.7, which is precisely the region where a
naive CORE calculation fails to reproduce the Haldane
phase. In such cases, the exact GS has a vanishing or very
small overlap in the naive CORE subspace, which explains
the failure of our previous approach.

In Fig. 5, a line indicates the region where the singlet
weight becomes smaller than the Sz=0 triplet weight. It cor-
responds precisely to the region with large Jx�Jd, where
exact results have shown that there is no magnetization pla-
teau �see Fig. 2�. In this region, one needs to use other strat-
egies for CORE.

B. Keeping two triplets

In most CORE approaches, the kept states have been
taken as the lowest in energy in a single block. This choice
is, of course, natural and is often the best one. However, in
the case where both Jx and Jd are close to J�, we will argue
that this is not the case. From the reduced density-matrix
weight �Fig. 8�, we have seen that the rung singlet state does
not accurately describe the exact ground state on a large
system. Therefore, a first modification to the standard CORE
algorithm would be to keep the size of the truncated basis to
2 but to take the largest-weight states, namely, �t0� and �t+1�
in this region �the three-fold degenerate triplets will have a
Zeeman splitting in the presence of a magnetic field�. As in
the previous section, it is straightforward to analytically
compute the range-2 effective Hamiltonian that has again the

form of a t-V model for spinless fermions as in Eq. �2� with

t =
Jx + Jd

2
,

V = 	ESS +
Jx + Jd − J�

2
if Jx � Jd

− t if Jx = Jd.

 �10�

The crucial difference compared to the perturbative estimate
of Eq. �3� is that the effective hopping of polarized triplets
does not vanish anymore when Jx=Jd. As a consequence, this
effective mapping correctly predicts that V / t�2, so that
there is no magnetization plateau.

Of course, we can go beyond the range-2 approximation
by including larger clusters in the CORE expansion. In Fig.
9, we consider the highly nonperturbative case where all
couplings are equal, and we observe a convergence of the
CORE results toward ED data as we increase the range r.
However, one needs to take into account longer-range effec-
tive interactions in the small-magnetization region, and even
for range-5 CORE, the agreement with ED data is not satis-
factory.

C. Keeping more states per block

With the rung decomposition, we have observed that
CORE is not very efficient if we restrict the truncated basis
to singlet and polarized triplet. We have obtained better re-
sults by keeping the two dominant triplet states, but the con-
vergence was still poor. The origin of these difficulty lies
respectively in �a� the very low density-matrix weight of
some states and �b� keeping states that are not the lowest in
energy.

To resolve these difficulties, we decide to keep all the
rung states, except �t−1�. Clearly, if we increase the size of the
CORE subspace, we should get more accurate results, but it
will limit us in the possibility of studying such an effective
model. In Fig. 10, we have numerically solved various effec-
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tive Hamiltonians obtained by keeping up to a given range r
effective interactions. Although qualitatively correct, since
we do not observe any finite plateau in this region, the
CORE results converge slowly to the exact ones and give
poor accuracy at small magnetization.

Note that in the case of Jx=Jd	0.8, the rung singlet
weight vanishes �as shown in Fig. 8�, so that the CORE
results are identical whether we keep two triplets and the
singlet or only two triplets.

As a conclusion for the rung basis, for a given block
decomposition, we propose that an efficient CORE imple-
mentation should keep the first M low-energy states per
block such that the total reduced density-matrix weight is
“large.” Of course, in some cases, we had to keep a rather
large part of the total Hilbert space, which limits us both in
numerical simulations and in an analytic a study of the ef-
fective model. Therefore, another route can be chosen by
modifying the block decomposition.

D. Horizontal dimer block

Since the rung basis does not give accurate results in the
strongly frustrated regimes where all three couplings are of
the same order, we decide to choose another block decom-
position with horizontal dimers, keeping the singlet and po-
larized triplet: each block will again be represented by a
pseudospin 1/2. Figure 11 illustrates the reduced density-
matrix weights of the horizontal dimer states.36

By applying CORE, we obtain an effective ladder with
many-body effective interactions. In its cluster expansion,
the CORE Hamiltonian should, in principle, contain all kind
of clusters interactions, including L-shaped ones. However,
because we have to deal with connected interactions, it can
be shown that some cancellations occur: for instance, since a
given L-shaped cluster appears in only one rectangular-
shaped cluster, its contribution exactly cancels out in the
cluster expansion.37 We have carried out a CORE calculation
including up to six-rung interactions, and we have exactly
solved these effective models.

In Fig. 12, we compare range-4 and range-6 calculations
to exact results when Jx=Jd=J�=1. Clearly, the horizontal
dimer blocking scheme provides a very good agreement with
exact data. In particular, we have a good convergence of
CORE data when including longer-range effective interac-
tions. Moreover, although the rung basis wrongly predicted
the existence of a magnetization plateau, here, we observe a
smooth energy vs magnetization curve and we have checked
that there is no indication of any plateau, as is known from
exact calculations in this region.

At this stage, by choosing either a two-site rung or leg
blocking scheme, we are able to reproduce qualitatively the
whole phase diagram for couplings Jx and Jd varying from 0
to J�. This gives us confidence that CORE can be used to
reduce the complexity of any microscopic model and still
gives a correct description of the properties in the presence
of a magnetic field. For instance, the effective models that
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FIG. 10. �Color online� Comparison of energy vs magnetization
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we have obtained can be solved exactly on clusters twice as
large as for the original model.

Because of the large flexibility in the choice of the block,
we now turn to another decomposition of the ladder system.

E. Plaquette basis

Another possible block decomposition of a ladder consists
of four-site plaquettes. We start the CORE algorithm by clas-
sifying its 16 states: two singlets, three triplets, and one quin-
tet. In the presence of a sufficiently strong magnetic field,
only the polarized components will be relevant so that we
restrict ourselves to six states: the fully polarized quintet �Q�,
the three fully polarized triplets �TA�, �TB�, and �TC�, and the
two singlet states �SA� and �SB�. In order to make connection
with the previous sections, we rewrite those states in terms of
the rung basis ones: the polarized quintet state �S=2,Sz=2�,

�Q� = �t+1t+1� = �t+1� � �t+1�, EQ =
1

2
�J� + Jx + Jd�;

the polarized triplet states �S=1,Sz=1�,

�TA� =
1
�2

��t0t+1� − �t+1t0��, ETA
=

1

2
�J� − Jx − Jd� ,

�TB� =
1
�2

��st+1� − �t+1s��, ETB
=

1

2
�J� − Jx + Jd� ,

�TC� =
1
�2

��st+1� + �t+1s��, ETC
=

1

2
�J� + Jx − Jd�;

and the singlet states �S=0,Sz=0�,

�SA� = �ss�, ESA
= −

1

2
�J� + Jx + Jd� − 
 ,

�SB� =
1
�3

��t+1t−1� + �t−1t+1� − �t0t0�� ,

ESB
= −

1

2
�J� + Jx + Jd� + 
 , �11�

where


 = �J�
2 + Jx

2 + Jd
2 − J�Jx − J�Jd − JxJd.

Note that, concerning the energies, the contribution of the
magnetic field h has been omitted. Figure 13 shows the be-
havior of the energies as a function of Jx and Jd along a path
in the phase diagram.

We have previously emphasized the use of the reduced
density-matrix weights in order to correctly choose which
and how many block states should be kept for a given CORE
calculation. In Fig. 14�a�, we plot the weights of our chosen
plaquette states as a function of the ladder couplings �for
each state, we compute its weight for all Sz

tot and only plot
the largest value�; therefore, a small value indicates that a
given plaquette state is not relevant to describe the exact GS

for any Sz
tot, i.e., for any magnetic field. Using this informa-

tion, we can even reduce further the CORE basis for some
parameters: if some weights are tiny or even zero �typically
smaller than 5%�, we can reduce the CORE basis from six
states to only three �one in each Sz sector� and still have a
good accuracy. Of course, reducing the CORE basis allows
us to solve exactly the effective model on much larger sys-
tem sizes �up to 2�36 for the original model�. We can also
use the reduced density-matrix weights to check whether the
six-state basis correctly reproduces exact GS properties: In
Fig. 14�b�, the total weight of these six states is plotted �we
have computed the sum of these six weights for all Sz

tot and
we only show the smallest value�. Since this total weight is
larger than 60% in all the phase diagram �couplings and
magnetic field�, we expect that CORE effective interactions
should decay quickly with distance.

Then, by solving exactly the effective models, we can
compare the energy vs Sz curve to the exact one. In Fig. 15,
we plot our data obtained from various couplings throughout
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the phase diagram; CORE calculations are done either with
three states �one per Sz sector with the largest reduced
density-matrix weight� or all six states according to Fig. 14.
In all cases, the CORE convergence is very good and range-4
calculations are very accurate.38 Being confident in our ef-
fective models, we can compute the magnetization curve on
much larger systems, and we show in Fig. 16 typical plots
showing either the presence or the absence of a magnetiza-
tion plateau at half saturation, in full agreement with exact
results. As a side remark, since our effective models are not
necessarily particle-hole symmetric �in the bosonic lan-
guage�, we observe in Fig. 16�a� that the magnetization curve
behaves differently close to mz�0 and mz�msat; in particu-

lar, the precise shape close to the saturation value converges
quite slowly with the range r of the effective CORE interac-
tions.

As a conclusion for the frustrated ladder, we have been
able to obtain reliable effective Hamiltonians for various
block decompositions �vertical or horizontal dimers, or
plaquette�. For some parameters, some choices are better
than the others: for instance, in the nonperturbative frustrated
regime where all three couplings are of the same magnitude,
we have found that with a plaquette decomposition and keep-
ing only three states per block �not always the low-energy
ones�, we had a quick convergence of the CORE effective
interactions that lead to a high accuracy, while CORE calcu-
lations are more difficult starting from rungs. The reduced
density-matrix criterion gives us two useful information: �i�
It gives a systematic way to locate the energy cutoff and fix
how many low-lying states per block should be kept in the
CORE approach. �ii� It can also indicate that relevant block
states are not necessarily the low-energy ones.

IV. TWO-DIMENSIONAL SYSTEM

A. Anisotropic case

We now consider the 2D bilayer antiferromagnetic spin
dimer XXZ model which is given by

HXXZ = − h�
�,i

S�,i
z + J�

i

S1,i · S2,i + J� �
�,�i,j�

�S�,i
x S�,j

x + S�,i
y S�,j

y

+ �S�,i
z S�,j

z � , �12�

where �=1,2 denotes the layer index. The interlayer cou-
pling J is the largest one and has an SU�2� symmetry, while
the intralayer coupling J is taken with an anisotropy � ��
=1 corresponds to the isotropic SU�2� case�. Such a model
has been recently introduced and studied numerically with a
QMC technique.39,40 As for the ladder model, it can be con-
venient to use the particle language, where the effective trip-
lets behave as hard core bosons that can have a solid �plateau
region�, a superfluid �no plateau�, or even a supersolid phase
with both superfluid and solid order parameters. QMC simu-
lations have shown that this model exhibits all these
phases,39 including a large half-saturated magnetization pla-
teau region.

Analogously to the perturbation theory that has been ap-
plied on the frustrated two-leg ladder in Sec. II B, we can
carry out a perturbation calculation and then derive an effec-
tive 2D �hard core� bosonic t-V model,

HtV = t�
�ij�

�bi
†bj + H.c.� + V�

�ij�
ninj − ��

i

ni �13�

or, equivalently, an effective XXZ spin-1 /2 model. Again, we
restrict ourselves to the singlet �s� and the polarized triplet
�t+1� on each rung in order to describe the system in a mag-
netic field close to m1/2.

One finds the following set of parameters:
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t =
J�

2
, V =

�J�

2
, � = J − h . �14�

This means that in the perturbation theory, one finds a finite
plateau �superfluid-insulator transition� when V / �t�=���c
=2, which is independent of J and J� �for J��0�. This line is
drawn in Fig. 17 and deviates from the QMC point.

Performing the simplest CORE approach, we use the
same two states ��s� and �t+1��. Restricting to range-2 inter-
actions, the parameters for the effective t-V model can be
easily derived,

t =
J�

2
, V =

�J�

2
+ EGS +

3J

2
,

� = −
J

2
− EGS − h . �15�

Here, EGS is the ground-state energy of the two dimers. We
have also calculated the reduced density-matrix weight for
this case36 and observed that the singlet and the polarized

triplet represent more than 90% of the total weight in the
region of 0�J��0.5 and 0���4, which gives us confi-
dence in the reliability of the effective model. We also noted
that the weights depend only marginally on J� and � �data
not shown�. For instance, the weights for �=1 can be re-
traced in Fig. 19 in the sector where Jd=0.

Comparing with the perturbative result of Eq. �14�, one
sees that t remains unchanged whereas V and � are modified.
Consequently, the criterion for a superfluid-insulator transi-
tion �V / �t�=2� is no longer independent of J and J�,

V

�t�
= 2 = �c +

2EGS + 3J

J�
. �16�

This expression only coincides with the result of the pertur-
bative approach for J�→0. As shown in Fig. 17, the critical
value of the anisotropy �c increases monotonously with J� if
we set J=1. Above this curve, the CORE approach predicts a
solid phase, which means that the system exhibits a magne-
tization plateau at 1 /2 of its saturation value. For compari-
son, we have added the QMC result39 indicating a solid
phase �i.e., finite plateau� when J� /J=0.29 and ��3.2,
which is remarkably close to our simple estimate. Thus, this
CORE approach with two dimers, which is modest and very
simple to carry out, is a reliable tool to predict the occurrence
of a solid phase and gives a much better agreement with
exact results than the perturbation theory.

Moreover, in the numerical study performed by Ng and
Lee,39 a supersolid behavior has been shown to occur close
to the solid phase. We believe that it would be desirable to
derive effective bosonic models showing such a rich phase
diagram, particularly for frustrated models which are not ac-
cessible by QMC simulations due to the negative-sign prob-
lem. Our simple t-V model of Eq. �2� does not have a super-
solid phase but exhibits phase separation instead.41 For that
reason, we extend the range of our CORE approach to range
4; i.e., we consider a system of 2�2 dimers.42 We then
obtain an effective hard core bosonic model containing all
possible interactions allowed by symmetry �i.e., conserving
the particle number�,

H = �
i
l
�j

k
C

N
+

�

4 ��i

ni� +
t1
�1�

2
�bi

†bj + � + H.c.� + t1
�2��bi

†bk + bl
†bj + H.c.� + t2

�1��bl
†bk

†bibj + H.c.� + t2
�2��bl

†bj
†bibk + � + H.c.� + t1

�3�

��bi
†bl�nj + nk − 2njnk� + � + H.c.� + t1

�4��bi
†bk�nj + nl − 2njnl� + � � +

V2
�1�

2
�ninj + � � + V2

�2��nink + njnl�

+ V3
�1��ninj�nk + nl − 2nknl� + � � + t1

�5��bi
†bjnknl + � + H.c.� + t1

�6��bi
†bknjnl + � � + V4ninjnknl� . �17�

Here, we use the following notation: the sum �
i
l�j

k goes over the four plaquette sites. The circle � indicates that all contribu-

tions of one kind are included: e.g., �
i
l�j

k � t1
�1�

2 �bi
†bj + � ��=

t1
�1�

2 �bi
†bj +bj

†bk+bk
†bl+bl

†bi�.
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FIG. 17. �Color online� Critical anisotropy �c above which there
is a plateau phase as a function of J� for the perturbation theory and
the simplest CORE approach for J=1. The QMC point, J� /J
=0.29 and �c=3.2, is taken from Ref. 39.
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In the region of interest, i.e., J� /J=0.3 and 0���4, al-
though all parameters are nonvanishing, we find that the
dominant terms are the following: the nearest- and next-
nearest-neighbor hoppings t1

�1� and t1
�2�=−t1

�6�, and the nearest-
and next-nearest-neighbor repulsions V2

�1� and V2
�2�. The de-

pendence of these parameters on the anisotropy can be seen
in Fig. 18 together with the range-2 parameters t and V that
have been presented in Eq. �15�. For the range-2 data, we
note that the transition from the superfluid phase to the solid
phase occurs at ��2.8 for an interdimer coupling of J�
=0.3.

Being able to compute a more refined effective Hamil-
tonian, one could wonder about the possible effects of
higher-order terms. This model is very complicated and there
is no simple criterion to predict the existence or absence of a
plateau phase. Nevertheless, we believe that our range-4 ef-
fective Hamiltonian will also possess a plateau phase for
large �. First of all, since this phase is gapped, we expect it
to be robust to small additional interactions. Moreover, start-
ing from a half-filled solid phase, the dominant longer-range
terms have the following effect: as shown in Fig. 18, the
diagonal density interaction V2

�2��0 enhances the stability of
the solid phase, while the diagonal hoppings t1

�2� and t1
�6�,

which would favor a superfluid phase over the solid, remain
small. This qualitative argument could be checked quantita-
tively by QMC simulations, for instance, with a simpler ef-
fective model with no minus-sign problem.

Moreover, the presence of diagonal single-particle hop-
ping t1

�2� and other terms should also stabilize a supersolid
phase.43 In particular, removing a particle from the half-filled
solid creates a defect that can propagate due to diagonal hop-
ping, which results in a superfluid order parameter coexisting
with the solid, i.e., a supersolid. On the contrary, if we add a
particle to the half-filled solid, our range-4 CORE effective
Hamiltonian will not allow for diagonal hopping since the
two processes described by t1

�2� and t1
�6� in Eq. �17� will ex-

actly cancel out �t1
�2�+ t1

�6�=0�. From this observation, we ex-
pect that a supersolid phase is stable �unstable� for filling
smaller �larger� than 1/2, which is in perfect agreement with
the findings of Ref. 39.

It is also interesting to note that among the longer-range
effective interactions, correlated-hopping terms could give

rise to new phases14 and could be relevant for some geom-
etries �e.g., the Shastry-Sutherland lattice�; here, we have
found that their amplitudes remain very small.

B. Frustrated case

Let us now regard the 2D antiferromagnetic bilayer model
without anisotropy � but with a frustration Jd between the
two layers. This system corresponds to the 2D generalization
of the frustrated Heisenberg ladder of Eq. �1�. Figure 19
illustrates the reduced density-matrix weights.36

Carrying out a CORE calculation, we can derive a t-V
model on two dimers �see Eq. �13�� or a more complicated
hard core boson model including up to four dimer interac-
tions in the form of Eq. �17�.

In the range-4 CORE calculation, unlike in the previous
anisotropic case, we find that only the nearest-neighbor hop-
ping t1

�1� and repulsion V2
�1� are relevant since the other terms

are at least 1 order of magnitude smaller. These parameters
are plotted in Fig. 20. Furthermore, one observes that for
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Jx=0.3 and 0�Jd�0.5, the range-2 calculation has already
converged; i.e., the effective parameters are almost identical
for range-2 and range-4 approximations. Considering the
large reduced density-matrix weights of the singlet and the
polarized triplet for these parameters �the sum of their con-
tributions exceeds 95% of the total weight, as shown in Fig.
19�, we expect that CORE converges fast in this region.

Since the 2D or 1D superfluid-insulator transitions occur
when V / �t�=2, which corresponds to a frustration of Jd
�0.1 for Jx=0.3, we expect a plateau phase region similar to
the one observed in the ladder model �see Fig. 5�.

Depending on Jx and Jd values, we find that higher-order
terms may become important and could help stabilize a su-
persolid regime close to the plateau phase. A precise under-
standing of the effects of these many-body effective interac-
tion is, however, beyond the scope of our study.

V. CONCLUSION

For frustrated ladders, a naive perturbation in the rung
basis completely fails to describe the disappearance of pla-
teaux observed for large Jx�Jd�J�. We have shown that
even with a simple range-2 CORE calculation keeping two
states per rung, which can be done analytically, CORE gives
much more accurate boundaries for the plateau region, as
seen when comparing exact data from Fig. 2 and CORE
predictions in Fig. 5. For the CORE calculations, we have
found that it can be crucial to use the information given by
the exact reduced density-matrix weights of the kept states in
order to choose the best CORE basis, namely, to answer the
question: What is the best blocking scheme and how many
block states should be kept? Another advantage of the CORE
calculation is that its accuracy can be systematically im-
proved by including longer-range effective interactions. By

performing various block decompositions and keeping
many-body effective interactions, we have shown that CORE
is able to reproduce quantitatively the properties of frustrated
ladders in the presence of a magnetic field. The reduction of
the Hilbert space allows us to exactly solve the effective
model on much larger system sizes �up to 2�36� compared
to standard ED.

We have also considered two-dimensional anisotropic or
frustrated Heisenberg bilayers. In the nonfrustrated aniso-
tropic case, our CORE calculation is improved over the per-
turbation theory in locating the condition for a plateau for-
mation and is compatible with a recent QMC study. Fine
details, such as the occurrence of supersolidity, can also be
captured by computing longer-range effective interactions,
such as diagonal hopping. In particular, we find that assisted
hopping is not a relevant interaction for that geometry and
these parameters. The frustrated bilayer was shown to have a
similar effective model with similar amplitudes. Therefore,
we predict that it will have a similar phase diagram as the
anisotropic bilayer, containing superfluid, solid, and super-
solid regions. The advantage of such a model is that it re-
spects the SU�2� symmetry and could be more realistic for a
material description. Physically, in the anisotropic case, the
effective repulsion between hard core bosons increases with
growing anisotropy, leading to an insulating phase, whereas
in the frustrated case, the effective hopping is also strongly
reduced with growing frustration.
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